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ABSTRACT

The optimal Kalman gain was analyzed in a rigorous statisframework. Emphasis was placed on a comprehensive
understanding and interpretation of the current algorithspecially when the measurement function is nonline& altgued
that when the measurement function is nonlinear, the cumesemble Kalman Filter algorithm seems to contain implici
assumptions: the forecast of the measurement functionligased or the nonlinear measurement function is linearized
While the forecast of the model state is assumed to be urthitsetwo assumptions are actually equivalent.

On the above basis, we present two modified Kalman gain #igesi Compared to the current Kalman gain algorithm,
the modified ones remove the above assumptions, therebpdetadsmaller estimated errors. This outcome was confirmed
experimentally, in which we used the simple Lorenz 3-congmbmmodel as the test-bed. It was found that in such a simple
nonlinear dynamical system, the modified Kalman gain cafoparbetter than the current one. However, the applicatfon o
the modified schemes to realistic models involving nonlimeeasurement functions needs to be further investigated.

Key words: ensemble Kalman filter, measurement function, data alsgion.

Citation: Tang, Y. M., J. Ambandan, and D. K. Chen, 2014: Nonlinearsusament function in the ensemble Kalman Filter.
Adv. Atmos. Sci31(3), XXX-XXX, doi: 10.1007/s00376-013-3117-9.

1. Introduction states by combining the observational and model forecast
] ) ) data (e.g., Talagrand and Bouttier, 2007). Thus, a data as-

Atmospheric and oceanic flows can be described bysgyilation system consists of three components: a dyndmica
system of stochastic partial differential equations (SPDEpqqe| a measurement (observation) model, and an assimila-
Within this framework, not only can the dynamical system bg,, scheme. Neither the dynamical model nor the measure-

stochastically forced, but the observations can also be cafiant model is perfect. Errors in both model and observation
sidered stochastic processes rather than single numesaieal play a critical role in the assimilation process. Therefthey

ues. The most commonly used sPDE model is the state-spag§,id be estimated and modeled accurately.
model, in which the dynamical model describes the evolu- |, general, assimilation methods can be classified into

tion of the state variable over time, whereas the measuremgiy, categories: variational and sequential. Variationathm
model explains how the measurement relates to the state Vgffs such as the three-dimensional variational (3DVAR)

able: M ) (dynamic mode method and four-dimensional variational (4DVAR) method
= MX-1, -1 y , (1) (e.g. Le Dimet and Talagrand, 1986; Courtier et al., 1998),
Yt =h(x,&) (measurement model are batch methods; whereas sequential methods, such as the

wherex denotes the state variable at ting, is the time in- Kalman filter (KF) (proposed by Kalman, 1960), are part of
dex; n; is the dynamical process noisgjs the measurement€stimation theory. Methods in both categories have had grea
noise; andy; is the measurement. The functiosandh SUCCesS in atmosphere—ocean data assimilation. In Novembe
describe the evolution of the state variable over time ard th997, the European Centre for Medium-Range Weather Fore-
relationship between the measurement and state, resglgctivasts (ECMWF) introducee-the-first ADVAR method to the

In general, data assimilation is used to estimate the mo@@grational global analysis system (e.g., Klinker et &10®.
The ensemble Kalman filter (EnKF) was first introduced to

the operational ensemble prediction system by the Canadian
* Corresponding author: Youmin TANG Meteorological Centre (CMC) in January 2005 (Houtekamer
Email: ytang@unbc.ca etal., 2005).

© Institute of Atmospheric Physics/Chinese Academy of Sciences, and Science Press and Springer-Verlag Berlin Heidelberg 2014


ytang
Cross-Out

ytang
Replacement Text
first the


2 A MODIFIED ALGORITHM OF KALMAN GAIN VOLUME 31

An ideal case of data assimilation is when all the equtie nonlinear estimate, Eq. (1), which provides a better un-
tions are linear and the noise is additive. Thus, Eq. (1) mdgrstanding of the EnKF, including some potential concerns
become: about the EnKF, e.g., why the current EnKF algorithms of-

X = MX_14+ N1 ten underestimate the prediction error covariance and need
Vi = Hx + & ) (2 aninflation scheme (Furrer and Bengtsson, 2007; Anderson,
2007). In particular, we can find that the nonlinear measure-
whereM andH are linear operators of the model and meament treatment in the classic EnKF contains an implicit as-
surement, respectively. The optimal solution among sequé&amption; that is, the forecast of the measurement function
tial methods to Eq. (2) is provided by the KF under the at{% ) is unbiased or the mean of the forecdg; ,)) equals
sumption that the noise is Gaussian. The operatbrand the forecast of the meafi(% p)) wherex, is model fore-
H must be linear in the KF as indicated in the update equeast, and the over-bar is the mean over the ensembles. This
tion for forecast error covariance and in the Kalman gaiimplicit assumption may impact the accuracy of the estima-
Thus, approximating techniques must be employed for ndien.
linear dynamics. A common approach is to linearize the non- This paper first examines the current EnKF algorithm
linear model, which is the key attribute of the Extended KPased on a rigorous definition of model error and observa-
(EKF) (e.g., Jazwinski, 1970). Furthermore, the difficudfy tion error, and a general form of the Kalman filter for Eq.
the linearization of complex nonlinear models (e.g., gaher(1). In particular, we explore the treatment of nonlineaame
circulation models) forces one to use other possible atersurement functions used in the EnKF in a rigorous statisti-
tives to update the forecast error covariance, which was @ sense with detailed derivations. On this basis, two mod-
motivation for other KF-based derivatives, such as the Enkified schemes of Kalman gain are proposed. Section 2 pro-
The EnKF was initially introduced by Evensen (1994); it esddes a brief review of the KF family methods, including the
timates the forecast error covariance using multiple irteg EKF and EnKF. A generalized KF algorithm for the nonlinear
tions of the same models from subtly different initial constate-space model, Eq. (1), is also presented in sectiom 2. |
ditions (ensemble), thereby avoiding the complicated-aeveection 3, we analyze the Kalman gain algorithm used in the
intractable in some cases—linearization of nonlinear dynacurrent EnKF and then develop two modified algorithms with
ical models. Because it is easy to implement and its alga-detailed statistical derivation. In section 4, the resiutim
rithm is simple, the EnKF has attracted much attention at@its that were conducted on these Kalman gain algorithms
has been widely used in atmospheric and oceanic sciencegsimg a low-dimensional 3-component Lorenz model are re-
recent years (e.g., Evensen, 2003; Deng et al., 2012). in gaorted. Finally-a discussions and conclusions are predent
ticular, the issues related to the implementation and piadenin section 5.
concerns of the standard EnKF have become less significant
with the advent of advanced and more efficient algorithms, .
such as the ensemble square-root filters (EnSRF), local €a- The standard KF, EKF, and EnKF and their
semble transform Kalman filters (LETKF), maximum likeli-  generalized algorithm
hood ensemble filter (MLEF), and localization and ianatioQ KE and EKE
schemes (e.g., Ito and Xiong, 2000; Anderson, 2001; Tippett™
etal., 2003; Hunt et al., 2007). An ideal case in data assimilation is when the forecast

Despite the fact that EnKF-based filters have gained gré&d measurement models are both linear and the errors are
success in many applications, there still exist some coscerGaussian, as descrlbed by Eg. ). '_I'he solution among se-
For example, the current Kalman gain algorithm of the Enk@uential methods to this case is provided by the KF. Below,
actually originated from a natural extension of the KF dhe primary equations of the KF are displayed, and attention
EKF, which is for linear cases. There has been no compreh&ndrawn to the characteristic properties of the algoritaps,
sive discussion in the literature as to whether such a riatuping to the time stepi. The detailed derivation of these
extension holds for the nonlinear estimate of Eq (1). Anoth@duations can be found in the literature (e.g., Simon, 2006)
example is the treatment of nonlinear measurement furgtion

In a classic EnKF with nonlinear measurement functions, the %a=%p+ KM%, ®3)
Kalman gain was written in a different way by decomposing K=RpH (HRpH +R) ™, (4)
the forecast error covariance matrix (see section 2.2 fer de Ra= (I—KH)Rp, (5)
tails), thus allowing a direct evaluation of the nonlineagan T

surement function, as proposed by Houtekamer and Mitchell Rpo=MR-1M"+Q, 6
(2001; referred to as HM2001 hereafter). However, this al- %b=M%X_1a, (7)
gorithm was presented based on scientific intuition andether Yt = H%p , (8)

is a lack of rigorous mathematical proof (see section 2.2 for

details). Thus, the current EnKF algorithm deserves furtheherex o andX p are model analysis and forecast, respec-
analysis in a statistically rigorous sense, to better wstdad tively, at time stegt. I is unity matrix. The model errors
and apply the EnKF. In fact, we can find in the following sea3; and observed errors have zero mean and variance val-
tions that a general Kalman gain algorithm can be derived foes va(n;) =< ni,n >= Q, varlg) =< &, &' >=R The
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variablesh ; andR , represent the analysis and forecast err¢eisk of processing Eq. (6), which requires the linearized op
covariance, respectively. eratorM for the nonlinear modeM. In the Kalman gain [Eq.
In Eq. (3),y: is the true value of measurement by Eq. (1(4)], the measurement functidt is still linear or linearized,
or Eq. (2). Often, it is approximated by observatig. If which might cause concerns when the nonlinear measure-
the random nature of the true measurement is considgrednent function is difficult to linearize. To avoid the linezai
should be the observatign, perturbed by noise, resulting intion of a nonlinear measurement function, HM2001 re-wrote
an analysis ensemble. Thus, thg in Eq. (3) should be un- the Kalman gain [Eq. (4)] as follows:
derstood as the mean of the analysis wigyis used directly _ T T 1
instead ofy, if we assume the observatigr, is unbiased. K= P"T (TPDH +RT, (10)
This strategy should be followed in the KF-family of filters T_ L T VRS ) e T
discussed in this paper. This also explains why the perturbe Rbh" = L— li;(x"b %) (%) = (%)) (11)
observation (i.e.yt o+ &, whereg is noise) is often used in 1 L L L
applying Eq. (3) in the EnKF. HRHT = — Z(h(%,b) —h(%))(h(%p) —(%))"; (12)
The above equations consider the evolution of the fore- i=
cast (background) error covariance with time and are con- L
trolled by the dynamical model operatigr. Equations (3)— Whereh(Xip) = Zlh(f(t,b)/(L—l) andi is the ensemble index.
|

(8) constitute the framework of the Kalman filter for Eq. (2).

; ) i The time ste:pt, is omitted in Eqgs. (11) and (12) for sim-
If the forecast error covariand® is prescribed as a constant licity. Equations (11) and (12) allow for a direct evalaati
in time, the estimate is called the optimal interpolatiom)(O pictty. £q

L . of the nonlinear measurement functibinin calculating the
In deriving Egs. (4)~(6), both the dynamical motieaind Kalman gain. However, Egs. (11) and (12) have not been

the measurement model should be assumed to be linear Even mathematically. Tang and Ambadan (2009) argued

and the errors to be Gaussian. Therefore, the standard : ;
only works for linear models and Gaussian distribution. fnatifgri.e('ll) and (12) approximately hold only if the follow

the dynamical model and/or the measurement model are n -

linear, the KF cannot be directly applied. Instead, linemri h(%Xip) = h(R) ; (13)

tion must be performed prior to applying the KF. The analyt- %ib—Xo = &, Norm(g) is small fori=1,2... (14)
ically linearized version of the KF is called the extended KF ' -

(EKF), which solves the state-space estimate problem of E41der the conditions of Egs. (13) and (14), Tang and Am-
(1). The disparities and similarities between the EKF ard thadan (2009) argued that Egs. (11) and (12) actually limeari
KF include the following: (1) both the Kalman ganand the € nonlinear measurement functidngo H. Therefore, the -
update equation of forecast error covariance have the sZf€ct application of the nonlinear measurement function i
form, with the use of the linear and linearized state modétds- (11) and (12) imposes an implicit linearization preces
(2) the forecast model and the measurement model are difféfing ensemble members. In the next sections, we will find
ent, with linear Eq. (2) for the KF and nonlinear Eq. (1) fof1at Eas. (11) and (12) actually held without requiring the
the EKF: (3) Egs. (7) and (8) are different, with linear mogd&enditions of Egs. (13) and (14), if the measurement fortecas
M and linear measurement functishused for the KF. and Yt Was unbiased. A further interpretation is the equivalence
nonlinear modeM and nonlinear measurement functien © EAs- (13) and (14) with the unbiased foreaast

used for the EKF.

2.3. General form of ensemble-based filters for Gaussian

2.2. EnKF models

A challenge in the EKF is to update the prediction error AS discussed in the preceding subsections, the linear or
covariance using Eq. (6), which requires linearizationhef t Inearized measurement functions are still required irojhe
nonlinear modeM. The linearization of a nonlinear model idimal Kalman gainK in the KF, EKF and EnKF. In this
often technically difficult and even intractable in someasas SUPsection, we proceed with a general form of the Kalman
e.g., in non-continuous functions. Another drawback of (N, Which does not contain the linear measurement oper-

EKF is the neglect of the contributions from higher—orde;stator' This general form was first introduced by JuIie.r et al.
tistical moments in calculating the error covariance. (1995) when they developed the unscented Kalman filter and

In the EnKF, the prediction error covarianBa, used in has been yvidely applied in the literature (e.g., Simon, 2006
Eq. (4) is estimated using an ensemble of model forecasts. FOllowing the general state-space model, Eq. (1), the state

The equation below was used for the EnKF to replace E¢pdate equation can be written as:

(6), while the other equations are kept the same, i.e., %a = Rep+ Ke(t — %)
1L %b = M(% 10)
Ro=1— iZl(f(t,i,b — %) (Reib—%eb) 9) e = h(%p)

The analysis error is denoted ks = % — % o, the forecast er-
wherex; , represents the forecast of thth member at step ror by X b = X —% b, and the observation error py=y; — ¥,
t andL is the ensemble size. The use of Eq. (9) avoids tiherex; andy; are the true values at the time stem the
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model state and measurement. For convenience, we omit theFirst, we re-examine the optimal Kalman gain, Eq. (4),

subscript in the derivation below. using the general form of the Kalman gain, Eq. (16). When
Considering an unbiased estimate, we have: the dynamical model is linear, i.e¢=Mx»_1+ —1,%p =
‘= % KU MR 1, Rb=MR 1.MT +Q, whereQ = E(n1n/" ;).
Xa=X—RY, When the measurement function is linear, iyes Hp,

Py = E[&X3] = E(R — K§) (%o — K9)T

T e TUT e LT Vo =% —%e=Hx+&—-HXp=HXp+&,
= EX% — XY K' — K& + KW' K') | Py = Pz, HT
bY T b”b )
Pa = Pz, — PrgK' — KPyg, + KRgKT, Ry — HPx H + R

Where E[] is the expectation. Under the Gaussian diStrib'X'/\'/hereR: E

T i ini
. . . : &&' ). Then, the optimal Kalman gain is
tion assumption, the optimal estimate as the trace of the min (&&) P 9

imumpPp, is: K = PyyPy’ = PotH (HPuH +R) ™. (20)
otr(Pa)] _ Equation (20) is identical to Eq. (4). Therefore, Eq. (4)cdise
oK ’ in the KF, EKF, and EnKF is a special case of Eqg. (16), under
—Pry — P, + 2KRy =0, the assumption of a linear measurement function.
K = pibypy},l , We now examine Egs. (11) and (12) of HM2001 that have
. B been widely used to treat the nonlinear measurement functio
Pa = Pz, —KPy

in the EnKF. Emphasis is placed on the comparison of Egs.
A summary of the main equations discussed above is listgl, (11), and (12) against Eq. (16).

below: When the noise is additive, the nonlinear state-space
equation [Eq. (1)] becomes

Xa=%p+Ky—%, (15)

K = P>~<b)7p)7§71 ’ (16) X = M(thl) +Nt-1,
Py = Py, — KPig » (17) v =h(x)+&,

%b=MF_14a), (18) The assumption of additive noise is commonly used for the
Y = h(%p) . (19) assimilation in Gaussian-based systems. For a non-aelditiv

noise system (e.g., multiplicative noise), Gaussian-base
Equations (15)—(19) show a general algorithm for the Gausimilation methods, such as the EnKF, are often invalid.
sian nonlinear model and the nonlinear measurement func- We started from Eq. (16), i.e§ = Pr,yPw—1. If the esti-
tion. The derivation of the Kalman galt does not invoke mate is unbiased and the ensemble &iig infinite, we can
any linear assumptions for the dynamical model or measutge the ensemble mean to represent the true value, i.e.,
ment function. If the observation is approximated as the tru . —
value, theP,y in Eq (16) is the cross-covariance between the X% =ERitp) + M =%p+ 21)
state and observation errors, and Bygis the error covari- %t = h(%p) + & ’

ance of the difference between the observation and its pre-

dictionyi. Additionally, in the case of nonlinear models, th&/here El] denotes the expectationjs the ensemble index

statistical moments can be exactly calculated in a closed fo@Nd the overbar represents the mean over all the ensemble

only if the underlying distribution is Gaussian. members. The termg andg were added due to the random
nature of the true states:

o 3. _ G . v \T
3. Application of the general Kalman filter %/~ E[(Ritb—X%) it —)']
form for the standard KF and EnKF = E&ito—E(%itb) — M [h(Ritb) —h(E(Kirp)) —&]"

It is clear that the linear assumption is made for the melgor a realistic ensemble system with finite ensemble Sizg,
surement function to obtain Eq. (4), as indicated by theslinecan be written as:
operatorh. To deal with the nonlinear measurement func- 1 L _

Il : ¢ 2 o o T
tion in the EnKF, HM2001 proposed Egs. (11) and (12) to di- Pxy = 7= Z(Xi,t,b =%b)[N(Xirp) —h(%p)] . (22)
rectly evaluate the nonlinear measurement functions. Appa 1=

ently, there is a gap here, i.e., the left hand sides of E43. (Bimilarly,

and (12) need the linear measurement functipnvhereas . ~ -
their right hand sides directly use the nonlinear function % = E[(Xito =) (Xitp—%)]
HM2001 realized that there was this gap and used the equiv- =E[%itp—ERitn) — Nt [Ritb— ERitn) — M]"

alence sign£” instead of the equality sign “=" in Egs. (11) 1 L
and (12). However, the equivalence is primarily based on —1

intuition. It is necessary to examine the equivalence imga ri i=
orous, statistical framework. Ry =E[(Jit — W) it — yt)T]

(Ritb—%eb)Rith—%p) +Q,  (23)
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= E[h(%,) — h(R) — &][n(%) —h(R) — &]" Thus, the Kalman gain can be written as
= E[(h(%) — h(®)) (h(%) —h(R))" +R, K = PyyPy"
L — _
Ry = L%l 2 (% £.6) — h(%p)]N(%itb) — h(%p)]T +R. = L—il _ L (Rt — %p)[(NRitb) = Yo — &]"
. (24) .

1 L . At
Here, the assumption is that the noise tesmand n; have {rlwgl[h(xi’t’b) ~Yto— &JIN(Xep) Yol } '

zero mean and are uncorrelated with other variables. The (27)
variances of); and g are Q andR, respectively. Equation _ ) _ _

(23) represents the forecast error covariance estimateeby One important disparity between Egs. (27) and (25) is the
ensemble member. Compared to the standard EnKF [Eq. (§jfaPpearance étin Eq. (27). However, itis implicitly rep-
there appears to be one more iténon the left hand side of resented. by the perturbed observation. In other WorQS, the
Eq. (23). The absence fin the standard EnKF algorithm isobservation should be random[y perturbed when applying the
because the forecast error is being defined with respeceto @¢neral form of the Kalman gain.

ensemble mean rather than to the true state. Thus, the ran.n the above discussion, we only assume that the model

dom nature of the true states is ignored. The standard Enf@gecastis unbiased, i.e¢, = E(Xitb) + . If we further as-
often systematically underestimates the error covariande sume that the forecast of the measurement model is unbiased

requires an inflation scheme to “adjust” the estimated erf@fd random, i.e.,

covariance. o ye =E(fir) + & = E(N(%itp)) + & , (28)
The Kalman gain is written as

™ we have
<= Py’ Py =E[(%o %)t ")
- LTll Zl(f(i,t,b — %) [(N(Ri10) — h(Zep)]" —E[%itb—E(%itb) — N)[h(%irp) —E(h(Kiep)) — &)
pa L
B 1 o (&) —h(g . T 29
* { 3 & s MR @’t!b)_h@me} : 1 2 Reo— Raolo) ~ G (29)
m=1

25) Py=El0t—y) (%~ yo)']

5 5 5 5 T
A comparison of Egs. (11) and (12) with Egs. (22) and (24) E[h(XI’tI’_b) EhGie))~aln&ep)~EM&p) 8]
reveals that they are completely equivalent, if Eq. (13¥kol :L [("(Ritb)—h(Ritp))(h(Ritn)—h(Ki b))T+R.
true. From the linearization point of view, Eq. (13) holdser L-1 i; B B h v
only if Eq. (14) also holds true. Conversely, when Egs. (22) (30)
and (24) are used instead of Egs. (11) and (12) in the Enkdp we can see that Egs. (29) and (30) are identical to Egs.
the modified Kalman gain form should be more rigorous if11) and (12). Thus, another interpretation of Egs. (11) and
the statistical framework, which is equivalent to the gaher(12) is the application of the unbiased assumption to the mea
Kalman gain form, Eg. (16), without demanding any assumgurement forecast, under which the linearization assumpti
tion of linearization. Clearly, when the noise is non-aiWeit Eq. (13), can be removed. The assumption of Eq. (13) can
the equivalence is no longer valid. However, in case of nogearly be seen as equivalent to the assumption of the unbi-
additive noise, all Kalman-based filters are invalid dueht® t ased nature of the measurement forecast. Thus, Egs. (11) and
non-Gaussian nature of the systems. Recently, Ambadan &ng) have a rigorous statistical foundation when the urgdas
Tang (2011) discussed the assimilation of a nonlinear sygsumption is applied to both the model forecast and the mea-
tem in a multiplicative noise environment and found that th&,rement forecast.
intrinsic properties of the multiplicative noise challentpe In summary, there are three schemes used to estimate the
current EnKF algorithms. Kalman gain in the EnKF while the measurement function is

In the above derivations, we used the forecast measus@nlinear. The similarity, disparity, and theoretical @@y

ment to represent the true measurementyi.e=,h(%p) + &, of the estimates are summarized in Table 1. Clearly, when
as indicated in Egs. (24) and (25). One important assumfe observation is appropriately perturbed, Scheme 3 ghoul

tion here is the unbiased nature of the fored&st), i.e., have the smallest estimated errors, followed by Scheme 2 and
the ensemble mean instead of the unknown true state. T8isheme 1.

unbiased assumption results in the prediction error of mea-

surement, which may be serious in some cases. One solution

used to reduce the impact of the unbiased assumption on4he Application of modified Kalman gain to the
estimate of the Kalman gain is to directly use the actual ob- simple Lorenz model

servationy o to represent the true measurement; namely

In this section, we use the 3-component Lorenz model
Yt = Yo+ &. (26) to examine several of the aforementioned algorithms. This
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Table 1. Three Schemes for the optimal Kalman gain in the EnKF.

Scheme name Equations Assumptions Sources of estimated err

Scheme 1 (HM2001) (10), (11) and (12) (1) An unbiased assomfitr the model prediction; Assumptions (i)—(iv)
(2) The noise is additive;
(3) An implicit assumption for linearization of measure-
ment function, or an unbiased assumption for measurement
prediction;
(48 Forecasted observation instead of raw observation
1) An unbiased assumption for model predictio Assumptions (i)—(iii)

(2) The noise is additive;

(38 Forecasted observation instead of raw observation;
1) An unbiased assumption for model predictio Assumptions (i)—(ii)

(2) The noise is additive;
(3) Perturbed raw observation is directly used.

Scheme 2 (25)

Scheme 3 (27)

model consists of three ordinary differential equations:  slow convergence compared to Schemes 1 and 2, probably

dx because the observation notsesed in Eq. (27) is too lar§e
S

—— =0(X—-X1)+Mm leading to a long training time. The modified EnKF schemes
dt have better estimations than the standard EnKF, with thie bes

d_X2 = PX1 — X2 — XaXa+ N2 , (31) Vvalues from Scheme 3, consistent with the theoretical analy
dt sis shown in Table 1.

ax = X1Xo — BXa+ N3 An interesting feature in Figure 1 is that the performances
dt of both Schemes 1 and 2 start to degrade after around 600

where(x;, ni)(i = 1,2, 3) are the model state variable and rarfime steps, especially for Scheme 1, as indicated by an in-
dom noise, respectively, and= (o, p, ) are model param- creasing divergence of the estimated parameter away from
eters. the true value. This is most probably due to the variation of
In our test experiment, we focused on the parameter genlinearity of the dynamical system (phase transition} du
timate, where the parameters are treated as special statedd the assimilation period. Figure 2 shows the model inte-

estimation, which can be written as gration (true states) over 1000 time steps. As can be seen,
the nonlinearity of the system increases with the time steps
N = N1+ N1 and the model states seem to become chaotic after around

yi = () A) +& (32) 600 time steps. Unlike Schemes 1 and 2, Scheme 3 seems
little affected by the variation of nonlinearity. This isgira-

where the measurement function is the nonlinear mbdelbly because by perturbing the observation, we used observed
The true data were produced by integrating Eq. (31) with paformation to calculate the covariance matrix insteadsaf-e
rameter§a, p, 3) of (10.0, 28.0 and 8/3), and initial condi-uatingh(X,) (Scheme 1) oh(%,) (Scheme 2), alleviating the
tions of 1.5088,—1.531, and 25.46; the integration intervaimpact of nonlinearity on the estimation. Thus, Scheme 3
was 0.01. These sets are the same as in Miller et al. (1994)as a relatively steady performance and relatively litthe i

For this experiment, the state observations were genpact from the variation in nonlinearity.
ated by adding Gaussian nois¢Q\y/2) to the model inte- Figure 3 show#(%i ) — h(%) for X, y andz, which is the
grations (i.e., perturbed observations used in assimiitas source of difference between Schemes 2 and 1 shown in Figs.
in Miller et al. (1994) and Evensen (1997). To make a falra and b. The difference is rather small in this case and thus
comparison between the filters, the unknown parameter,Scheme 2 is only slightly better than Scheme 1 in Fig. 1. In
was initially set to zero. Additionally, the observatioen cases wheh(X; p) —h(X,) is large, the two schemes may have
val was 25; thus, the observations were assimilated everysignificant differences.
time steps. In the experiment, the errors of the model and the
observation were assumed to be uncorrelated in space gnd S . .
ime. .~ Summary and discussion

We assumed that the parameferis uncertain, so it For atmospheric and oceanic data assimilation systems,
needed to be estimated. Figure 1 presents the estimationdlie measurement function may be nonlinear. In this paper, we
ing the three schemes, with an ensemble size of 100 for eagkplored several schemes for calculating the optimal Kalma
Figure 1a shows the parameter estimation using the standgaih when the measurement function is nonlinear, including
EnKF scheme (Scheme 1), and Figs. 1b and ¢ show the matliwidely used scheme in the standard EnKF. Emphasis was
fied approaches described in Table 1 (Schemes 2 and 3). Plaeed on a comprehensive interpretation of the curreotalg
parameter estimates in all three schemes approach the tithen and an extension of it in a rigorous statistical frame-
value after some time steps, but Scheme 3 has a relativeigrk.

aThe noise variance is arbitrarily set to 2.
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(a) Scheme 1 0.2
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& 0.2 T T T T . .
0.1
0 e Y
0 100 200 300 400 500 600 700 800 900 1000 0.1 | d
Time steps -0.2 . . . . . .
0 100 200 300 400 500 600 700
4 (b) Scheme 2 0.2 . . .
N 0 o 0.1
2 30| _ . mmmanmanaanananny VY VYV Of "
< -0.1
€20} -0.2 : : : : : :
g 0 100 200 300 400 500 600 700
& 10§,
. . . . . . . . . Fig. 3. h()?ib) — h(>:<b) for x (upper panel)y (middle panel), and
Oo 100 200 300 400 500 600 700 800 900 1000 (bottom panel) of the Lorenz modé. is the nonlinear Lorenz
Time steps model itself.
40 (9 Scheme 3 When the measurement functiris nonlinear, the cur-
a rent EnKF algorithm contains an implicit assumption; the
80— - - = = = ] forecast of the measurement functiuiy,) is unbiased or the
£ 20l mean of the forecagh(%,)) equals the forecast of the mean
g (h(%Xp)). While the forecast of model staxgis assumed to be
“0r unbiased, the two assumptions are actually equivalent. An-
0 ) ) ) ) ) ) ) ) ) other interpretation for the latter is the implicit assuiopt
0 100 200 300 400 500 600 700 800 900 1000 of the linearization process, under whicfx,) approximates

Fig. 1. Parametep estimate by the three Kalman gain schemes.
The dashed line is the true parameter, and the solid lineeis th
estimated parameter.

Time steps

h(X) asxXp gets close t&,. Based on the general form of the
Kalman gain and some statistical derivations, we presented
two modified Kalman gain algorithms. Compared to the cur-
rent Kalman gain algorithm, the modified ones remove the
above assumptions; thus, they can lead to smaller estimated
errors. This outcome was confirmed by an actual example,
where we used the simple Lorenz 3-component model as the

test. The parameter estimate of this simple Lorenz model is
designed with a highly nonlinear measurement function. The
three Kalman gain algorithms were applied to estimate the
I I o S S model parameters. The results showed that the modified al-
0 100 200 300 400 500 600 700 800 900 1000 gorithms lead to a better estimate than the current algorith
Time step in such a simple dynamical system.

40 e A prerequisite for the Kalman filters is the Gaussian dis-
20| ] tribution of model and observation errors, under which the
=~ 0 WVMMNMAN\N\/V\N\/\'\/U\‘\A/\V/\V\; KF provides an optimal estimate for the state-space equa-
-20t k tion [Eq. (2)]. The Gaussian assumption reflects the fadt tha
—40500 300 300 200 00 €00 00 B30 500 1000 the_ KF is _designed based on min@mizing thg an_alysis error

Time step variance (i.e., trace of error covariance), which ignotes t
60 higher-order moments. For a non-Gaussian system, the so-
lution by the KF is not optimal. The EKF, EnKF, and SPKF
N 40 WV\WWWVWWVW\/W\NWWW\MW use the same optimality criterion in their algorithms. For a
20 | nonlinear state-space system, the Gaussian assumptién is o
0 - ten violated, even when the initial noise is Gaussian, bezau
0 100 200 300 400 500 600 700 800 900 1000

Fig. 2. The evolution of model states during the first 1000 time

Time step

steps.

a nonlinear transformation of the Gaussian process is often
non-Gaussian. In his seminal paper, Kalman (1960) confined
the filter to linear systems and linear measurement funstion
Thus, the EKF and EnKF are only an approximation to the
optimal estimate of the nonlinear state-space equation [Eq
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(1)]. Such an approximation can provide at least a practiEvensen, G., 1997: Advanced data assimilation for stronghy
cal solution for many realistic problems, as indicated by th linear dynamicsMon. Wea. Rey125 1342-1354.
broad application of the EnKF in atmospheric and oceani&vensen, G., 2003: The Ensemble Kalman Filter: Theorefiacal
assimilation. However, one should take care in interpgetin ~ Mulation and practical implementatiddcean Dynamics3,
the EnKF estimates when they are applied to nonlinear state 343-367. o ) o
models or nonlinear measurement functions. Furrer, R, andT. Bengtsson, .2007' Estimation of h'gh'm.al

Care should also be taken when understanding and in- prior and posterior covariance matrlces in Kalman filtei-var

. . LT ants.Journal of Multivariate Analysis98, 227-255.

terpreting the outcomgs. The Stat'St'C‘T"l d(?rlvatlon 'S)_ng .Houtekamer, P. L., and H. L. Mitchell, 2001: A sequentialems
ous but some assumptions were made in this manuscript, like e kaiman filter for atmospheric data assimilatibton. Wea.
the unbiased assumption of the ensemble mean estimate, al- Rey, 129 123-137.
though they are also held in the classic EnKF. Furthermorejoutekamer, P. L., H. L. Mitchell, G. Pellerin, M. Buehner, M
the outcomes from the statistical derivation were verifielg o Charron, L. Spacek, and B. Hansen, 2005: Atmospheric data
by the parameter estimate of a simple 3-component dynam- assimilation with an Ensemble Kalman Filter: Results with
ical system, where the measurement function is rather-artifi ~ real observationsvion. Wea. Rey133 604-620. N
cial in this context. A further test and validation is regair Hunt, B. R., E. J. Kostelich, and I. Szunyogh, 2007: Efficient
using more complex systems. Nevertheless, the theoretical data assimilation for spatiotemporal chaos: A local ensemb
analyses and experiment results presented in this paper syg transform "a'ma” fllterPhyS|ca D230 112-126.
gest that the development of the Kalman gain algorithm de-"" K., and K. Q. Xiong, 2000: Gaussian filters for nonlingiter-

. . . . . ing problemsIEEE Trans. Automat. Conf#5(5), 910-927.
scribed here is on the right track, providing possible bette,_,

R 1 winski, A. H., 1970Stochastic Processes and Filtering Theory
assimilation schemes for realistic models when the measure  academic Press, 375pp.

ment functions are nonlinear. Julier, S. J., J. K. Uhlmann, and H. F. Durrant-Whyte, 199%iev
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