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Abstract In this paper we explore the impact of atmo-

spheric nonlinearities on the optimal growth of initial

condition error of El Niño and the Southern Oscillation

(ENSO) prediction using singular vector (SV) analysis.

This is performed by comparing and analyzing SVs of two

hybrid coupled models (HCMs), one composed of an

intermediate complexity dynamical ocean model coupled

with a linear statistical atmospheric model, and the other

one with the same ocean model coupled with a nonlinear

statistical atmosphere. Tangent linear and adjoint models

for both HCMs are developed. SVs are computed under the

initial conditions of seasonal background and actual ENSO

cycle simulated by the ocean model forced with the real

wind data of 1980–1999. The optimization periods of 3, 6

and 9 months are individually considered. The results show

that the first SVs in both HCMs are very similar to each

other, characterized by a central east-west dipole pattern

spanning over the entire tropical Pacific. The spatial pat-

terns of the leading SV in both HCMs are not sensitive to

optimization periods and initial time. However, the first

singular value, indicating the optimal growth rate of pre-

diction error, displays considerable differences between the

two HCMs, indicating a significant impact of atmospheric

nonlinearities on the optimal growth of ENSO prediction

error. These differences are greater with increasing opti-

mization time, suggesting that the impact of atmospheric

nonlinearities on the optimal growth of prediction error

becomes larger for a longer period of prediction.

1 Introduction

In past three decades or so, the El Niño and the Southern

Oscillation (ENSO) has received tremendous attention.

While significant progress has been made in ENSO

theories and predictions over years, especially through the

TOGA (Tropical Ocean Global Atmosphere) program, the

intrinsic mechanism of ENSO has been an issue of

debate, i.e., is ENSO a linearly damped, stochastically

driven dynamical system or is it a nonlinearly chaotic

system? This central issue of ENSO has been an intensive

research topic in last decades (e.g., Jin et al. 1994; Tzi-

perman et al. 1994; Chen et al. 2004; Chang et al. 1996;

Penland and Sardeshmukh 1995; Moore and Kleeman

1999; Thompson and Battisti 2001; Tang 2002; Tang

et al. 2002, Eisenman et al. 2005; Gebbie et al. 2007). In

past studies, both linear and nonlinear systems were

successfully proposed to address some basic ENSO

characteristics such as seasonal phase locking and oscil-

lation irregularity.

An effective approach advancing the study of the regime

of ENSO is to investigate the impact of atmospheric non-

linearities on the ENSO. It has been shown in some recent

works that nonlinear nature of the atmosphere is important

to understand the dynamical regime of ENSO (e.g., Jin

et al. 2003; An and Jin 2004; Eisenman et al. 2005; Gebbie

et al. 2007). Thus it is interesting to compare the ENSO

nature and characteristics between two hybrid models, one

composed of a dynamical ocean mode coupled to a non-

linear atmospheric model (NHCM) and the other coupled
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the same ocean to a linear atmospheric model (LHCM).

This was done in Tang et al. (2001), Tang (2002) and Tang

and Hsieh (2002) where a nonlinear- and linear atmo-

spheric model was, respectively, constructed using the

neural network (NN) and linear regression (LR). In these

works, the impact of atmospheric nonlinearities on the

ENSO was explored through a forward diagnostic strategy,

namely that the LHCM and the NHCM were integrated

forward and their differences were compared and analyzed.

The current study is an extension of Tang et al. (2001),

Tang (2002) and Tang and Hsieh (2002), in which we will

further explore the impact of atmospheric nonlinearities on

the ENSO in the framework of the predictability. A core

issue addressed in this study is the optimal growth of the

uncertainties in the sea surface temperature (SST). Through

this study we expect to answer some interesting questions

such as (1) where is the most important initial SST located

for predicting tropical SST? (2) whether there are differ-

ences or not for the answers of (1) between the NHCM and

LHCM?, and how large are the differences? (3) do the

atmospheric nonlinearities suppress or enhance the growth

of perturbations or instabilities? It has been of interest to

explore the ENSO predictability using different dynamical

models through singular vector (SV) analysis that charac-

terizes the optimal growth of the initial condition errors

(e.g., Blumenthal 1991; Xue et al. 1994, 1997a, b; Chen

et al. 1997; Thompson 1998; Moore and Kleeman 1996,

1997a, b; Fan et al. 2000; Tang et al. 2006). It was found

that while leading vectors (optimal patterns) are less var-

ied, the corresponding leading singular values are highly

dependent on models, optimization periods, and initial

times. For example, the optimal pattern of perturbation is

mainly characterized by an east–west dipole in the entire

tropical Pacific basin in many models including Zebiak and

Cane model (ZC) (1987), Battisti’s model (1988),

Thompson’s model (1998), and Moore and Kleeman’s

model (1997a, b). In these works, SVs were calculated

using either the forward integration method or the tangent-

linear and adjoint method. The former approach is to

approximately estimate the full tangent linear matrix of a

model for computing SVs via SV decomposition (SVD)

method. In order to obtain the approximate tangent linear

matrix, the model is required to repeatedly integrate for-

ward, each generated by perturbing a small amount to one

initial state (e.g., Lorenz 1965; Chen et al. 1997). When the

dimension of model states is large, this approach is very

expensive. Alternatively the latter is an elegant algorithm

and cheaply produces accurate SVs, but it is difficult and

complex to construct tangent linear and adjoint models.

In this paper we will first construct tangent linear and

adjoint models for two HCMs, one with linear statistical

atmosphere coupled with an oceanic model (LHCM) and

the other with a nonlinear NN atmospheric model coupled

with the same oceanic model (NHCM). Further, we perform

the SV analyses for both models. The optimization periods

of 3, 6 and 9 months and two kinds of initial conditions,

which are derived from the annual cycle and the real ENSO

cycle, will be, respectively, considered for the SV analyses.

The paper is organized as follows: the coupled atmosphere–

ocean models are described in Sect. 2; in Sect. 3 we will

introduce the construction of tangent linear and adjoint

models, and the method of SV. We present the results on the

optimal error growth as a function of the seasonal cycle and

as a function of actual ENSO cycle in Sects. 4, and 5.

Finally, a summary and conclusion are presented in Sect. 6.

2 Model description

2.1 Ocean model

The ocean model used in the study is an intermediate

complexity model identical to that in Tang et al. (2001;

Tang 2002). It covers the tropical Pacific Ocean 30�N–

30�S in latitude and 123�E–69�W in longitude with a

horizontal resolution of 1.5� · 1.5�. The time step is 2 h.

The model allows for exchanges of mass, momentum and

heat at each layer interface by a parameterization of

entrainment. The boundaries are closed with free slip

conditions. The prognostic variables of the model are

temperature, layer thickness and velocity.

2.2 Atmosphere models

The atmospheric models are empirical statistic models.

One is a traditional LR widely used in HCMs (e.g., Barnett

et al. 1993) and the other is a nonlinear regression model, a

NN (Hsieh and Tang 1998). The wind stress is constructed

using ocean states as predictors. Here we will briefly

introduce two kinds of atmosphere models used in this

study. The details of the ocean model and atmospheric

models can be found in Tang et al. (2001) and Tang (2002).

An EOF (empirical orthogonal function) analysis was

first applied to each dataset to extract the predictors and

predictands. The oceanic predictor field T(x,t), and the

predictand s(x,t), the zonal or meridional component of the

wind stress, were expressed by EOF analysis as

Tðx; tÞ ¼
X

n

anðtÞenðxÞ sðx; tÞ ¼
X

n

bnðtÞfnðxÞ

where n is the mode number and the seasonal cycle has

been removed for both fields prior to the EOF analysis. We

used the first three EOF modes of oceanic variables T as

predictors, and the first three EOF modes of zonal or

meridional wind stress as predictands, in constructing both

the linear and nonlinear models. The LR model is similar to
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that of Barnett et al. (1993), which assumed that the wind

stress anomalies s were a linear response to T, namely, bn

was obtained from an via a simple linear relationship.

For the nonlinear regression model, a feed-forward NN

that is a non-parametric statistical model was used to

construct nonlinear relationships among different data. A

common NN model configuration is to place a layer of

‘‘hidden neurons’’ between the input and output variables.

The value of the jth hidden neuron is

yj ¼ tanh
X

i

wijxi þ bj

 !
;

where xi is the ith input, wij the weight parameters and bj

the bias parameters. The output neuron is given by

z ¼
X

j

~wjyj þ ~b:

A cost function or objective function

J ¼ z� zobsð Þ2
D E

;

measures the mean square error between the model output z

and the observed data zobs. The parameters wij, ~wj; bj, ~b are

estimated by minimizing the cost function iteratively. The

procedure, known as network training, yields the optimal

parameters for the network when we find the extremum of

the defined scalar cost function by the quasi-Newtonian

method or the steepest decent method.

The three input neurons were the first three EOF time

series an (t), and the single output neuron was the zonal or

meridional wind stress EOF time series. There was no time

lag between the predictors and the predictand. The prog-

nostic variable is the wind stress in the atmospheric model.

3 The construction of tangent linear and adjoint models

and computation of SV

3.1 The construction of tangent linear and adjoint

models

The tangent linear and adjoint models were developed for

both HCMs. Denoting by the x model state vector, the

model equations of motion can then be represented sym-

bolically as:

ox

ot
¼ mðxÞ; ð1Þ

where m(x) represents the model dynamical operator,

which is in general nonlinear. The tangent linear form was

derived by considering small perturbations X to x, and

performing a first-order Taylor expansion to Eq. 1 yields:

oX

ot
¼ omðxÞ

ox
x

b

��� X ¼ LX; ð2Þ

where xb is an equilibrium of Eq. 1, and

L ¼ omðxÞ
ox

xbj

is the Jacobian matrix. The adjoint model is derived by

considering the inner-product of Eq. 2 with an arbitrary

vector X*, represented symbolically as:

� oX�

ot
¼ L�X�: ð3Þ

Using the definition of the adjoint operator L*:

ðX�;LXÞ ¼ ðL�X�;XÞ; ð4Þ

L* can be obtained by Euclidean inner product. In fact,

L� ¼ LT ; ð5Þ

where LT is the transpose of matrix L (Bouttier and Coutier

1999).

Several automatic differentiation and adjoint compilers

have been developed to generate TLMs (Tangent Linear

Model) and AMs (Adjoint Model), such as TAMC (Giering

and Kaminski 1998) and TAPENADE (http://www.

TAPENADE.inria.fr:8080/TAPENADE/index.jsp). In this

study, TAPENADE was used to develop TLM and AM

codes for both HCMs. Given a source computer program

that computes a differentiable mathematical function F,

TAPENADE builds a new source program that computes

some of the derivatives of F, specifically directional

derivatives (‘‘tangent mode’’) and gradients (‘‘adjoint

mode’’).

The TLM is verified by the method suggested by Navon

et al. (1992). A scalar d is defined as below

d ¼ m xðtÞ þ aXðtÞ½ � �m xðtÞ½ �k k
aLXðtÞk k ; ð6Þ

where X(t) is the perturbation based on x(t), and a is a scale

value, used to control the amplitude of perturbation. A

TLM will be correct only and if only the d is close to 1 at

the computer precision when a approaches a very small

amount. The amount of the a depends on the norm of X and

the operators L and m.

3.2 The computation of SVs

The algorithm to compute the SVs based on the TLM and

AM can be found in literature (e.g., Moore et al. 1996; Li

et al. 2005). Here we will present it briefly. The solution to
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Eq. 2 for the perturbation X (X is SST perturbations in this

study) is given by

Xðt þ dtÞ ¼ Mðt þ dt; tÞXðtÞ; ð7Þ

where X(t+dt) and X(t) are the perturbation at time t + dt

and t separately. dt is the time interval. M(t+dt, t) is the

propagator from time t to t + dt and

Mðt þ dtÞ ¼ exp

Z tþdt

t

Ldt

� �
:

The amplification of the perturbation vector over time

period (dt) is

k2 ¼ Xðt þ dtÞk k2

XðtÞk k2
¼ PXðt þ dtÞ;WPXðt þ dtÞh i

DP0XðtÞ;P0XðtÞh i

¼ PMXðtÞ;WMPXðtÞh i
DP0XðtÞ;P0XðtÞh i ¼

XðtÞ;M�P�WMPXðtÞh i
DP0XðtÞ;P0XðtÞh i ;

ð8Þ

where M* is the adjoint of tangent linear matrix. W and D

denote weighting matrices at time t + dt and t, respec-

tively; they are positive definite operators and define the

norms that are used to measure the errors at the final and

initial time. They determine the properties by which the

SVs are constrained at final and initial time. The P(P0) is

the projection operator for the final (initial) time. They are

used to choose the variables or regions of interest for SVs

computation. Normally the P (P0) sets the state vector to

zero outside a prescribed area at optimization time (Bark-

meijer et al. 1998) or exclude some variables at the final

(the initial) time. Consequently, the growth of SVs outside

the target area or some variables is not taken into account

in the actual computation. P* and P0
* are the transpose

matrix of P and P0, respectively. In this study, P and P0 are

set to exclude all the other variables but the SST at the final

and initial conditions.

The scalar k defined by Eq. 8 is the ratio between the

W-norm of X at final time and the D-norm of X at initial

time. Notice that the norm at initial and final time may

differ. The leading SV has the property that it maximizes

the k, and the second SV maximizes the k in the space

D-orthogonal to the leading SV, and so forth. In this way,

one obtains a set of SVs which are D-orthogonal at initial

time and W-orthogonal at final time. Notice that the solu-

tions of maximizing Eq. 8 also satisfy the following

generalized eigenvalue problem,

M�P�WPMX ¼ k2P�0DP0X. ð9Þ

In practice, one can only compute a small number of SVs

compared with a huge number of model dimension. Since

the matrix M*P*WPM is symmetric, a Lanczos algorithm

(Golub and van Loan 1989) can be used to find select

eigenvectors and eigenvalues. In this study, we use the

ARPACK (ARnoldi PACKage) software package (Le-

houcq et al. 1998) that was developed from the Lanczos

algorithm to solve the singular value problems.

When we refer to the SV, without qualification we mean

the right SV or equivalently the initial pattern of the

optimal perturbation. Corresponding to the initial pattern,

the final pattern can be written as (Chen et al. 1997):

Mðt þ dt; tÞEi ¼ kiFi; ð10Þ

where Ei is the ith SV, Fi is the ith final pattern, and kI is

the ith singular value. From Eq. 10 it is clear that kiFi is

obtained by integrating the TLM which is assigned the

initial field Ei.

3.3 The error norm and perturbation of variables

Singular vectors defined in Eq. 9 depend on the form of

matrices D,W,P and P0. The forms often used include total

energy norm (Moore and Kleeman 1996), the model error

variance (Fan et al. 2000), individual model-grid-point

variances (Xue et al. 1997a), and L2-norm (Chen et al.

1997; Tang et al. 2006) etc. For simplicity, L2-norm is

chosen for both HCMs in this study. It means here that the

error defined is with respect to the whole tropical Pacific

model domain.

The uncertainty in many variables can lead to prediction

errors in a realistic coupled model. It is of interest to

investigate which variables must be determined most

accurately at forecast initialization time to produce the best

SST forecast. Often the answer is model-dependent. Using

an intermediate complexity coupled model and energy

norm, Moore and Kleeman (1996) found that thermocline

information was much more important than SST for SST

prediction. Xue et al. (1997a) obtained similar conclusions

when using the ZC model. On the other hand, using a

hybrid model very similar to the model used in this study,

Fan et al. (2000) concluded that the initial information of

both the SST field and the thermocline field are equally

important for SST prediction in the tropical Pacific.

Thompson (1998) derived a similar conclusion using a

different intermediate complexity coupled model. Recently

Tang et al. (2006) also found in a fully coupled GCM that

the perturbation in SST can lead to faster error growth than

in subsurface temperatures. In this study, we will focus on

the optimal perturbations of SST prediction due to the

initial uncertainties in SST itself, since the atmospheric

models used here are empirical statistical relationship

between SSTA and wind stress anomaly, thus the pertur-

bation on SST can directly transfer to the coupling system

via wind stress.
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4 Singular vectors starting from the climatological

annual cycle

In this section, we explore the optimal perturbations of

ENSO prediction under the initial conditions of the cli-

matological annual cycle. First, we ran both HCMs for

20 years, and derived the climatological annual cycle from

the last ten year’s model outputs. The resultant climato-

logical cycle is then used as the initial conditions to

perform SVs analysis. We will focus on the differences of

the optimal perturbations between the LHCM and NHCM

in optimization periods of 3, 6 and 9 months.

4.1 The comparisons of the first singular values

of HCMs

Displayed in Fig. 1 is the singular-value spectrum for the

both HCMs at the optimization period of 6 months. As can

be seen, the first singular value (FSV) is larger than twice

the second singular value. Therefore FSV characterizes the

major properties of the error growth of tropical SST pre-

diction due to uncertainties in initial conditions of SST.

This is also true for other optimization periods. Therefore

we only focus on the FSV and the corresponding SV in

following discussions.

The LHCM FSVs for the optimization period of 3, 6,

and 9 months are plotted in solid lines in Fig. 2 as a

function of calendar months. As can be seen, the LHCM’s

FSV varies little with the start time for the 3-month opti-

mization period but have seasonal variations for longer

optimization periods. The start time that generates the

extreme FSV in the LHCM varies with the optimization

periods. For the 6-month optimization period, the

maximum and minimum FSV in the LHCM appears,

respectively, at the start time of summer and fall/winter.

For the 9-month optimization period, however, the LHCM

has the maximum and minimum FSV at the start time of

spring/fall and the summer, respectively. This indicates

that when some initial conditions lead to large error growth

of prediction in the LHCM for the leading time of

6 months, the same initial conditions might lead to small

error growth for the leading time of 9 months. This

explains well the variation of model skills with lead times

in some hybrid coupled models (HCMs), in which the

prediction skills do not decrease smoothly with lead times

(e.g., Tang et al. 2003). In contrast, the prediction skill is

probably higher at the 9-month lead time than at the 6-

month lead time. One probable reason for this is that the

linear statistical atmosphere used in the LHCM fails to

represent well the error growth property for the longer

period when the nonlinearity’s role might be important.

The importance of atmospheric nonlinearities can be sug-

gested by the variation of error growth in the NHCM which

has a considerable consistency for different optimization

periods: i.e., the maximum error growth rate appearing in

spring and fall and the minimum error growth rate

appearing at summer for both 6- and 9-month optimization

periods (shown in dashed line in Fig. 2).

Another significant difference between the LHCM and

the NHCM in Fig. 2 is that the NHCM FSV is always

smaller than the counterpart of LHCM for all cases. This is

due mainly to the fact that the LHCM has a stronger

coupling process than the NHCM. Tang and Hsieh (2001)

studied in details the differences between the LHCM and

1 2 3 4
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2.5
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4

order (n)

seulav ralugnis

Fig. 1 The singular value spectrum starting in June at the optimi-

zation time of 6 months for the NHCM (solid line) and the LHCM

(dashed line)
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Fig. 2 The FSV (fastest growth rate of perturbation) of Nino3 SSTA

prediction based on the seasonal background at the optimization time

of 3-(dots), 6-(circles), and 9-(asterisks) months as a function of start

time, for the LHCM (solid line superimposed over dot, circle, and

asterisk) and for the NHCM (dashed line superimposed over dot,
circle, and asterisk)
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NHCM and found that the LHCM produces stronger trade

wind anomalies. Moore and Kleeman (1996) also found

that the FSV varies approximately in proportion to cou-

pling strength. Figure 3 shows the differences of FSVs

between the LHCM and the NHCM for three different

optimization periods. From Fig. 3, several interesting

points can be concluded: (1) the differences amplify with

the increase of the optimization period, suggesting that the

impact of nonlinearity on the prediction error growth

increases with the lead times of prediction; (2) Fig. 3

explains reasonably well why the NHCM has better pre-

diction skills than the LHCM for long lead times, as shown

in Tang et al. (2003); (3) the largest and smallest differ-

ences between the NHCM and LHCM occur, respectively,

at summer and fall, with the values of 2.74 and 0.43 for the

9-month optimization period and 0.66 and 0.11 for the 6-

month optimization period. The largest difference of error

growth between the two models occurs in the summer from

which the coupled models will start to integrate for 6 and

9 months. So the models will go through summer, fall or

winter. This difference of the FSVs reflects the difference

of the two models’ uncertainty growths in those seasons.

4.2 The comparisons of SVs

The examination of the first SV (SV1, i.e., the initial pat-

tern leading to the optimal perturbations) indicates that it is

neither sensitive to the length of the optimization period,

and nor to the start time of the optimization period, in

contrast to FSV. Also the patterns of SV1 in the LHCM and

in the NHCM are very similar. Figures 4a, b, 5a, b, and 6a,

b illustrate the SV1 starting from July for 3, 6 and 9 month

optimization period, respectively. As shown in these

figures, SV1 is characterized by a central west–east dipole

spanning over the entire tropical Pacific for all cases. Such

spatial structure of SV1 also appears in some other atmo-

sphere-ocean models such as Chen et al. (1997), Xue et al.

(1997a), etc.

It is interesting to compare the SV1 in both HCMs with

that in other ENSO coupled models such as Chen et al.

(1997), Xue et al. (1997a), Thompson (1998), Moore et al.

(1997a), Fan et al. (2000), and Penland et al. (1995). In

these coupled models, there are two kinds of atmosphere

models used: dynamical atmospheric models (e.g., Chen

et al. 1997; Xue et al. 1997a; Thompson 1998; Moore and

Kleeman 1996), and linear statistical atmospheric models

(e.g., Fan et al. 2000; Penland et al. 1995). In particular,

Chen et al. (1997), Xue et al. (1997a) and Thompson

(1998) (referred to as CXT hereafter) used different ver-

sions of ZC model (1987). Despite the differences in

physical and dynamic processes in these coupled models,

their SVs have a common feature, i.e., the optimal initial

and final pattern have a large-scale structure in the tropical

Pacific and the SV1 is not sensitive to the initial time and

the length of optimization period. However, the details in

the spatial structure of SV1 seem model-dependent. While

the SV1 in CXT models has a dipole structure spanning

over the tropical Pacific, its strong signals locate in the

east-central equatorial Pacific. The SV1 in Moore and

Kleeman (1996) is mainly confined to the central and

western Pacific. Penland et al. (1995), using a linear Mar-

kov model derived from the observed SSTs, found the

major signals of SV1 present in the southeastern Pacific.

Fan et al. (2000) and Penland et al. (1995) found that the

SV1 has positive anomalies in both the eastern and western

Pacific, which are different from that in Moore and Klee-

man (1997a, b), CXT and both HCMs where there is a

negative anomaly in the central Pacific.

The differences of SV1 among these coupled models

reflect different physical and dynamical processes. Moore

and Kleeman (1997a, b) and CXT used dynamical atmo-

spheric models, and found that the atmospheric heating

dominates the structure of SV1. In CXT models, atmo-

spheric heating occurs through surface evaporative

anomalies and latent heating that occurs when the wind

field is convergent. This latent heating occurs primarily

over the east-central and south–west Pacific, which was

thought to be probably responsible for large signals of SV1

in the east-central equatorial Pacific. The atmospheric

heating used by Moore and Kleeman (1997a) occurs

through direct thermal forcing induced by SSTA, and

through latent heating in anomalous deep penetrative

convection that is induced warm SSTs in the western

tropical Pacific where SST exceeds 28�C and is high

enough for such convection to occur. Therefore the SV1 in

Moore and Kleeman (1997a) is mainly confined to the
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Fig. 3 The differences of FSV at 3-(dots), 6-(circles), and 9-

(asterisks) month optimization period between the LHCM and

NHCM, as a function of calendar months
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central and western Pacific. In contrast to the dynamic

atmospheric models which mainly respond to local SST,

statistical atmospheric models can generate remote wind

stress response to the SSTA in the entire central Pacific.

Therefore there are large negative and positive anomalies

in the central-western tropical Pacific in Fan et al. (2000),

Penland and Sardeshmukh (1995), and both HCM models.

The strong signals in the central-western tropical Pacific in

(a) (c)

(d)(b)

Fig. 4 The first singular vector (SV1) and the corresponding final

pattern starting in July at optimization time 3 month. a, b Represent

SV1 of the LHCM and the NHCM. c, d The final patterns

corresponding to the SV1 pattern a, b. The contour interval is

0.01�C. The solid lines indicate positive values and the dotted lines
indicate negative values

(a) (c)

(d)(b)

Fig. 5 Same with Fig. 4 but at 6-month optimization time
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SV1 are usually absent in these coupled models with

dynamical atmosphere component. However, compared

with positive anomalies covered in the whole equatorial

Pacific in Fan et al. (2000) and Penland and Sardeshmukh

(1995), both HCMs show a west–east dipole pattern over

the equatorial Pacific.

Like SV1, the final pattern is also very similar to each

other between the LHCM and the NHCM, as shown in

Figs. 4c, d, 5c, d, and 6c, d. The large SST anomalies in the

final pattern always lie to the west of the large SV1

anomalies of the east, suggesting a westward propagation

of SSTA anomalies during the optimization period. With

the increase of the optimization period, the westward shift

is more apparent. Also, the westward shift of SST anom-

alies is more significant in the LHCM than in the NHCM,

which is consistent with the findings in Tang and Hsieh

(2001) where the westward propagation of SST anomalies

is stronger and extends farther west in the LHCM than the

NHCM.

5 Singular vectors starting from the actual ENSO

cycle during 1980 to 1999

In this section, we will present the SVs with the actual

ENSO cycle, i.e., the initial conditions used to calculate SV

are from the actual ENSO variability from January 1980 to

December 1999. The actual ENSO variability is obtained

by running the ocean model forced by Florida State Uni-

versity (FSU) wind stress (Goldberg and O’Brien 1981). It

has been found that the simulated SSTA is in a good

agreement with the observed SSTA over the equatorial

central and eastern Pacific (Tang et al. 2001). For the

consideration of computational cost, we only perform SV

analyses every 3 months, starting at the first day of Janu-

ary, April, July and October, respectively. Since the FSV is

much larger than the second singular value in all cases, as

in Sect. 4, we limit the following discussion to the FSV and

the corresponding initial/final optimal patterns.

Figure 7 shows the variation of FSV for both HCMs and

the Niño3 SSTA index. There are several apparent features

in Fig. 7: (1) the FSV of the LHCM is always larger than

those of the NHCM for all cases, which can be explained

using the same arguments as in Sect. 4.1; (2) there are

strong interannual signals in the FSV of both HCMs.

Figure 7 also shows that for the NHCM the FSV usually

has local minima at the peak phase of ENSO episodes and

relatively large values at the neutral states, indicating the

peak phase of ENSO often leading to smaller error growth.

This is interesting since it nicely explains a recent finding

in ENSO predictability study that the predictions of

stronger ENSO events are more reliable and skillful (Tang

et al. 2005). Cai et al. (2003) also obtained similar results

when they analyzed the error growth rate of the ZC model

(a) (c)

(d)(b)

Fig. 6 Same with Fig. 4 but at 9-month optimization time
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using breeding vector. They argued that this can be

explained by the simple delayed oscillator model (Suarez

and Schopf 1988), namely,

dT

dt
¼ T � T3 � aTðt � DÞ; ð11Þ

where T represents the amplitude of SST anomaly, t is

dimensionless time, D is the non-dimensional delay time,

and a measures the amplitude of the delayed signal relative

to the linear and nonlinear feedbacks. The tangent linear

model of Eq. 11 can be written as

ddT

dt
¼ ð1� 3T2ÞdT � aðt � DÞdT; ð12Þ

where dT is perturbation on T. We could integrate Eq. 12

and obtain

dTðtÞ ¼ dTðt0Þe�3T2tb, ð13Þ

where b ¼ e ð1þaDÞt�1=2at2½ �, dT(t) is uncertainty growth at

time t, dT(t) is uncertainty at initial time t0. According to

Eq. 13, the ratio dT(t)/dT(t0) reaches a minimum value

when the background T is one of its two extreme phases,

such as the peak El Niño phase or peak La Niña phase;

whereas in the neutral state (T = 0), the ratio has a larger

value.

For the LHCM, most of local minima of the FSV appear

at the peak phase of La Niña in Fig. 7. However, in some

cases, such as at the weak La Niña events 1985 and 1996,

local minima of the FSV does not accordingly appear,

indicating that the delayed oscillator mechanism is better

represented in the NHCM, further indicating the impor-

tance of atmospheric nonlinearities to the error growth.

Unlike the singular value, the spatial structure of SV1 is

not sensitive to the optimization period and the start time

from which the SV is performed. Figures 8, 9, 10, and 11

show, respectively, the SV1 and corresponding final pattern

for four chosen start times: April 1997, October 1997,

January 1988 and April 1988. These cases are chosen to

represent the SV1 starting from the onset El Niño; the

mature El Niño phase; onset La Niña and mature La Niña

phase. The optimization time is 6 months in the four cases.

As can be seen, the spatial pattern of SV1 is much similar

to each other in the four cases, characterized by large

anomalies in the equatorial central and western Pacific. The

insensitivity of SV1 to the phase of the ENSO cycle was

also found in other intermediate coupled models (e.g.,

Moore and Kleeman 1996; Xue et al. 1997a, b; Chen et al.

1997; Fan et al. 2000), and even in fully coupled GCMs

(Tang et al. 2006).

The SV1 derived from the LHCM is in good agreement

with that from the NHCM. The striking similarity between

them indicates that the spatial structure favoring to the

error growth is probably determined by a linear component

of atmosphere, and the impact of atmospheric nonlinearity

is mainly reflected in the error growth rate.

In contrast to SV1, there are some differences in the

final patterns between the LHCM and NHCM due to dif-

ferent error growth rates in the two models. For 1997 El

Niño cases, comparing Fig. 8c with d, and Fig. 9c with d

reveals that the LHCM has an additional center of error

growth, located to the east of dateline, which is absent in

the final pattern of the NHCM; whereas for 1988 La Niña

cases, the region of maximum error growth in the NHCM is

shifted westward by up to 10� in the LHCM (Fig. 11c, d).

The final patterns of LHCM and the NHCM also share

some similar features: (1) for 1997 cases, the maximum

error growth appears in the eastern tropical Pacific in both

HCMs, which resembles the mature mode of ENSO and is

similar to other models such as Chen et al. (1997), Xue et al.

(1997a), Thompson (1998), Moore and Kleeman (1997a),

Fan et al. (2000) and Tang et al. (2006) etc. This maximum

center might be due mainly to the fast growth of errors

amplified by Kelvin waves. There is also a fast growth

region in the western Pacific, which is probably related to

the unstable growth of error by Rossby waves; (2) for 1988

La Niña cases, the maximum error growth appears at the

central-eastern tropical Pacific first (Fig. 10c, d), and then

moves further to the west (Fig. 11c, d).

6 Summary and discussions

In this study, we explored the impact of atmospheric

nonlinearities on the optimal growth of the uncertainty in

the initial SST. This was performed by comparing and

1980 1982 1984 1986 1988 1990 1992 1994 1996 1998 2000
−3

−2

−1

0

1

2

3

4

FSV in LHCM
FSV in NHCM
Nino3 SSTA

Fig. 7 Time evolution of the first singular value (FSV) in the LHCM

(solid line with asterisk) and the NHCM (dashed line with dot) at 6-

month optimization time, and modeled Nino3 SSTA (solid line)

forced by FSU wind stress during the period from January 1980 to

December 1999
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analyzing SVs of two HCMs, one composed of an inter-

mediate complexity dynamical ocean model coupled with a

linear statistical atmospheric model, and the other one with

the same ocean model coupled with a nonlinear statistical

atmosphere. The tangent linear and adjoint models were

first developed for both HCMs, then annual cycle and

(a) (c)

(d)(b)

Fig. 8 The SV1 starting at April 1997 in a the LHCM and b the NHCM. Their corresponding final patterns 6-month later are shown in c and d.

The contour interval is 0.01�C. The solid lines indicate positive values and the dotted lines indicate negative values

(a) (b)

(b) (d)

Fig. 9 Same as Fig. 8 but start at October 1997
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actual ENSO cycle from 1980 to 1999 were chosen as the

initial conditions for SV analysis. The results show that the

SVs of both the LHCM and the NHCM share many similar

characteristics, including: (1) their error growth is usually

dominated by the FSV; (2) the first SV is characterized by a

central west–east dipole pattern spanning over the tropical

(a) (c)

(b) (d)

Fig. 10 Same as Fig. 8 but start at January 1988

(a) (c)

(d)(b)

Fig. 11 Same as Fig. 8 but start at April 1988
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Pacific; (3) the SV1 is not sensitive to optimization period

and start time; (4) the fastest error growth rate is not sen-

sitive to start time for the 3-month optimization period but

depends on the start time for the longer optimization

period.

The major differences of the SVs and singular values

between the LHCM and the NHCM are: (1) the fastest

error growth rate in the LHCM is always larger than that in

the NHCM, and their difference increases with the increase

in optimization time; (2) the largest differences of the

fastest error growth rates between the LHCM and the

NHCM occur in the summer time when the initial condi-

tions given by the model climatological cycle; (3) The

fastest growth rate usually reaches local minima at the peak

phase of ENSO in the NHCM, but in the LHCM the fastest

growth rate usually has local minima before the peak phase

of ENSO; (4) the region of maximum error growth in the

NHCM is shifted westward by up to 10� in the LHCM, if

SV is calculated from a La Niña phase and has the 6- or 9-

month optimization period.

In this study we focused on the comparison of SV

between two HCMs and examine their features of singular

values and SVs. Therefore an L2 norm under SST to SST is

chosen for simplicity, namely that D and W are identity

matrices in formula Eq. 10. It should be noted that SVs and

singular values are not unique and depend on the choice of

error norm.

The other issue that should be borne in mind is that we

only considered the error growth due to uncertainties in

SST. While some works show the importance and useful-

ness of SST in initializing ENSO prediction (e.g., Fan et al.

2000; Tang et al. 2004; Tang and Kleeman 2002; Yuan and

Rienecker 2003), other work also found the critical role of

subsurface information in ENSO prediction (e.g., Ji et al.

1998). In this study, we did not pay attention to the optimal

perturbation due to the uncertainties in such other fields as

thermocline depth, and subsurface temperature etc. This is

because, besides the importance of SST, this study

addresses the comparison of SV between two models,

which allowed us to only consider the impact of uncer-

tainties in SST on predictions. On the other hand, the

atmospheric models used here are empirical statistical

relationships between SSTA and wind stress anomaly, thus

the perturbation on SST can directly transfer to the cou-

pling system via wind stress.

An interesting question is how the atmospheric nonlin-

earities contribute to the SVs since the SVs are computed

using linearized models (tangent linear and adjoint model).

The impact of atmospheric nonlinearities on SVs can be

reflected in two aspects: (1) the tangent linear and adjoint

model of a NHCM are different from those of a linear

atmosphere; (2) the SVs computation is always with

respect to a reference trajectory around which the

perturbation is done. In this study, the reference trajectories

for both HCMs are generated by the coupled atmosphere-

ocean models, so they are different except the initial

conditions, which are derived from either a control run that

the ocean model is forced by FSU wind stress or a cli-

matology run. It should be noticed that the atmospheric

nonlinearities of NHCM impact its reference trajectory.

Thus the atmospheric nonlinearities lead to differences in

both model linearization and reference trajectories in the

SVs analysis.
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