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Chapter 6    An Introduction to the Numerical Solution of Differential Equations:  
                    Discretization, accuracy and stability 
 
In chapter 5, we introduce the concept of discretization, and see that there are many 
different ways to approximate a given problem. This chapter will develop further into the 
concepts of accuracy and stability of numerical schemes, in order that we can compare 
the many possible discretizations.   
 
At the end of this chapter, you will have seen where the error in a numerical scheme 
comes from, and how to quantify the error in term of order. The stability of several 
examples will be demonstrated, so that you can recognize when a scheme is unstable, and 
how one might go about modifying the scheme to eliminate the instability.  
 
Specifically you will be able to 

 

 
 
6.1 Introduction  

 

 

 
 
 



NRES710:  Modeling and Simulation     Part II:  Numerical Modeling     UNBC      
                  

2

 
see later). With this large choice we have in the choice if approximation scheme, it is  not at all 
clear at this point which, if any, of the schemes is the best. It is the purpose of this chapter to 
present you with some basic tools that will help you to decide on an appropriate discretization 
for a given problem. There is no generic best method, and the choice of discretization will 
always depend on the problem that is being dealt with. 

 
   In an example from last chapter, the forward difference formula was used to compute solutions 

to the saturation development equation, and you saw two important results:  
   

 
 
   The first two questions, related to accuracy, will be dealt with in section 6.2, and the last two 

will have to wait until section 6.3 when stability is discussed.  
 

6.2  Accuracy of Difference Approximations    
  

 
       Example  1:  Lets go back to the heat conduction equation from chapter 5, where the  
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6.2.1  Round-off Error and Discretization Error 
 

 
 
6.2.1.1  Where does the error come from?    
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6.2.1.2   How can we control the error?  
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       6.2.2  Other Approximations to the first derivative 
        

 
     
      6.2.2.1   Higher order Taylor methods 
 

         
 
 
 

 7



NRES710:  Modeling and Simulation     Part II:  Numerical Modeling     UNBC      
                  

8

 

 
 
6.2.2.2  Predictor-corrector methods 
 

 
 

6.2.2.3 Other Methods  
 
The choice of methods is made even greater by two other classes of schemes:  
 
Runge-Kutta  methods: which will be described later. 
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6.2.2.4  Summary  
 

 
6.3   Stability of Difference Approximations    
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          wave equations and the quasi-geostrophic equations.   
 
          An example of where the leap frog scheme is superior to the other first order scheme us for   
          undamped periodic motion (which arose in the weather balloon example from last chapter).  

           
 
 
 
 

 10



NRES710:  Modeling and Simulation     Part II:  Numerical Modeling     UNBC      
                  

11

 

         
  
           6.4   Stiff Equations  
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         6.5   Difference Approximation of Higher Derivatives 
       

 
 

6.6 Summary  
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     Gaussian elimination.  
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     Lab and assignments 
 

(1)  Run example 2 in page 7  in Matlab: Terror2.m. First argument is number of 
points. Second argument is scheme. 1: forward euler 2: leap-frog 3: Runge-Kutta 4th 
order. First plot is numerical result in red and analytic answer in green. Second plot is 
error. 
 
 
(2) Run example 3 in page 9  in Matlab:  stability2.m. First argument is number of 
points. Second argument is scheme. 1: forward euler 2: backward euler 3. leap- 
frog. 
 
 
 

 
 
 
 
 


