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Abstract While applying a sigma-point Kalman filter (SPKF) to a high-dimensional system such as the
oceanic general circulation model (OGCM), a major challenge is to reduce its heavy burden of storage mem-
ory and costly computation. In this study, we propose a new scheme for SPKF to address these issues. First,
a reduced rank SPKF was introduced on the high-dimensional model state space using the truncated single
value decomposition (TSVD) method (T-SPKF). Second, the relationship of SVDs between the model state
space and a low-dimensional ensemble space is used to construct sigma points on the ensemble space (ET-
SPKF). As such, this new scheme greatly reduces the demand of memory storage and computational cost
and makes the SPKF method applicable to high-dimensional systems. Two numerical models are used to
test and validate the ET-SPKF algorithm. The first model is the 40-variable Lorenz model, which has been a
test bed of new assimilation algorithms. The second model is a realistic OGCM for the assimilation of actual
observations, including Argo and in situ observations over the Pacific Ocean. The experiments show that
ET-SPKF is computationally feasible for high-dimensional systems and capable of precise analyses. In partic-
ular, for realistic oceanic assimilations, the ET-SPKF algorithm can significantly improve oceanic analysis and
improve ENSO prediction. A comparison between the ET-SPKF algorithm and EnKF (ensemble Kalman filter)
is also tribally conducted using the OGCM and actual observations.

1. Introduction

EnKF (ensemble Kalman filter)-based filters have gained great success in assimilating atmospheric and oce-
anic data [e.g., Evensen, 2003; Zupanski, 2005; Tippett et al., 2003; Deng et al., 2011]. However, concerns still
exist, such as generating ensemble members and determining the ensemble size. The idea behind the EnKF
algorithm is to ‘‘integrate’’ the Fokker-Plank equation using the ensemble technique to estimate the forecast
error covariance. Theoretically, if the ensemble size is infinite, the estimation approaches the true value. In
reality, however, only a finite ensemble size can be utilized, which inevitably leads to estimation errors.
Thus, questions remain about the best method of determining the size of ensemble members given the
accuracy of estimation and how directly the percentage of the estimated error variance is related to the
true counterpart for a given ensemble size. The methods currently used for generating ensemble members
in the standard EnKF [e.g., Evesen, 2003; Tippett et al., 2003] are generally unable to answer these questions.
For example, the ensemble transform Kalman filters (ETKF) approach uses the analysis error covariance
matrix to deterministically produce the ensemble, but it is incapable of measuring the estimation accuracy
of up to the second-order moments related to the true values. In addition, the ETKF ensemble size is deter-
mined at the initial time and is randomly obtained.

Recently, a new ensemble-based filter that uses the simple Lorenz system, called the sigma-point Kalman fil-
ter (SPKF), was introduced to the field of earth science [e.g., Ambandan and Tang, 2009; Luo and Moroz,
2009]. The error statistics and state distributions for the SPKF method are calculated by the transformation
of a deterministically chosen minimal set of weighted sample points called sigma points [Julier et al., 1995;
Julier and Uhlmann, 2002; Wan and der Merwe, 2001; Van der Merwe et al., 2004]. For an L-dimensional system,
represented by a set of discretized state space equations, the 2 * L 1 1 sigma points (i.e., ensemble members)
constructed by the SPKF can precisely estimate the mean and covariance [Julier et al., 1995].

The important differences between the SPKF method and other Monte Carlo-based methods such as EnSRF
(ensemble square root filter) and ETKF include the following: (1) random sampling (e.g., ensemble size) is
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not used in SPKF, so the number of samples (ensemble member) required to approximate the mean and
covariance is deterministic and relatively small [Julier et al., 1995]; (2) the accuracy of the SPKF method is at
least up to the second-order moment (variance/covariance) for any nonlinearity and for random variables,
and following a symmetric distribution, the estimation accuracy increases to the third order.

Despite being efficient among nonlinear filters and having widespread application in a variety of fields [e.g.,
Fan and You, 2009; Van der Merwe and Wan, 2001; Van der Merwe et al., 2004], the SPKF method is very costly
when applied to atmospheric and oceanic systems because of their large dimensionality (L). There are a few
schemes to reduce sigma points, such as the simplex SPKF [Julier and Uhlmann, 2002] and the marginal SPKF
[Morelande and Ristic, 2006]. These methods can successfully reduce approximately 50% of the sigma points
with the same order of accuracy as the traditional SPKF. However, the expense of these reduced SPKF meth-
ods is still computationally unfeasible for realistic atmospheric and oceanic models. Ambadan and Tang [2009]
suggested the application of principle component analysis (PCA) for the error covariance matrix to select the
most important sigma points that influence the evolution of error covariance. Luo and Moroz [2009] suggested
the truncated singular value decomposition (TSVD) method to reduce sigma points (T-SPKF).

Further investigation is required for the application of SPKF on realistic high-dimensional models. First, the afore-
mentioned reduced rank methods have thus far only been tested in the earth sciences with simple Lorenz mod-
els, and it is unclear whether these methods have acceptable estimation accuracy for high-dimensional, realistic
atmospheric and oceanic models. Second, the reduced rank methods are based on an explicit expression of the
prediction error covariance matrix, which usually exceeds the storage capacity of current computer systems [e.g.,
Luo and Moroz, 2009; Ambadan and Tang, 2009]. In EnKF-based filters, localization is a good strategy to overcome
issues with storage; however, the sigma point in the SPKF method is determined based on the global domain,
which makes it difficult to reduce the storage requirements.

In this study, we propose a new scheme to produce the sigma point, which uses the error covariance matrix
on the ensemble space (called ET-SPKF). The scheme is first tested by the Lorenz 96 model and then further
applied to an oceanic general circulation model (OCGM) for Argo data assimilation.

This paper is organized as follows: the SPKF algorithm is briefly described in section 2, the ET-SPKF method
is developed in section 3, assimilation experiments to test and explore the ET-SPKF algorithm on 40-
variable Lorenz 96 models are presented in section 4, the ET-SPKF algorithm is applied to a realistic OGCM
for the assimilation of Argo and in site observations over the Pacific Ocean in section 5, and the discussion
and comparisons between ET-SPKF and EnKF are in section 6.

2. SPKF Algorithm

The Kalman-based filters can estimate the model states using measurements described by the following:

xt5wðxt21; gt21Þ ðdynamic modelÞ

yt5Hðxt; etÞ ðmeasurement modelÞ
(1)

where xt denotes the state variable, t denotes the time index, gt21 denotes the dynamic process noise with
the variance Q, et denotes the measurement noise with the variance R, and yt denotes the measurement.
Functions w and H describe the evolution of the state variable over time and the relationship between the
measurement and state, respectively.

The SPKF algorithm is similar to the EnKF algorithm, except it is based on a general formula of Kalman gain
Kand the analysis error covariance matrix Pa [e.g., Ambadan and Tang, 2009]:

K5P~x b~y P~y ~y
21

Pa5P~xb~x b 2KP~xb~y ;
(2)

where ~xb is the forecast error and y is the observation error. These errors are defined by ~y t5ŷ t2yt ;
~x b

t 5x̂ b
t 2xt , where xt

t and yt are the true values at the time step of t for the model state and measurement
and x̂ b

t and ŷ t are the corresponding prediction values:
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x̂ b
t5wðx̂ a

t21Þ

ŷ t5Hðx̂ b
t Þ

where x̂ a
t21 is the analysis value at the time step of t 2 1. Equation (2) can be interpreted as the cross-

covariance P~x b~y between the state and observation errors, and the remaining expression can be interpreted
as the error covariance P~y ~y of the difference between observation and its prediction ŷ . If measurement
operator is linear or linearized (denoted by h) and noise is additive, i.e., H 5 h,yt5hxt1et ,ŷ t5hx̂ b

t , we arrive
at the following:

~y t5ŷ t2yt5Hðx̂ b
t Þ2Hðxt; etÞ5hx̂ b

t 2hxt2et

P~x b~y 5E½ðx̂ b
t 2xtÞðŷ t2ytÞT �5E½x̂ b

t 2xt�½hðx̂ b
t 2xtÞ2et�T 5P~x b~x b hT

P~y ~y 5E½ðŷ t2ytÞðŷ i;t2ytÞT �5E½ðhx̂ b
t 2hxt2etÞðhx̂ b

t 2hxt2etÞT �5hP~x b~x b hT 1R

where R5EðeteT
t Þ. Thus, the optimal Kalman gain was equal to the following:

K5P~x b~y P~y~y
215P~x b~x b hT ðhP~x b~x b hT 1RÞ21 (3)

One of the primary differences between SPKF and EnKF is in the generation of ensembles. In SPKF, the
ensemble members are produced deterministically by the sigma point, v:

vt;05�X a
t ;

v1
t;i5

�X a
t 1½c

ffiffiffiffiffi
Pa

X

p
�t;i

v2
t;i5

�X a
t 2½c

ffiffiffiffiffi
Pa

X

p
�t;i

(4)

where the subscript t denotes time step, vt5½vt;0; v
1
t;i; v

2
t;i�, i 5 1, 2, …, L; X is the augmented state vector,

Xt5½xt; gt; et�. L5Nx1Ng1Ne are the summed dimensions of model states (NxÞ, model noise ðNgÞ and mea-
surement noise ðNeÞ. The scale parameter is c, which will be specified later. ½Pa

x �i is the ith row (column) of
the covariance matrix Pa

X (L * L dimension), defined by the following:

Pa
x 5Xa

t 3ðXa
t Þ

tr (5)

where the superscript ‘‘tr’’ denotes the transpose and the matrix product ‘‘3’’ is the external product in this
manuscript (unless otherwise indicated). Equation (4) provides 2L 1 1 sigma points vt , which are used as initial
conditions to integrate model (1) and generate the ensemble members. The procedure is summarized below.

2.1. Initialization and Recursion
A small amount, denoted by Df, is perturbed on initial condition x0 by a specific scheme, such as the Even-
sen [2003] method; and meanwhile randomly generates a perturbation for g and e that is drawn from nor-
mal distributions of N(0, Q) and N(0, R). This is repeated M0 times.

The augmented state vector is denoted by DX5½Df; g; e� and

~X 05½DX1; :::;DXi; :::;DXM0�

where the superscript i is the number of perturbations. The analysis error covariance matrix of the
initial step can be obtained by the following perturbation:

Pa
x 5~X 0 ~X 0

tr (6)

where X0 is the matrix of L by M0 and Pa
x is a matrix of L by L.
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From equation (6), we can calculate sigma points vt using equation (4) for model (1) to produce
2L11 ensemble members. This calculation produces the analysis mean and covariance, which are
used to produce sigma points to form a recursive algorithm.

2.2. Model Forecast

ðx̂ b
t11Þi5wðvt;iÞ (7)

�̂x
b
t115

X2L

i

wðmÞi ðx̂
b
t11Þi (8)

ðŷ t11Þi5Hðx̂ b
t11;iÞ (9)

�̂y t115
X2L

i

wðmÞi ðŷ t11Þi (10)

ðP
x̂ b;x̂ bÞt115

X2L

i

wðcÞi ½ðx̂
b
t11Þi2�̂x b

t11�½ðx̂
b
t11Þi2�̂x

b

t11�
T
1Qt11; (11)

ðPŷ ;ŷ Þt115
X2L

i

wðcÞi ½ðŷ t11Þi2�̂y t11�½ðŷ t11Þi2�̂y t11�
T
1Rt11 (12)

ðP
x̂ b;ŷ
Þt115

X2L

i

wðcÞi ½ðx̂
b
t11Þi2�̂x

b
t11�½ðŷ t11Þi2�̂y t11�

T (13)

In the above equations, wðcÞi is the weight corresponding the ith sigma point (ensemble),
P2L

i50 wðcÞl 51,
Q5Eðgtg

T
t Þ, and R5EðeteT

t Þ.

2.3. Assimilation

ðx̂ a
t11Þi5ðx̂

b
t11Þi1Kt11½yo

t112ðŷ t11Þi � (14)

Kt115Px̂ b;ŷ Pŷ ;ŷ
21 (15)

ðPa
x Þt115ðP

x̂ b;x̂ bÞt112Kt11Pŷ ;ŷ K T
t11 (16)

In the above equations, yo
t11 is the perturbed observation.

c5
ffiffiffiffiffiffiffiffiffi
L1k
p

wðmÞ0 5
k

L1k

wðcÞ0 5
k

ðL1kÞ112a21b

wðmÞi 5wðcÞi 5
1

2ðL1kÞ ; i 51; 2; :::; 2L

k5a2ðL1jÞ2L

In the above equations, k is a scaling parameter with a value that has a direct effect on the scaling of the
sigma points. When k> 0 the sigma points are scaled further from the mean, Xa

t [Julier et al., 2000, 2002;
Julier and Uhlmann, 2004]. The parameter a determines the spread of the sigma points around the mean
state, Xa

t , and is set to a small positive value, ð0 �/� 1Þ. The parameter k � 0 guarantees positive definite-
ness of the covariance matrix and its default value is 0; b is a nonnegative weighting term that can be used
to include higher-order behavior of the system states. If the prior distribution is Gaussian, B 5 2 is optimal
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[Julier, 2002; Van der Merwe et al., 2004]. Based on the settings of the values in the literature and some sensi-
tivity experiments, we chose the values of a 5 1; k 5 0; and b 5 2 in this study.

The above algorithm also reveals that the weight of each ensemble member in calculating the error statis-
tics could be different in the SPKF method, which differs from EnKF because the weight of each ensemble
member is identical with EnKF.

3. Efficient Sigma-Point Kalman Filter

3.1. Singular Value Decomposition (TSVD) for SPKF (T-TSVD Scheme)
In the SPKF approach, there are 2L 1 1 sigma points (ensemble members), where L is the dimension of the
augmented state vector X . Usually, L is very large for realistic atmospheric or oceanic models, which is com-
putationally unaffordable. A solution is to use the truncated principal component analysis (TPCA) or singular
value decomposition (TSVD) to reduce the number of sigma points [Ambadan and Tang, 2009; Luo and
Moroz, 2009]. Because the covariance matrix is symmetric, the solution could be expressed as follows:

Pa
X;t5Ea

X;tRtðEa
X;tÞ

T (17)

where
P

t5diagðr1
t ;r

2
t ;…; rL

t Þ is a diagonal matrix of eigenvalues that are sorted in descending order (i.e.,
r1

t � r2
t � � � � � rL

t ) and

Ea
X;t5ðea

X;t;1; ea
X;t;2;…; ea

X;t;LÞ (18)

where ea
X;t;i is the ith eigenvector of Pa

X;t . Truncating the first m modes, the sigma points (4) can be written
as follows:

vk
05�X a

t ;

v1
i;t5

�X a
t 1c

ffiffiffiffiffi
ri

t

p
ea

X;t;i

v2
i;t5

�X a
t 2c

ffiffiffiffiffi
ri

t

p
ea

X;t;i

(19)

where i51, 2…m. Thus, the ensemble size becomes 2 * m 1 1. Fast SVD algorithms such as Lanczos and
block Lanczos [Golub and van Loan, 1996, chapter 9] can be used here. The application of the truncated
SVD was also applied in Ehrendorfer and Tribbia [1997] when addressing high-dimensional systems.

3.2. Efficient TSVD-SPKF (ET-SPKF Scheme)
The TSVD scheme for SPKF proposed above can effectively release computational burden by truncating the
analysis error covariance Pa

X to reduce sigma points. However, for a high-dimensional system, the Pa
X is often

a very large matrix that will most likely require more memory than current computer systems can provide,
Therefore, it is difficult or even impossible to apply the T-SPKF scheme to realistic high-dimensional atmos-
pheric and oceanic models. To address this challenge, we propose a new scheme that uses a small matrix
to generate sigma points by equations (18) and (19), which is implemented by using the relationship of
eigenvectors between two relevant matrices [e.g., von Stoch and Zwiers, 2001] described as follows:

[1] Similar to equation (6), a covariance matrix is calculated in ensemble space, which is the matrix M0 by
M0 instead of the P0

X of L by L:

ð~Pa
X; tÞ5ðXa

t Þ
tr � ðXa

t Þ:

[2] Calculate the eigenvector ~ea
X;t of ~P

a
X; t . This step serves the calculations of ea

X;t of Pa
X;t , which are required

to construct the sigma points (ensemble members) by equations (18) and (19). The eigenvectors and eigen-
values of ð~Pa

X;tÞ are denoted by ~E
a
X;t and K, where Kt5diagðk1

t ; k
2
t ;…; kL

t Þ and ~E
a
X;t5ð~e

a
X;t;1;~e

a
X;t;2;…; ~ea

X;t;LÞ.
The eigenvalue and eigenvector equations are as follows [von Stoch and Zwiers, 2004]:
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ð~Pa
X;tÞ~E

a
X;t5

~E
a
X;tKt

ðXa
t Þ

tr � Xt
a~E

a
X;t5

~E
a
X;tKt (20)

Multiplying by Xa
t on the both sides of equation (20), we arrive at the following:

Pa
X;t � Xt

a~E
a
X;t5Xt

a~E
a
X;tKt (21)

Comparing equation (21) with equation (17) reveals the relationship between ~E
a
X;t and Ea

X;t :

Ea
X;t5Xt

a~E
a
X;t

Kt5Rt

(22)

Furthermore, normalization is performed for the jth eigenvector from equation (22) to ensure a unified norm:

ea
X;t;j5Xt

a~ea
X;t;j=jXa

t ~eX;t;j j (23)

where |.| is the L-2 norm. If the first m lead modes are truncated, then equations (23), (18), and (19)
produce 2m 1 1 important sigma points (i.e., 2m 1 1 ensemble members) from which we can calcu-
late error statistics and assimilate observations using equations (14–16).

[3] ~P
a
X;t is then calculated from the 2m 1 1 ensemble members, and its eigenvector is calculated using equa-

tion (23) and keeping the first m modes to generate 2m 1 1 sigma points and ensemble members for
assimilation and statistical analysis. Step (2) is repeated until the assimilation ends.

4. ET-SPKF Applied to the Lorenz Model

In this section, we explore the feasibility of using the ET-SPKF algorithm as an effective data assimilation
method for highly nonlinear models. The Lorenz 1996 [Lorenz, 2006] model is generally used for this pur-
pose. In the field of data assimilation, this model, accompanying with the Lorenz 3-component (1963)
model, is often served as a test bed for examining the properties of various data assimilation schemes [e.g.,
Miller et al., 1994; Abandan and Tang, 2009; Kalnay et al., 2012] because it is not only computationally effi-
cient, allowing various experiments, but also includes many dynamic features of realistic weather systems
[e.g., Lorenz, 2006]. For example, it has error growth characteristics similar to those of full NWP (Numerical
Weather Models).

The model contains variables x1,…,xi ,…,xNx , which can be considered as atmospheric variables in Nx sectors
of a latitude circle, governed by the following:

dxi

dt
52xi21ðxi222xi11Þ2xi1F (24)

where i 5 1, 2,…, Nx and the cyclic boundary conditions are x05xNx , x215x Nx21, xNx115x1. F is a forcing
constant. It is assumed that the unit of time Dt51 is associated with 5 days. A more detailed discussion of
the model and its characteristics can be found in Lorenz [2006] and Lorenz and Emmanuel [1998].

The experimental setup is similar to that of Lorenz [2006], where Nx 5 40 and the magnitude of the forcing
is set to eight, in which the system is chaotic. The true data are created by integrating the system over 4000
time steps by using the fourth-order Runge-Kutta scheme with a specified initial condition (denoted by X0Þ.
The integration step is set to 0.05 (i.e., 6 h). The observation data sets are generated by adding normally dis-
tributed noise Nð0;

ffiffiffi
2
p
Þ to the true data.

The assimilation experiment was carried out by adding normally distributed noise Nð0;
ffiffiffi
2
p
Þ to the specified

initial condition X0. To implement the SPKF method, the state vector is redefined as the concatenation of
the model states, model errors, and measurement errors as discussed in section 2.1. For a full-rank sigma-
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point space, we have a total of 241 sigma-
points (2L 1 1 5 2 * 120 1 1), or 241
ensemble members. We assume that the
model and observation errors are uncorre-
lated in both space and time and that the
observations of all model states are avail-
able and assimilated every five time steps.
Because there is no general method of
setting the model error, the magnitude of
model error used in the Kalman filter is
often determined experimentally by trial
and error or by statistical methods such as
the Monte Carlo [Miller et al., 1994]
method. In our experiments, the model
errors were intentionally designed in such
a way that the model would not drift too
far from the true state (The model is con-
sidered to have a relatively large error at
initiation, so the assimilation weighs more
observation information. As such, the
model prediction would not drift too far
from the true value). The model errors (Q)
are incorporated into the assimilation by
equation (11).

Figure 1a shows the variation of the aver-
aged error (AE) over the 40 variables with
time step t for the full-rank SPKF, where
the AE is defined by the mean of the root
error square of analysis xa

t against xt over-
all variables:

AEt5
1

40

X40

i51

ðxa
i;t2xi;tÞ2; i51; 2;…; 40

where i is the index of model variables.
SPKF can result in a very small AE for the
estimation of the model states after
approximately 120 steps of assimilation.
In the second case, we used the T-SPKF to
reduce sigma points. In this case, we
selected 31 sigma points that account for
more than 83% of the total variance, as
indicated in Figure 2. The result of this
experiment is shown in Figure 1b. The

model states can be fairly well estimated by the reduced T-SPKF, although its AE is not as small as the full
SPKF. In the third case, the ET-SPKF algorithm is used to reduce sigma points. As in the second case, we
chose 31 sigma points. Shown in Figure 1c is the AE of the state estimate from the ET-SPKF algorithm. A
comparison between Figures 1c and 1b reveals that the reduced ET-SPKF is comparable with the T-SPKF
with the same approximate error magnitude, suggesting a possible solution to applying SPKF in high-
dimensional systems.

Similar to T-SPKF, one important element in the ET-SPKF scheme is the size of the truncated modes of
TSVD, or effective sigma points. A small size fails to characterize important error statistics and leads to poor
assimilation analyses, whereas a large size is likely computationally unaffordable. In the T-SPKF approach, a

Figure 1. The variation of the averaged error (AE) over the 40 variables with
time step for (a) full-rank SPKF, (b) T-SPKF with 31 sigma points (ensemble
members), and (c) TE-SPKF with 31 sigma points. The AE is defined by the root
error square of analysis against the true value (see context).
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Figure 2. The variance explained by the truncated mode (ensembles) with
respect to the total variance for ET-SPKF scheme. The total variance is ~P

a
x .
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good strategy for determining the size of the truncated modes is based on the variance explained by the
truncated modes with respect to the total variance of a full-rank covariance matrix Pa

x . However, for ET-
SPKF, the total variance Pa

x is unknown because ET-SPKF only calculates the covariance ~P
a
x of the ensemble

space, which is related to the number of initial perturbations. Therefore, one challenge in using ET-SPKF is
determining the truncated modes. An approximate solution is to explore the explained variance with
respect to the total variance of ~P

a
x , as shown in Figure 2. As shown in this figure, the variance explained

increases of ensemble size, but the rate is not much higher, especially beyond the size of 11. However, as
shown in Figure 3, the assimilation experiment with 11 ensemble members is poor, indicating that such a
strategy may not be useful.

Another strategy for the determination of the truncated modes is the sensitivity experiment, which is often
used in EnKF and examines the analysis error as a function of the ensemble size. Figure 4 displays the varia-
tion of the AE with time step for different truncated modes (i.e., ensemble size). As shown in Figure 4, when
the number of sigma points increases from 21 to 31, the average error quickly decreases, whereas when the
numbers of sigma points changes from 31 to 41, the improvement in the analysis is not very significant.
This suggests that 31 sigma points are most likely sufficient to characterize the error statistics in this case.

Figure 3. Comparison between the true value and analysis of ET-SPKF. The analysis from the truncated modes of 5, 7, and 11 are shown in
Figures 3a–3c, indicating a poor analysis below 11 modes.
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Figure 5 shows the mean of the AE over
the entire assimilation period as a func-
tion of ensemble size, further confirming
that the ensemble size of 31 is sufficient
and that the improvement with additional
points is only subtle.

5. Application of the ET-SPKF
Algorithm in the Ocean General
Circulation Model

In this section, we apply the ET-SPKF algo-
rithm into a realistic oceanic model.
Emphasis here is placed on exploring the
possibility of using ET-SPKF to assimilate
multiple-oceanic data into a high-
dimensional oceanic general circulation
model (OGCM). Until now, the application
of SPKF for the earth sciences has been
confined to highly simplified, low-
dimensional dynamical systems, such as
the Lorenz model [Ambadan and Tang,
2009; Luo and Moroz, 2009].

5.1. The Ocean General Circulation
Model (OGCM)
The model used herein is the oceanic com-
ponent of the model Nucleus for European
Modeling of the Ocean (NEMO) version (2.3)
with free surface, which has been widely
used for oceanic modeling and analysis [e.g.,
Thomson et al., 2006; Thomson and Liu, 2009;
Zhu and Demirov, 2011]. Both the global and
regional models that have the same spatial
and temporal resolution are used in this
study. The former is used for climatology
runs and the latter is used for control runs
and assimilation runs. The regional model
domain used in this study is the Pacific

Ocean between 60�N and 60�S and between 116�E and 66�W, for a total of 90 3 95 horizontal grid points. The
horizontal resolution in the zonal direction is 2�, whereas the resolution in the meridional direction is 0.5� within
5� of the equator, smoothly changing up to 2.0� at 30�N and 30�S and then changing down to 1.0� at 60�N and
60�S. There are 31 unevenly spaced levels along the vertical profile with 24 levels concentrated in the upper 2000
m. The thickness of the levels varies from 10 m at the surface (within the first 105 m) to 500 m below the 3000 m
level. The maximum depth is set to 5000 m, and a realistic topography based on the ETOPO5 (Earth Topography 5
min) global atlas is used [Ferry et al., 2007]. The NCEP (National Center for Environmental Prediction) reanalysis
wind stress [Behringer et al., 1998] (http://www.esrl.noaa.gov/psd/), monthly climatological heat and freshwater
fluxes [Esbensen and Kushnir, 1981] are used to force the model. During the integration, the heat fluxQs is adjusted
by the following:

Qs5Q01kðT2T0Þ

where Q0 is the climatological heat flux [Esbensen and Kushnir, 1981], T is the model SST, T0 is Levitus’
observed climatological SST [Levitus, 1998], and k is the relaxation rate set to 240 Wm22 K21. For a 50 m,
mixed-layer depth, this value corresponds to a relaxation time scale of 2 months [Madec et al., 2008].
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Figure 4. The variation of the averaged error (AE) over the 40 variables with
time step for the different truncated modes (i.e., ensemble size) for the ET-SPKF
scheme.

0 5 10 15 20 25 30 35 40 45
0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

Number of ensembles 

A
ve

ra
ge

 A
E
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function of the truncated modes (ensemble size) for the ET-SPKF scheme.
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The model has biases in the temperature and salinity simulations compared to the observed climatology
[Deng et al., 2010]. To reduce these biases online, the spectral nudging method proposed by Thompson
et al. [2006] is used in this study and is based on the method in Deng et al. [2012] and Keppenne et al.
[2008].

The model is forced for 200 years with the NCEP monthly climatological mean wind stress, which is derived
from the 50 year NCEP reanalysis wind stress and the heat flux Qs to arrive at an initial state. From this initial
condition, the model is forced by the actual monthly NCEP wind stress to simulate conditions for the period
1981–2004. The ocean state at the end of 2004 provided the initial condition for the control run that started
on 1 January 2005. The control run for the period 2005–2007, forced by NCEP reanalysis wind stress without
data assimilation, provides a basis for comparison.

5.2. Data
The data used for assimilation in this study is the best-copy temperature and salinity profiles from the
GTSPP (Global Temperature and Salinity Profile Program) Continuously Managed Database (http://www.
nodc.noaa.gov/GTSPP/access_data/gtspp-bc.html), which covers the Pacific Ocean for 2005–2007. The best-
copy data (hereafter BCD) assembled profiles for Argo, expendable bathythermograph (XBT), conductivity-
temperature-depth (CTD), Tropical Atmosphere-Ocean (TAO)/Triangle Trans-Ocean Buoy Network (TRITON)
provided the most complete data sets without duplication. Only the profiles that are flagged ‘‘good’’ are
chosen for assimilation. The other data set for assimilation is the low-resolution (1� 3 1�, Mercator grid)
gridded satellite sea level anomaly (SLA) from the (M)SLA and (M)ADT (Absolute Dynamic Topography)
near-real times and delayed time products [e.g., Deng et al., 2012], which is a homogeneous, intercalibrated
and highly accurate long-time series of SLA altimeter data downloaded from the website (http://www.aviso.
oceanobs.com). Because the resolution of the SLA data is much higher than the model resolution in most of
the model domains, a thinning scheme is used to reduce the assimilation of SLA data. Thus, only one SLA
observation in a four-grid box is assimilated. The data sets used for validation include the Ocean Surface
Current Analyses (real time) (http://www.oscar.noaa.gov), withheld SLA observations and withheld T-S pro-
files. The surface current is derived from satellite altimeter and vector wind data; details can be found in
Bonjean et al. [2002] and Helber et al. [2007].

5.3. ET-SPKF Assimilation System
In oceanic data assimilation, there are still many important issues that must be addressed when developing
a realistic assimilation system by the ensemble-based methods, e.g., the observation and random model
error, the efficiency of computation, and the initial perturbation. This section primarily tests the algorithm of
the ET-SPKF method rather than develop an optimal assimilation system. For simplicity, we will directly
apply the parameters used in the EnKF assimilation system developed by Deng et al. [2012]. It should be
noted that the parameters used in Deng et al. [2012] were based on their own sensitivity experiments;
therefore, they may not be optimal for the ET-SPKF approach, and the results presented here are a conserv-
ative performance of the ET-SPKF algorithm. Below is a brief introduction to these parameter settings. A
detailed discussion about these parameters can be found in Deng et al. [2011, 2012].

5.3.1. Observation Error
Argo profiles and other observations are used in this study. To solve the problem of redundant observation,
a subdata set is constructed by the ‘‘data thinning’’ approach prior to each assimilation step to ensure that
there is only one observation within a model grid cell and assimilation window (of 11 days, see below). Pri-
ority is given to Argo profiles in the construction of the subdata set due to its importance in this study. Such
a data thinning approach is not optimal in the data assimilation context because information may be lost in
some analyses. However, it can effectively reduce the cost of computation.

Argo floats have a 10 day resampling period; thus, available Argo profiles are sparse on any specific day.
To solve the temporal sparsity of Argo data, we treat all Argo data within a time window of 11 days as the
observations used for the assimilation [e.g., Oke et al., 2008; Deng et al., 2012]. In this study, the assimila-
tion interval is 5 days. Thus, the 11 day window is much longer than the assimilation interval, which
ensures sufficient observations at a single assimilation step. This 11 day time window is centered at the
day of analysis. Thus, the observations for the day of the analysis and the observations for 5 days before
and after the analysis day are used at each assimilation step. In this time window, all Argo profiles within
a model grid cell are sorted according to the differences between the time of analysis and that of the
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observations. The profile that has the minimum time difference is finally used in the assimilation. If no
Argo observations are available in this process, other data sets are explored using the same scheme as for
the Argo profiles.

Observation error includes measurement errors and representation errors. Usually, it is assumed to be
uncorrelated between locations; thus, its covariance matrix is diagonal, obtained by the observation error of
all data within the 11 day time window. In this study, the observation perturbation is drawn from the Gaus-
sian distribution, with the mean equal to zero and the variance equal to the error square, according to the
method of Deng et al. [2012].

5.3.2. Model Error
In this study, random model error is introduced into the assimilation using equation (11), where Q is
the model error covariance, which is equivalent to random model errors introduced by adding noise to
the forecast ensemble at the analysis time (without integrating noise in the model). For simplicity, we
also assumed the model error to be uncorrelated between locations; thus, its covariance matrix is
diagonal.

The magnitude of Qt is determined using a fraction of the root mean square error (RMSE). For temperature,
salinity and SLA, the RMSE is estimated by comparing the observations of the time delayed Argo T-S profiles
and SLA against the output of control run over the period of 2002–2004. For simplicity, we only consider
the vertical variations of the perturbation amplitudes. We calculate RMSE for each model level using all
paired observation-model data for the period 2002–2004 and average the standard deviations over the hor-
izontal model domain to produce their vertical profiles. After many sensitivity experiments with different
combinations of the perturbation amplitudes, we set the amplitude to 10% of the RMSE for temperature
and salinity at each vertical level and 0.013 m for SLA (10% of SLA RMSE). These settings are somewhat arti-
ficial but were adjusted by sensitivity experiments to reach an accurate assimilation performance for the
EnKF experiment developed in Deng et al. [2012].

5.3.3. Local Analysis
To address computational efficiency and the spurious correlation between distant locations in the back-
ground covariance matrix, localization is often used in EnKF [e.g., Gaspari and Cohn, 1999; Houtekamer
and Mitchell, 2001; Oke et al., 2005; Hunt et al., 2007; Oke et al., 2008; Deng et al., 2010] to assimilate all
observations that may affect the analysis at a given grid point simultaneously and obtain the analysis
independently for each model grid point. However, as stated in the introduction, sigma points in SPKF
are derived based on a global analysis error covariance matrix and the localizations cannot be used for
generating sigma points. Unfortunately, global analysis without localization causes two issues for a
high-dimensional system: (1) updating the state analysis using equations (14) and (15) is expensive; (2)
the spurious correlation of distant locations degrades the analysis. Therefore, we propose a hybrid
approach that globally generates sigma points (ensemble members) and locally analyzes the model
states. After the analysis of each grid for the entire domain is obtained locally by equations (14) and
(15), the ET-SPKF algorithm is used to generate globally derived sigma points that are propagated by
Equation (7), resulting in a recursive algorithm until the assimilation ends. The covariance localization

function used here is defined as qðx; y; zÞ5e2 dx
Lxð Þ

2
1

dy
Lyð Þ

2
1 dz

Lzð Þ
2

� �
, where dx, dy, and dz are the distances

between the analysis grid and its surrounding grids in the zonal, meridional, and vertical, respectively.
The localization length scales are set to Lx 5 3000 km 3 cos(h), Ly 5 1500 km 3 cos(h), and Lz 5 100
m in the three directions, according to the sensitivity experiments, where h is the latitude at the analy-
sis grid.

After all grids over the model domain are analyzed, a final analysis ensemble can be obtained. The box
used in localization smoothly shifts with the analysis grid. With the local analysis strategy, this size is most
likely sufficient in estimating the error covariance matrix. A detailed discussion on the localization scheme
used in this study can be found in Deng et al. [2012].

5.4. Results
For evaluation of the assimilation performance by ET-SPKF, we first calculate the RMSE of temperature and
salinity of the assimilation run and control run without assimilation against the observed BCD profiles. The
RMSE is defined as follows:
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where Y is the variable of evaluation, the superscript ‘‘o’’ denotes the observations and ‘‘m’’ denotes the
model (prediction), N is the number of total observations within the domain of evaluation, and L is the num-
ber of total assimilation steps over the 3 years from 2005 to 2007.

Considering the sparse distribution of in situ observations, we used a 5 day window, centered on the analy-
sis time to calculate RMSE, and all observations falling in this window are used in calculating RMSE. The
RMSE is calculated for each bin of 5� (lon.) 3 5� (lat.) from 30�S–55�N to 120�E–80�W to ensure that suffi-
cient observations were used.

The mean temperature and salinity RMSEs, averaged over model levels in the top 250 m, from the control
run and assimilation run are shown in Figures 6a and 6c and in Figures 6b and 6d, respectively. As shown in
Figure 6a, the temperature in the control run indicates two large RMSE areas located in the Kuroshio area
and the central and eastern equatorial Pacific. There are also two relatively small RMSE areas located in the
north-east Pacific and the south-east tropical Pacific region. Figure 6c shows that the large RMSE values of
salinity in the top 250 m occur in a belt between the equator and 15�S and areas near the Kuroshio region.

Figure 6. The mean RMSEs of (a and b) temperature and (c and d) salinity averaged over model levels in the top 250 m from the control
run and assimilation run for 3 years (2005–2007) and where the observations are the BCD profiles. The contour interval is 0.2�C for temper-
ature and 0.05 psu (practical salinity unit) for salinity.
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Apparently, there are always large errors in both temperature and salinity in the Kuroshio region, implying
the difficulty in simulating the ocean state of that region because of strong currents.

Comparing the control run (Figure 6a) with the assimilation run (Figure 6b) reveals that the RMSEs of tem-
perature are significantly reduced by assimilation, especially in the central and eastern equatorial Pacific.
Similarly, with the data assimilation, the amplitudes of the salinity RMSE, shown in Figure 6d, are also signifi-
cantly reduced. The above results demonstrate that the ET-SPKF assimilation scheme can improve the oce-
anic temperature and salinity simulations over the entire Pacific Ocean. It should be noted, however, that
over some subregions, such as the Kuroshio regions, there are still relatively large RMSE values that are not
thoroughly removed by the data assimilation. The possible causes for these large RMSE values are the insuf-
ficiency of observation, coarse model spatial resolution, improper expression of the forecast error and com-
plicated dynamics that the ocean model does not resolve.

The overall impacts of the assimilation on the reduction of the prediction and analysis RMSE can be demon-
strated by the vertical RMSE profiles of temperature and salinity averaged over the whole assimilation
region for 3 years, as shown in Figure 7. Compared to the control run, the assimilation significantly reduces
the temperature and salinity RMSE of the upper ocean at 500 m, in particular for the temperature simula-
tion. This is more visible in Figure 8, which shows the temporal evolution of RMSE of each time step at the
depths of 50 and 150 m. As shown, the assimilation significantly reduces the temperature and salinity
RMSEs at all time steps at both depths. Apparently, the improvement of the assimilation is more significant
for temperature than for salinity and for the near-surface (50 m) than for the subsurface (150 m), which is
most likely because temperature has a greater variability than salinity and the deeper ocean is less varied.
These results further confirm that this ET-SPKF scheme is capable of improving the simulations of oceanic
state and is applicable for constructing realistic assimilation systems.

A further validation of the ET-SPKF assimilation is performed by exploring its impact on hindcast skill. A
hybrid-coupled model is applied to perform the El Ni~no–Southern Oscillation (ENSO) hindcast experiment,
which is a prediction experiment for a previous time period. This hybrid model is composed of the OGCM
and a linear atmospheric model, as reported in Deng et al. [2008]. Starting from the initial conditions pro-
vided by the ET-SPKF assimilation run and control run, 33 hindcast experiments are conducted for the
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Figure 7. The mean RMSEs of (a) temperature and (b) salinity averaged over the domain of 30�S–55�N and 120�E–80�W as a function of
depth from the control experiment (black line), the prediction (red thin line), and analysis (dotted blue line).
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period from April 2005 to December 2007. Figure 9 shows the hybrid coupled model’s predictive skills ini-
tialized from the control run and the assimilation, where the predicted El Ni~no 3.4 (5�S–5�N, 120�W–170�W)
SSTA index is compared against the observed values. As shown, the predictions from both the assimilation
and the control run beat persistence from the second month. Compared with the control run, the assimila-
tion produces a remarkable improvement in correlations for all lead times and RMSE skill in the first 9
months. It is not clear why the assimilation does not produce improvements in the RMSE for lead time
beyond 9 months, but the ET-SPKF assimilation system is capable of improving the ENSO hindcast skill,
especially for the correlation skill.

6. Summary and Discussion

In the current framework of the EnKF algorithm, the ensemble members were generated randomly by per-
turbing model states with a subtle difference. The ensemble size required to estimate the accuracy of error
variance was unknown because the true error covariance was always unknown. This hinders the design of
the assimilation system to a certain extent, although it is generally considered that additional ensemble
members increase the accuracy. Alternatively, a deterministic method has been used to generate ensemble
members for the SPKF approach, which precisely estimates the error covariance. However, the SPKF method
requires a large ensemble size and is computationally unfeasible for high-dimensional systems. Recently,
effort has been made toward the development of reduced rank SPKFs that significantly decrease the num-
ber of sigma points (ensemble members). This approach is usually implemented by using TSVD or TPCA to
produce sigma points with leading modes. However, the reduced rank methods are based on an explicit
expression of the prediction error covariance matrix, which creates a huge challenge because of its compu-
tational costs and memory storage demands when analyzing high-dimensional systems.

In this work, we propose a new strategy, ET-SPKF, to calculate the lead modes of TSVD for reduced rank
SPKFs. ET-SPKF calculates the analysis error covariance matrix on ensemble space. The formation of SVD
leading modes between the raw data space and the ensemble space is then introduced, which allows the
ET-SPKF algorithm to calculate the sigma points without directly evaluating the analysis error covariance
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Figure 8. The mean RMSE of (a and c) temperature and (b and d) salinity over the domain of 30�S–55�N and 120�E–80�W at the depth of 50 and 150 m and derived from the control
run without assimilation (black), prediction (red), and analysis (blue) of ET-SPKF.
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matrix of model state space globally. Further, while the sigma point is generated globally, the analysis of
model states and Kalman gain are performed according to a localization scheme, making the ET-SPKF
approach computationally efficient for high-dimensional systems.

The ET-SPKF approach is first tested using a 40-variable Lorenz model and then extended to a realistic oce-
anic general circulation model. The results show that the scheme, which makes use of a hybrid strategy for
high-dimensional systems, i.e., global sigma points and local analysis, is capable of producing good model-
state analyses. In particular, for the realistic oceanic assimilation case, the ET-SPKF assimilation can signifi-
cantly improve oceanic analysis and the ENSO prediction skill.

One interesting issue is how the ET-SPKF approach performs when compared to the conventional EnKF
algorithm. Figures 10a and 10b are the same as Figures 6b and 6d; however, Figures 10a and 10b were
derived by the EnKF algorithm, whereas Figures 6b and 6d were derived by the ET-SPKF algorithm. Both
algorithms used the same settings in all prescribed parameters, including the model error, observation
error, decorrelation scale and ensemble size. Figures 10c and 10d show the difference between the two
methods (Figures 10a and 10b minus Figures 6b and 6d). As shown in Figures 10c and 10d, the ET-SPKF
algorithm is comparable to the EnKF algorithm in most regions of the assimilation domain for temperature
and salinity, except in the equatorial region, where the ET-SPKF algorithm is better than the EnKF algorithm
for temperature. In the west-northern Pacific region, the EnKF algorithm is more accurate than the ET-SPKF
algorithm. However, caution should be used in interpreting the comparisons because the performance of
these assimilations may be sensitive to the prescribed settings. When one parameter is optimal for one
assimilation method, it may not be suitable for another method, and vice versa. Thus, it is challenging, and
perhaps impossible, to conduct a fair comparison between these assimilation methods. For example, the
prescribed settings used in EnKF and ET-SPKF, as shown in Figures 6 and 10, are based on our earlier work
of EnKF using numerous sensitivity experiments. These settings may not be optimal for ET-SPKF. Namely, if
well-defined parameters can be obtained for ET-SPKF, a more accurate performance than what is shown in
Figures 10a and 10b can be expected. However, our objective is not to compare ET-SPKF and EnKF. Alterna-
tively, we focus on the development of a computationally efficient algorithm for SPKF, making the SPKF
approach that has been widely used in machine learning, engineering and statistical modeling applicable in
the earth sciences. A great deal of additional research is required before a fair comparison between ET-SPKF
and EnKF can be made. Nevertheless, the results reported in this work are promising, and a variety of possi-
ble extensions to the SPKF approach could be developed to address more complicated situations.

Figure 9. (a) The correlation and (b) RMSE between observed and predicted SST anomalies in the El Ni~no event in the 3.4 region as a func-
tion of lead time. The predictions are initialized every month from April 2005 to December 2007. The dark line is from the prediction initial-
ized from the control run, and the red line is from the prediction initialized from the ET-SPKF assimilation. The persistent skill is also
presented (green line).
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