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PREFACE

This book is & systematic exposition of the fundamental concepis and gen-
eral principles underlying programming languages in current use. It may be
used a3 & text for courses in computing science and software engineering
programs, and as a reference by advanced programmers, programming
thearists, and programming language implementers, describers and design-
ers. Linguists and logicians may also be interested to see how the methods of
mathematical logic may be applied to formal langusges that are much more
complex than the traditional logical calculi.

The material and the presentation have been strongly influenced by the
approach lo programming language theory founded by Dana Scott and the
late Christopher Strachey at Oxford University, particularly the first chapier
of A Theory of Programming Language Semantics by Robert Milne and
Strachey (Chapman and Hall, London, and Wiley, New York). But | have
emphasized intuitive concepts, rather than formalism end mathematical
theory. I hope that this will help to make their work accessible to a wider
sudience.

Readers are expecied to have enough programming expenence lo
appreciate the basic ideas of programming methodology (Importance of
progeam correctness, readabllity and modularity, as well as efficiency; sep-
aration of levels of abstraction; stepwise refinement), and to have & reading
knowledge of PASCAL, which is used as a standard example throughout.
There are also “case studies’ of interesting aspects of several other lan-
guages used in practice, but no attempt is made to give complele descriptions
of langusges, or to discuss experimental langusges. The emphasis is on
significant differences and similaritics between linguistic concepts. The only
mathematical prerequisite is s basic knowledge of sets and functions.

Undergraduates with adequate programming experience and
methematical maturity can cover all the material in the order presented in
two terms. For students with weaker beckgrounds, the “starred” seclions
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this mat

The ning of a sentence must remain unchanged when o part of
the re ce is replaced by an expression having the same meaning. d

INTRODUCTION
G, Freoe (1892)

1.1 PAOGRAMMING LANGUAQES

A programming language is a system of notation for describing computa-
tions. A useful programming language must therefore be suited both for
describing (i.e., for human writers and readers of programs), end for compu-
tation (i.e., for efficient Implementation on computers). Bul human beings
and computers are so different that it is difficult 1o find notationsl devices
that are well suited to the capabilities of both. Langusges that favor humans
are termed high-level, and those oriented to machines low-level.

Let us consider some extreme examples of programming languages. In
principle, the moat “powerful” language for any computer is its machine
langusge, which provides direct sccess 1o all of the resources of that compu-
ter. However, programs in such a Ianguage cannol conveniently be
Implemented on other computers. Furthermore, It [s very difficult to write or
read machine-language programs. Human beings cannot cope with the
complete lack of structure in both programs (sequences of machine instruc-
tions) and dats representations {sequences of machine words).

It might be thought that "natural" languages (such =13 English and
French) would be at the other extreme. But, in most fields of science and
technology, the formalized symbolic notations of mathematics and logic
have proved to be indispensable for precise formulation of concepts and
principles and for effective reasoning. However, in their full generality the
notational devices of mathematics are not even implementable on com-
puters, for deep reasons that will be discussed later.

There is & language called LAMBDA (invented by [. Scatt) that has
many of the properties of conventional mathematical notations and is as
expressive ms possible: all and only the operations that apparently are
possible to compute are definable in LAMBDA. These propertics make it
ussful as & specification language snd in theoretical studies of computability.
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forin =nters to eliminate insecuritics without incurring severe penaitics
in exe. . .6time or storage space. Unfortunately, with most current com-
puter dZgpas, some kinds of programming erfor cannaot be detected
ECOBOM . o that the goal of climinating insecurities should also be
taken up by computer designers.

>

1.3 sYMT)\X-DIRECTED BEMANTICS

Tdﬂdh”m are encouraged to program in a tepructured’ way, that is to
any, lo e syntactic structures of their programming language 1o help
them -.__.-..Wﬂhm_nnm__. develop and more clearly expressthe femantic structure
of their @}orithms. Similarly, langusges are best described by besing
specificaions of their semantics on An appropriste syntactic description.
Programmiag languages are 80 complex that a structured gpproach is almost
essentisl@for conceptual understanding.

As (B)mple example of syn tax-directed semantic description, consider

again guage of binary numerals. The syntax of this language mey be
precisel ified ma follows:
(=) cters "0 and 1" are binary numerals.

®) 1f Al a binary numeral, then N with a ‘0" or a '1" appended o the right
of it is also n binary numersl.

(c) .Hﬂ are the only binary numerals.

Rule (2] describes the two elementary (i.c., nondecomposable) syntactic
forms. #ufe (b) describes the two composite forms, in this rule, the binary
pumerkl [N referred to is an example of what is termed an immedials con-

a composite syntactic form). Rule (c) specifies that the sel of
m.w arals is 1o be the rmallest 221 meeting requirements (a)and (b)
(@) I@“I:E this syntactic description specifies not only the criteria for
€e)l-formedness of a binary numeral, but also its phrase structire, that is to

red into immediate consttuents, and these into their

s
=
B
b
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immediale constituents, and so on, until elementary forms are = . For
example, the phrase structure of binary numer al “0101* may be 0., .cled by
the tree shown in Fig. 1.1, The process of determining the phrase structure of
text is known as parziag.

A specification of the meaning of (i.e., the number denoted by ) every

binary numeral may now be based on the above syntactic description as
follows:

(a) Binary numerals ‘0’ and '1° denote numbers zero end one, respect-
ively.

(b) U M is a binary numeral that denotes number a, then (i} N with 'O
sppended to the right of it denotes aumber 2xa, and (i) N with "1’
appended to the right of it denotes number 2un+l.

For example, consider numeral '0101°. Working from the leftmost char-
acter,

0'  denotes zero, using rule (8);
hence, ‘01  denotes 2x0+1=1, using rule (b), part (ii);
hence, ‘010" denotes 2% 1=2, using rule (b), part {i):
hence, 'D101" denotes 2x2+ 1 =15, using rule (b), part {ii).

Esch non-terminal node of the phrese structure tree for "0101" may be
“iabelled™ with the t=mantic object denoted by the corresponding phrase
(Fig. 1.2). Thus semantics chases denotstion up the syntax tree (with
spologies to W. V. Quinc).

Flg. 1.2
The sbove description of the syntax and semantics of binary numerals is
an example of what is known as the denstational approach to language
description. The general ides is simply to specify the meanings of (i.e., the
semantic objects denoted by) elementary forms directly, and the mesnings
of composites in terma of the mesnings of their immediate constituents. This
“structured” approach has a long history in logic and linguistics. Subsequent

chapters will explain how programming langusges may be described denota-
tionally.



L/
5
C

(9LET)
08-I15 ,Hau Bumdisesy wo f s s e sedly msg,, 5 g 1035

+—J
. (6961) ‘TN "D poowa(Buzg ‘eH-uusy
4EEE3mn... pue Loy Celonfuery SuwwsBoigd 3 p 13wues

O (ap6l)

o4 ...__i-:-uum.:ﬂm sopoyeg pue a¥enluey ‘wullls C D ‘Hop

. (8g61) ooy
siarg oF jo Aissaaiof ‘g oo | Cjos “souapg pagupn jo mipsdop
-kaug _-@Eui_ JuEpg o fodyy sy jo sucpepunod ‘a4 Ty ‘RO

uﬂ_ﬂhn_u VU0 UIARH M3 ‘many Amsaun L ITT-861
dd “{u H "p3) anlmuopy puoyary Jo ciadog pasaps ‘dydor
-0k :FFrEu. up *, a¥enBus| pwuuoj v ose ysyBug,, Y ‘andwiuopy
. ;o ‘{9£61) musapey
projUmS) fisiaan pojung “idag 2ouapg sndwo) ‘79¢-55 wodu

HLLO1) P59 PuN 10X MaN 13¥33( 309 ‘EE-61y “dd

(LTI RES
' ' Y221 pum ouapg saandwesy fo spadopibug o * saBenuy
fu ¥ jo wawdopEazp fawe ayl,, ‘opieg *] -3 puw ‘g “Q ‘qinuy

3 {9L61) puvBug
Eppqyn ()7 s:ouaiajuo] sufeD (961 *vopuoy *souassjuoy Sopnd
- wadoung ayl 18 pauaeud wadsd) a7—¢ 1y dd ‘Bupseuiug nusrdy

¢ I s=8eniun) funwwnlod jo woo yiy sy, 4 v ‘amop

a4
&

- g

1ag i

U “Suopmngng DJON ‘$Z7-L1 “dd ‘{sosduns g pa) iy
Juce Aieos sindwo) QNG 'Prayy dey sy "ralonfucy
puiyaq dvm sy sefunfumy sz iy, ¥ v o ‘IR0

m eL61)
-_wnﬂlﬁanu_m .h._ﬂu..__nmu._n_:!m.-_.nunﬂnu_um puuiEﬂU,,ﬁnulﬂu

vodal Eauys ‘ulpagg sfemury BunseweiSosy wo mupy g v ) ‘310l

2 Clzest) puwiug ‘pesquapmpy “pi
TEE 1T ADH._“ dd *p weday wy 3y jo amg Y0ju] “efonfuory pasg
y ¥ .nm_m_..: Sunwmesford sapeq v Joj wioadsoug,, ¥ v 3 ‘amop
/: 1 map] “fuuds “Eojopoyply Sunwusuloy (pa) ‘g suo
y — m (0961 "wolpa puz) projrQ ‘nasysng ‘Bi-¢s
dCheia(lYpun Yaman "L g “vp3) 28t qopon fo rfunuy poarydesopyy
ajsbensbs] migymisuni] put (gpa1) WoA may ‘myoiy-Amuzy-uoisddy
.wmm\u n.ﬂ._-u::__um A pue Iy g “ip3) asmuy jepydotopyd
L

N onepurn geiduy H(76R1) 05T ‘001 Yoy Syogydosoy
pun smyjderefiyd sl gy | Suninapsg pun uug -hm:.__tn ﬂuﬁ

{5 ipE padiejua ' pa 1) ooy ‘ssarg ol jo Asrasuny
3edp 4D s3eay wy Apgg e *dnreesay pue Sunueagy u ‘deuiey

LN

(40}

1l

&'l

il

Ll

¥l

L |

£l

BT ]

{zrél)

1961 ‘womps pog) wipag ‘alundg ‘semoy

PRURApY Wy ‘wopindanie) spdwes [Apa) [RExg o puw ] 4 isneg

sfpuquer) ‘mag Gmussmn preusy ‘Eovewss of uopsapogu] -y ‘deaiel 71

-ateniuw) mangeu ® jo jwawier e jo vondussap prucnwouap

v 3aed [1[°1] sn¥mmapg {91°1] Asyaung puw noog 4q padojassp ses sadeniuw|
FujwwesBoud jo vondumap ewio) o) Fa ] {L171] s pus ¢ | ) dews) Ty 1]
a¥arg o) yaug paani) aq Avw vondpssap a¥eniue) o gawoudde (puonmouap aq |

‘hpsapaadiaa )] (#3243 puv s2neg pur [51] 50 iq paups sven

-3a)jos *spdwexs 10) '35 uopneswsdwy 3Fmiue pus ABoopoyiaw FunwweBod

wo sarnpusag) alimp 30 asay) g1 1] Fuipazsosd suasauod v uf pun |y || ] 1awweg
Lgzooquue g |)=ivoy pus|g] |]oepied pusyinuy ig saded uj pamsnop s 12iend

-unj BupurweiBord jo froiqy gy {r1] dewssl pas [g1 g “z11] susop &g pesod
-oad swa sanwwiead pue Canquewas CEEeds uIasidg dwopolysuy g

fs11] noas iq
prquIsap sm Yagw vl s8mBue sy papusnnnooas dpeoades am g1 o) "el]
amoy &q waded a3y uiisap sFenfov) Funwmei¥oid oo asniviag o) w o asag

§310N JIHdYHBONEIE

walwnBun Jupwwei¥osd sofew ags Jo 3uo jo L0y 3yl uo AFsEa GF ML

123rokd

n._.-.__.___.-_.-h [L BB RFTE SRR QNP R R ] .-u:.-___- L] _u.:_.._mui.- | aTa paumiy o] ieein g,

NI 3] O
yifua) 3g) wo vopaInpy) ExgEewmayien Sunn “Tuuesaw aabpum § EEy [RIFWNG

fumg ayuy A@aa ‘uam ojjuswes puv ywjuds 24 07 Bopiozow “jey) daodg

L0100 . T goos

‘Suomael] iis feiswng Jvesg jo Dnunaes Enin pow Iuds a4 aquosag

e

~-dposap apamuods s fonn gueong Uwolg jo SOONLES (TR0 3G 3053
‘jmiwInL

Lvngeospwn [, 950,10, 0 Aq parfud g vag ‘pusunu smq e 1 (g)

o1 pafonp

aias TERIwnG Ovurg jo swuks sy jo vonmgep 2y jo Q) eymu jeys seddng

TRES
-winy Arwulg Joj 4:_“.:-_“:&.&:..__ Jjjunitat _ junsnun,, omj jEalines

S3AEOHINT

ri.

L

Tl

cemrma B el



@©

L] m INTRODUCTION

lae $=. . 5 and C. Strachey. *"Towardy s mathematical se mantics for compu-

C languages™, in Froc. of the Symposium on Computers and Awtomata (ed.,

ox), pp. 1946, Polytechnic Instituie of Brooklyn Press, Mew York
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Qu?ni.q of Oxford (1971)

1.17 V.mw_.. A. Logic, Semanrics, and Meta-mathemarics; Ozford University
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N SYNTAX

The main aim of this chapter is to analyze the syntactic structure of prog-
remming languages. However, the study of syntax cannol be divorced
entirely from semantics. Exercise 1.2 demonstrated that a langoage may
have more than one syntactic description, and that one of these may be
considerably more convenient for semanric specification.

For more complex Ianguages, it is also necessary to classify syntectic
phrases according to the kinds of meaning they denote, much as “parts of
speech” like nouns, adjectives, and verbs are distinguished In the study of
natural languages. For example, in the context

If g=3 then ---

fragment ‘g=3" has a (Boolean) value and is an expression, whereas in the
context

const g=3;

the same fragment gives identifier ‘g’ a local meaning and is a defTnition.
Other imporiant syniactic classes are commands (such a1 ‘g:=1") and
seguencers (such as 'goto 3°). In this chapter, we shall see how such syntsctic
distinctions are motivatated by eemantical considerations, Detailed discus-
sion of semantics will appear in subsequent chapiers,

2.1 EXPRESSIONE

2.1.1 Litersls

For now, our view of expressions is simply that they are those program
phrases that are evaluated. The simplest form of expression is the Breral: an

iiiiii
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i STYNTAX

p)
when _nm:_-:_.__n a composite such as E, +E, relative to some state, nll of its
sub-expgsstions are evalualed relative to that same state.

E tons arc semantically equivalent when they denote the same

meaningg that is to say, when they would have equal values relative to every
possible—tipte, For example, addition is s commutative operation, so that
‘z+1" is‘eduivalent to ‘141",

LS.

O
22 &@EUH

A oo d is essentially & request for an “irreversible™ change in the
current pulational state, and so we speak of executing 8 command
relative {fyome state in order to obtain s new state. For example, the effect
of ex arvignment command ‘ri=x+ 1" relative to some state §s 1o
produce wstate thal differs only in that the value of 'x" is greater by one.
Commaifs are often called “statements”, but this term is also spplied to
phrases ‘that have distincd Kinds of meaning, such as declarations and
-ﬂ.m:nnﬂ =0 that we shall avoid its use. - =~
Commands are used in programming languages to give a programmer
control storage media that permit over-writing, without requiring him
to expliatly mention the states in his programs. If the anly practical large-
scale sthrbge devices were “read only", there would be little reason to have

nm:._-m? programming langusges.
It ible for a programming language to have no formsof command.
@ been termed applicative languages. The sub-language of LISP
n

..ﬂ:nn_._u_mm.uquu_.._m_u_-ahmnannnnau_n.uunﬁn_uzmnmmn
En::.u:nnim_nnnnn_-_u..mzn___nr_“D_nnnzn:qﬁnﬁﬁ.-nhuuu
ageh | ges may still take advantage of conventional storage devices,)
5¢Me prpgy=mming theorists think that itis casicr to reason aboul properties

of=pt expreseed in fanguages that do not involve the semantic com-
i perafive constructs i.c., assignments and other forms of com-

— e

1
.___.-nmr expressions, there are both elementary and composite forms of
B

An example of an clementary form of command is the :__..m
and, which has nocffect ori the state_ In PASCAL it is expressed by the
n explicit command, that is to say, by the null text string.
ignment is an example of a8 composite command. The two
constituents of an assignment are expressions which we shall

and farget. In moat langusges (including PASCAL) the

ignments cannol be arbitrary expressions. For example,

MPSETTE=.Y |

" T2)  Selection.,

COMMANDS 11

x+lim -

is not allowed. The class of expressions that may be wsed a3 assignment
targets will be termed l-expressions ("I for “lefi” or “location™").
L-expressions are often called “varisbles', but we shall aveid this term o
prevent confusion with its use by mathematicians to designate non-constant
identifiers (i.e., parameters), and its use by programmers to designate stor-
sge as well as [-expressions.

Some of the more important composite forms of command are known
as control gructwres and may be classified as follows:

(1) Sequential composition. TIn this form of command, the effect of the
construct is that obtsined by executing each of the sub-commands once in a
pre-determined sequence. In PASCAL, this is expressed by use of the
semi~colon: if C, and C, are commands, then the effect of composite com-
mand C,; C; ls that of C, followed by that of C,. Symbel C {pomibly with
subscripts or primes) will consistently be used to designate arbitrary (parsed)
commands, in the same way that E has been used to stand for arbitrary
(parsed) expressions.

e L R T P S i D R Bl par Leln

.41 selective (or “conditional”) command s 0 construct
whose effect is obtained by executing one of its sub-commands {or is null), as
determined by the value of & sub-sxpression. Examples of selective control
structures are the If and case forms of command in PASCAL.

._.n._..i..l-l

(3) Repetition. A repetitive (or “iterative™) command is a construct whise
effect is obtained by repeatedly exccuting & sub-command, with the number
of repetitions usually determined by evaluating one or more sub-
expressions. Examples of repetitive control structures are the for, while, and
repeat forms of command in PASCAL. For the present we ignore the
possibility of non-termination of execution due to “infinite” loaping in
repetitive forms.

(4) Brackering. Symbols ‘begin’ and "end’ in PASCAL play the same role
for commands a1 do parentheses (" and ') for expressions. The effect of
begin C end is simply that of Citself, but the brackets may be used to control
parsing. For example, in PASCAL a command of the form

ifE, then If E, then C, ele2 C,
would be parsed so that the else part matches the second If. If 2 programmer

wanted the else part to match the first If, he would use brackets (and. for
readability, indentation) as follows:

L .
LA T Y

||

1 i
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I m SYNTAX

€fMpct of updating i will persist until execution of another essignment to
It, rather than be localized to the tecond command. To help maintain the

E...hs..__ conceptual distinction between definitions and assignments, the
,nn_.}I-E:_n::n: should not be used for the associations s=t up by executing

assifhjnents.
>

E@ Enmvironmernts and Storss

semantics of blocks and definitions are most conveniently described if

the putational state is partitioned into two components: the sariron-
mgdl which is used a3 a record of identifier bindings, and the store, which Ia
a record of the effects of assignments. Expressions, definitions, and
%ﬁ_mm are all interpreted relative 1o a complele state, thai is tozay, both
an environment and a store, But the "“outputs’ for these three syntactic

n—-ﬁ!ﬂﬁn:
(=) D._ cxpression yields 2 value (and, il necessary to allow for side effects, a
$! siore );
(b)Sp-command yiclds 8 new slore; and
(c) Vnn__._u_:mn: ylelds a new environment.
l

o |.ﬁ = For example, the meaning ol composite command C,; ; C; may be
i

and=a=store, First, sub-command C, is execuled relative to the original
n:ﬂ..:._nﬂ and store; this will vield a new store. Then, sub<command C, Is
exgcuted relative to the original environment end the new store, This yields
an r store, which is the overall result of executing the whole compaosite,
te that by separating the environment and the store it is not necessary
Oaumﬂ.‘nﬂu “undo™ mny changes to the environment made during the
ex ion of C,. They are implicatly undone merely by stating that C, is
“excpeicd relative to the original environment. It is the responsibility of
e | nhn procestors [0 manipulate their represeniations of environments (o
Oh e effects specified, but the details of how this is done need not be
i in the semantic description.
a tecond example, consider execution of & block command

m

C

. ———

=

adultp

D
begin
’ C

end

to an environment and & store. First, definition D iz sxecuted
ez (0 the original environment and store. This yields & new environ-

http

| //Ww
Createg py |

uﬁnann_ by describing the effect of executing it relative to an environment

= o

DEFINITIONS it

ment, and sub-command C is m_._....n._..___.n.m.-n?:__..ﬂ io thiz eavironment and (lie
store. The store yielded by executing C becomes the overall resull for the
block. As before, the commend as & whole has no persistent effect on the
environment; however, definition D does have a local effect on the envi-
ronment used for execution of subcommand C.

Finally, consider evaluating an expression of the form

begin
C

resuit E

relative to an environment and store. Command C is executed and yields a
new store. Then sub-expression E is evalusted relative to the original envi-
ronment and this new store. The resulting value and store are the overall
results for the whole evaluation.

2.3.3 Declarstiona

Some forms of definition affect the store a3 well an the environmeant. For
example, interpretation of declarmtion

TAr X : inleger;

b et T PR T S IR R TR PO F L IR R e e d i R L i L S

in PASCAL has the effect of allocating an area of storage suitable for storing
integers. This “new" (i.e., currently unused) storage becomes the local
meaning of identifier 'z’, so that assignments to *x* in the scope of the
declaration will update the contents of this storsge area. Thus, the declara-
tion hes an zffect on the store, because the storage allocated must somehow
be marked as being currently “in nse”. Consequently, interpretstion of =
declaration has the cffect of yielding & new store as well a3 & new environ-
ment. The other forms of definition in PASCAL saffect only the environ-
ment.

Storage alloceted by a var declaration in 8 PASCAL block may be
reclaimed by a processor when execution of the block has terminated,
because this storage will no longer be sccesible. Such storage reclamation
hes no semantic effect, but it is an important pragmatic aspect of the
language, because it permits & simple and efficient stack-orjented spproach
lo slorege management.

2.3.4 Type Expressions and Static Expressions
In declaration

YAr x : inleger;
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1S Mal

Csqrii +j)
e

in PASCWL. Supposs that it is being evaluated in an environment in which
wﬁﬁ.&ﬂﬁ. has ita pre-defined (standard) meaning. If we rasume that the

squarin ction mentioned sbhove ir this meaning, then the value of the
invocs expression may be described as the result of applying the value of
the ure identifier to the value of the actual parameter. Note that we
do not to be concermned with how the squaring function is described or

implembaied. Therefore, we have described the meaning of the invocation
deno ly, thet is, in terms of the meaningy of its immediate con-
-—._E_ﬁu. as we did for other composite forms of expression and com-
mand.

Em“....,....mn thiz example is unusually simple, In general, the so-called
"functigm,® describable in PASCAL require 8 more elaborate semantic
model 13 8ccount for side effects of invocations and dependencies on the
sintes -%-E:n: and mvocation. These issues will all be discussed Iater.

Mww presant we consider only the problem of terminology: it scems

inap ale lo use the lerm “function lor entities that in gencral seem not
1o be ike mathematical functions, We will therefore adopt the follow-
ing tions: the term "Tunction™ will enfy refer to the usual mathemati-
cal notigiy[except when reference is made to a synitactic entity a2 s “fanctlon

.un—._:mmﬁ..uﬁ_n term procedure will designate the meaning of identifier | in
all forgapf invocation 1(--+ E,---). IT it is necessary to distinguish between

kinds pf procedure, they will be termed expression procedures, command
munﬂw, and 50 on.
£92 (Rrocedurs Dafinitions and Abstracta

?‘N__.n _G.E__..- section, we considered the semantics of invocations and saw
\had il wat possible in & very simple case lo descnbe the mesning of the
ﬂ__i__ﬁ form in terms of the meanings of its immediate constituents. By
Bh-e.n_nm__n_n_ procedure || was possible there 1o avoid Issuearelnting to
Frerde pr ures may be et up by the programmetr. In this section we discuwa
mnnﬁ_ definitions, somectimes called “sub-programs®.

A , complexities of the gencral case (such a5 recursion, parsmeler
ven(iohs, and non-local identifiers) mey be temporarily avoided by con-
ring.tbe following rather simple example:

VJ.EK:.E sqrin @ integer) : integer;
begin

qri=n*n
end

[www gad
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PRADCEDURE INVOCATIONS AND DEFINTTIONS 11

We would expect this to define the same procedure as the standard meaning
for identifier “sgr’, that Is to say, the squaring procedure.

Note that there are really rwo kinds of “definition” involved here.
Firatly, there is the “definition™ of a certain semantic entity, in this case the
squaring procedure. Secondly, this procedure is given a name by means of &
definition of identifier *sqr"; this is essentially similar to the forms of defini-
tion in PASCAL that have been discussed already. In some programming
languages, these two nspects are expressed by distinct syntactic features and
it will be helpful conceptually to treat them separstely.

Consider then the following re-srrangement of the fanction definition:

sqr= fanctloa(n : integer) : integer;

e

This is not syniactically legal in PASCAL, but similar constructions sppcar
in several other languages. If the phrase on the right-hand side of the '="
symbol is regarded a3 an expression whose value is the squaring procedure,
then this construct as a whole may be r=garded as an ordinary definition of
the form I = E, with the usuzl effect of locally binding identifier 1 to the value
of expression E. Bul how can

function(n : integer) : integer;
nen

be regarded as an expression? Note in particular that sub-expression 'asn’
cannol be evaluated when the procedure is defined because the value of the
formal parameter, n, is not yet known!

The explanation ls thet to define the procedure we are only interested In
the meaning denoted by ‘n=n’, end not its value &t the time of definition.
Recall that it was suggested that the meaning of an expression could be

regarded 2 yielding a value when evaluated relstive to s state. Therefore,
the valoe of expression

functlon(n : integer) : inreger;
nen

may be defined in terms of the meaning of ‘nen’, as follows: it it the
procedure whose result for any (integer) argument is the value of ‘nen’
relative to a state in which the value of "n" is that argument. Of eourse, this

procedure ir the squaring procedure. Note that three distinct values are
involved in this explanation:

rEa_ s T o’ renwn bl W
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his mat

+Fe presence of sequencers in'a programming language creates two
ﬂ.ﬂ@:_ semantic difficulties that control structures and procedures alone
do The first is the problem of expleining the meaning of & construct like
y *in terms of the meaning of its immediate constituent, numeral *13",
Evigehitly the numerical significance of the numeral ls irrelevant in this
con The numeral is just being used to designate the point in the program
that(}s) to be the destination of the “Jump”. But what is the semantic
couglerpart of a “'program point™?
second difficulty is that, with the semantic model we have been
sl expression evaluation or command execution is expected 1o yield o
value, or an updated store, or both, For example, we defined the effect of

m CiiG

.u.gn cffect of C, relative to the store affer exccution of C,. But now
-ﬂ_an C, is a command that contains a golo, as in

= begin:-; goto 13;-end; C,

._.—a—:m description would be incorrect because the sequencer may cause a
“jump™ out of the whole construct and C; will not be executed at all.
mqngu-_.._? “svaluation’ of sub-expression E, in E,+E; will not yield a value
if B, contains an invocation of the procedure defined by

D fapction escape : integer;
begin gole 13 end;
D.

ion. The imroduction of sequencers into a language has repercus-
nt on the interpretlation of almost all syntactic classes.

e are not going to attempt to solve these semantic problems. st this
PO ut it should be noted that some programming theorists think that
H nniiﬂu#-rnqnun-vm___.u.u:n{nimmw:iaﬂﬂﬂaﬂ_uau.unn:nni.
E
un

df.com

%ﬂﬂ._ﬁ in @ jump to a context far removed from the original addition

P

that their use be avoided. Others insist that languages withoul
Tncers would be too inflexible. We shall return to these issues in

= Ghapler 10.

adult

CAL 1 command mzay be labelled by prefixing it by a numeral and a
in

://vgww
Creatégd by
£ |

13:x:=x+1

http

FORMAL JTHTAX i3

This establishes & local meaning for the numeral and is therefore similar to &

definition.
In PASCAL, the procedure definition that encloses a labelled com-

mand is also required to contain a “declaration™ of the label, as in
labed 13:

But this form of “declaration™ dees not heve any real semantic significance.
It is required in PASCAL merely to simplify syntactic analysis of programs
in which labels are used before the program points at which they are defined,
24 in

neg
ui..“_ 13;

_mm 3t Fa

E
"

end

2.8 FORMAL SYNTAX

1t would be possible to specify the syntax of programming languages infor-
mally, as was done with the language of binary numeralsin Chapter 1. Butit
is much more convenient to use a specialized formal notation. Notation that
it used in describing the syntax or semantics of & language is termed =
meta-language. In this section, we shall discuss meta-languages for describ-
ing syntax.

2.8.1 Abstract Syntax

The syntactic structure of 2 language may be conveniently summarized by
simply listing all of the possible forms for each of the syntactic classes. Thisis
termed the absiruct syntax of the language. The abstract syntax of PASCAL
is specified in Appendix B. The first section lists the syntactic ciasscs along
with the symbols that stand for arbitrary clements of the classes, In the
sepond ssction, the alternstives for each of the non-elementary classcs are
listed to the right of a “::=" symbol, separated by occurrences of symbaol *|".

12.8.2 Concrets Syntax

An sbstract syntax tells us what syntactic structures arc available in a
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SYNTAX

H.h Conturt-sanaltive Syntax

t

A sjgpificant limitation of notations like BNF 2nd syntax diagrams is that
the ify only the comtexy-free napects of the syntaz of a language: each
rul bes the phrase structures possible solely in terms of their sub-
strfciires. But contextual information is necessary to specify that texts like

% consi [=12;

O b

(@) fim=i+l;
= =

- end
and_
YRr [ : inleger;

% Tﬂ_n

q pol i

> d

are" iH-lormed.

.VIH_._.an is no widely accepted notalion lor specifying such context-
setistive constraints, and they are often expressed informelly. Unfortu-
nitdly, an informal description is often incomplele or imprecisz, particularly
”% not based on a8 formal description. Most of the incompatibilities

en and inconsistencies within PASCAL processors are attributable to
infamplete and imprecise specification of its syntax. Anspproach to describ-
ing context-sensitive syntax formally will be discussed in Chapter 13.

.com
0

-

EXERCISES

In PASCAL the meanings of operators such s '+ are pre.defined and
upchangeable; that ix, they are analogous to litrrals. Would it be posible to
have operston that are snslogom 1o identifiers?

S
S o
s 8
® &
Ww
Nm
g8
c O

Give an example of a PASCAL fragment that is semantically equivalent to
Ihe null command, yet @ syntactically different from it.

Compare the effects of the following PASCTAL blocks:

EXERCIYEY T %
{z) comst a=1; (b} var a: integer;
procedare p; procedure p;
const a=1; begin
begln FEL =
write{a) wrife{a)
end {p); end {pl;
begin beglio
F: a-=1;
wriir{a) Pi
[2.E ] write{a)}
end
1.4 According to Appendix B, none of the forms of expression in PASCAL have

2.5

1.6

1.7

1.3

1.9

1.10

command components. How is it pomible for an expression to have side
effecta?

According to Appendiz B, parameter specifiers, (), have the same syninx 23
formal parameters, P. Why is it approprinte to distinguish these classes?

Describe & reasonable semantics for expressions of the form

D

begin
C

resali E

_..___n,..nﬂ._-:_n_,Eﬂ_naﬁ___ul_a____.-nnﬂ!-_EE.n_.-EEEu=n.._..n_m_u§
expression.

The composition of two functions fiA—+B and g-B—C iz the [unction
gof A—C defined by the rule that o is mapped Into g{f{a)). Show that for sany
h:C—=D,

kelgef)=(keg)ef

Does evaluation of an abstract (as described in Section 2.4.2) have side
effects?

A label in PASCAL is snalogous to an identifier in that its meaning as 8 lubel
i1 definable by the programmer. Is it concebvable for & language 1o have 8
pre-defined label identifier? What sbout a fiteral Iabel? Suggest possible
spplications of these concepts if they are feaghle.

The concrete syntax of COBOL hex been deseribed using the following
motationsl conventions:

{s) The vertical bar of BNF is replaced by alternatives armanged verticaily
and enclosed in braces:

sltermative;
eliernative,

_.r__n.d-—?.n.
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DOMAIN CONSTRUCTIONS

=

ave

Products of Domaina
der type expression

record
i :inleger,
¢t char
end

in PASCAL. It deseribes a domain that consists of all ordered pairs whose
.q.ﬂ__u_.:_._.::_,-_.__m are integers and whose second compuonentsare characters.
—_@:ﬂd_. for any sets A and B, the set of all ordered pairs, (g,b), witha€A
8 =B, is termed the (Cartesian ) product of A and B, writien A% B. Note
_ﬁ:— is o set with ma elements and B i< a set with b elements, set AxB

to rert)

c ins na ¥ kh clements,
VU__..._.:u_: A x B is equipped with two operations that select the Azand B
cmponents, respectively, of arguments in Ax B. These are an:._n.n_.:._n
tion Tunctions for the product. In PASCAL the projection operations
ﬁnni types are expressed by fleld selection [-expressions of the form

L.l

sing ordered n-tuples, the product construction may be generalized to
- any number o of “factors”™, as in A, % A, %--x A, For any domain D,
shall write D” fo

B3 tr

DD xD (r factors)

TOoP

for the domain of all ordered a-tuples of elements of B. For #=0, we
t the convention that D"={aull]. that is to say, the singicton set whose
lement is null.

Bums of Domains

_WH.NEE. lype expression

lfnade:

record case fag ; Boolean of
true (i - inleger);
fafse © (c ; char)

end

edb

[/www .adultpdf.com

http

SLPASCAL Each of the elements in the domain it describes is emher an
@mnﬂ or a character, together with a Boolean component to differentiate

lli

DOMATN CONSTRLUCTIONRE T

the two possibilities. In general, for any sets A and B, their sum (or "disjoint
E.__nnu.. of "co-product”), written A+ B, is defined to be the set of ordered
pairs {true, a) {or all aE A, and (false, b) for all bEB; that is,

A+B={(true, a) | aEA) U {[{false, b) | bEB}

If sets A and B contain na and nb elements, respectively, then set A+ 8 has
ad+nb elements, even if A and B have =lements in common,

Domain A+ B is equipped with two operations that construct elements
of A+B from arguments in A and B, respectively. These are termed the
infection functions for the sum. By using a “'tags™, the sum construction may
be generalized 1o allow any number # of terms, as in A, +A,+--+A,.

3.1.3 Function Doamains

Consider type expression
array|charjof inreger

in PASCAL. Each of the elemants in the domain it describes may be
regarded as being a function mapping characters into intepers, because each
array determines a inigue integer “component” for every characler “sub-
script”. In general, if A and B are any sets, then A—B is defined to be the set
of all functions whose set of arguments is A and whose set of possible results
is B. If sets A and B contain na and nb elements, respectively, then set A—B
contains nb™ elements, because there is a choice among nb possible results
for each of the na argumenis.

Domain A—B is equipped with the operstion of application, which, for
any fi A—~Band a€ A, determines the result of applying fto a. In PASCAL,
the application operation for array types is expressed by subscripfing
[-expressions of the form

L{E]

2.1.4 Reacursive Definitions of Domains

The fourth (and last) domain construction principle that we need will allow
us to construct infimite domains. Consider the PASCAL-like defimition

type strirg = record case tsnull © Boolean of

true 2 ()
false = (first : char; rest - string)
end;
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N=1{zero]+N

th

Now, define i sequence of domains N, for i=0, as follows:

N.={ ] (Le. the empty set)

ove

.-L__: ﬂ._“u_.....__.._n.l .-...n_

NelbAnat each domain in the sequence (except the initial one) s defined hy

Ewﬂ.___._m equation, but with the recursive occurrence of the domamn name

__m@ﬁ__ by the preceding domain in the sequence, so that there 15 no longer

app=sircularity. Thezelore,

N, ={zeral+ Ny
={(true zero))

=11}

N.=[zero} +N,
={ltrue.zern), (false. (true.zero 3]
=101, successor()}

N,=lzero} + N,
= [(true zera). (false (true zera)). (false (falve {true zero)) i
=), successar(()), successor{successor{ U}

F trial version,

and s on
D_._un elements of each N_are (Fand itssuccessors up 10, but not including,
B ith. Diomains N, may be regarded as (inite approsimations 1o (i.e., subsets
nﬁﬂ_n desired infinite colution of the equation, so that if we take the limif of
w&nﬁ_cn:nm to be the union of all of these approximating _,..__m.._._mmdm. we
i the <et of all the natural numbers, the desired solution of the equa-
- .
(b may be verified that the same techmique works with equation (3.1), r.m
uent chapters, we shall see several other examples of the use of
%iu:s:m and limits 1o construct solutions to recursive definitions,

qmqn__n..m as eyuntions

T

.1.6 Domain lsomorphism

W

1B Mien tieful 1o know that two domains, though not cqual as sets, are
theless “effectively equivalent™ in the sense that they may be inter-

FSieed in semantic descriptions. This may be defined rig-
.ar_u_.. ax follows: two sots, A and B, are isomorphic, written A= B.if there

wads 3 one-to-one correspondence between them:

&d
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"nu-u.n.w._.:.._hu.-....-_

.ﬁb?._m:.:._.u‘u_....w

More formally, A=B justif there are functionsf: A —Band /! : B = 4 such
thart

AF"(b))=8 for all =R
and

[ '{fia))=a for all a=A
It may be venified that =is an equivalence relation; that is,

(n) A=B implies A =B,
(b) A =B implics B=A_ and
(c) A=Band B=C imply A =C.

Here are some examples of set isomorphisms involving the produect, sum,
and function domain constructions:

AXxB=BxA
(A¥B)*=C=Ax(BXC)=AxBxC
A+B=B+A
(A+B)+C=A+(B+C)=A+B+C
(AxB)+(AxC)=A=(B+0C)
(A®B) = CmA (B —C)
(A+B) =C= (A —=C)x(B—=C()

These are valid for all s=ts A, B, and C. Furthermore, if 0={ j and 1 s any
singleton set, then

Axl= A, AED=0
A+l0=A
.}.Iw.-m“—_ ml-_.mUIﬁ.m

Domain constructions %, 4+, and —have the following substitutinn
properties with respect to somorphism: if A=A’ and B=B', then

AxB=A xR’
A+B=A"+B'
A—=B=A —B
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is (T (A . B)". In LISP an unguoted atom used 25 an expression is an
idedwsidizr (unless il is 'NIL" or “T°, which, [or convenience , are exceptions 1o
thigtyle, and always denate themselves.)

n expression of the Torm

0,

ﬁu.*_ _m_ _uuu m,_"_

far@ 0, is an invocation. The valee of E, is the procedure, and the values of

E,qo E, are its arguments,

15P provides five primitive vperations for consructing. selecting, and
tes S-expression values, Procedure "CONS’ constructs a pair from s twio
arguments, For example, the value of

= [CONS (QUOTE A} [QUOTE BIl)

@

:_..g. B)'. of course, the actual parameters of an invocation need not be
:_%w, For example. the value of

V [CONS [QUOTE A} (CONS (QUOTEB) NIL)

is (5 B)".

« mebrocedures ‘CAR and "COR’ (rhymes with “rudder”) require a pair
EHL agan argument and return componenis §, and 8, respectively. {The
names of these procedures come from the machme instructions used to

i ment them in the first implementaion of LISP.) For example, the

....@ﬁ of

P

{CAR (QUOTE (A . Bll)
(CDR (QUOTE (A . Bl

arppf and 'B°, respectively.
is important to understand the results of procedures CONS. CAR, and
n list arguments, If the value of E. is a list, then the value of

& (cons E, Ei

15
1 ore, the value of

(CONS (QUOTE A} [QUOTE (B C D))

‘A B CD

[lwww.adultpdf.com
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The result of applying CAR and COR to a list argument is the first

companent of the list and the rest of the list, respectively. For example. the
values of

{CAR [(QUOTE (A B C DN
and

(COR (QUOTE (A B C DN
are "A’ and (B T D)', respectively. Note also that the values of

([CONS [QUOTE A} NIL)
{CAR (QUOTE (AN

and
(COR [QUOTE (A}

are "{A}', ‘A’, and ‘NIL*, respectively.

The remaining two primitive procedures in LISP are predicafes. which
for LISP means that their result is one of atoms ‘NIL’ (representing fulie ) and
"T" (representing true). If the values of E, and E, are atoms, then the value of

(EQ E, E,)

is 'T" if both arguments are the same atom, and ‘NIL' otherwise.
The value of

(ATOM E)

is “T" if the value of E is an atom, and "NIL' if it & a pair.

It is surprisingly easy to program very complex manipulations of hierar-
chically structured symbolic data with just these five primitive operations on
the domain of S-expressions and some additional mechanisms for selective
evaluation, procedural abstraction, and recursive definition.

3.2.2 Arrays In APL

All the values in APL are termed arrays. The simplest kind of arravs are
termed sealars and are said 1o have rank 0. A scalar is either 4 number or a
character. Here are some examples of scalar-valued literals;

Numbers Characters

B .h._
2.0a7 B
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St including) position i+aif charactersitoi+n—1, inclusive, of the subject
i egual to the successive characters of the pattern string. The match fails if
e.. subject is oo short or if for some j<n the jth character of the pattern
anm 15 not equal to character 14§ of the subject.

For example. the pattern string 'GRAM’ maiches the subject "PRO-
MMER' from position 3 up to position 7, but fails to match from any
er position. Note that the aafl pattern string alwiys matches successfully,
that & nuil subject string is matched only Iy the null pattern
5= The pattern aperation of alfernation produces patterns that can match
ject string in more than one way, If E; and E, are expressions whose
.m..._ﬁ are the patterns p, and p,, respectively, then CXPressioD

E| E,

s that p, or p. mateh from that pesition. For example, the value of

. %,um ...Ecm_:nw_..._n:m*:H_.__ﬂEn_n_‘__n.m_..w:.n____nn:_.:ﬂmnﬂn ﬁnm:_.r:i:m_"_:ﬁ
T wre

Iﬁ_.ﬁ:m; that matches subject BEAD {rom position | up to positions 3

2.

_ The second important operation on patierns s concafenation,
$apressed in SNOBOLA by juxtaposition of pattern-valued expressions
_amﬁm-Enn by at least one blank:

N E, E:

D:m. toncatenation of patterns gy and p, is @ pattern that maiches a subject
@®n character position i in all the ways that p, can match from position § up
_E.am_.:n: t=8 and p; can mateh from i ¢n. For example. the value of

O D
mw__nu:._m suhject ‘BEAD’ from positions | up 1o 4, because EA' maiches
positions | up to 3, and ‘D" matches from positions 3 up 10 4.
Asa more complex example, consider the pattern expressed by

(BE" | 'B) ('ET" | ‘AD)

|m.u_ will match any of the subject strings
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‘BEET
'‘BEAD'
‘BET”
‘BAD

from character position 0.

Many other patterns and pattern operations are available in
SNOBOLA. For example, if the value of identifier *N° is the number A, the
value of 'POS(N) is a pattcrn that matches any subject string in the same way
as the null pattern, but only at character position a of the subject.

A convenient way to model patterns mathematically is to regard them
as functions applicable 1o arguments (q.i}, where q is a subject string and 7 15
the position at which a match is 1o be attempled. The result of applving 3
pattern Lo (g.7) is the sequence (f,,f,.---.j.) of all positions j, such that the
patiern matches from position § up to (but not including) character j, of the
subject. Fositions /, are in the order that they would be discovered by the
pattern-matching algorithm in SNOBOL4 processors. The pattern-march
operation itsell {not discussed here) only mukes use of §i {ie.. the first
component of such result-sequences), but all possible match positions are
required 1o describe the pattern operations of concatenation and alterna-
tion. If 3 match fails, the result will be the null sequence {3 (i.e.. with m=0),
The domain P of patterns is therefore

F=(QxN}—=N*

For example, if the pattern derived from the null string is applied 1o
(g.i), where g is a string and 7 is 2 position in g, the result is the one-
component sequence (f). The result of applying the pattern derived from a
non-null string such as 'GRAM’ to (g.7) is either the one-tomponent se-
quence (i+4) if the substring from positions i to i+ 3, inclusive, of g 15 equal
to GRAM', or the null sequence if the maich fails.

The operations of alternation (|} and concatenation () of patterns may
then be formally defined using concatenation of sequences as follows:

(71 | 2) g0y =pylg.0~pslq.i)
anid

(Pi~pa) (9.00=p:lg.5 mpg.g: )y plqia)
where

{Ji % P Ay = milg.1)
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_“!nm__“__: tan be determimed. But, more and more information about this
Fafiction may be obtained by doing more and more computation. Further-
. all such approximation soquences converge to the same limit, the
EV.:..W function. Similarly, only finite files of digits can be generated in
fiiD) time, but it is possible to obtain arbitrarily good approximations to an
i tary valuc by computing for a sufficiently long time.
¢ differsnce between a limit value and a finitely computable approx-
3 n o it is known a8 lruncation error in connection with numencal
n_.w_d__:ﬂ_:::. But, it 15 a general principle of compuration that domains can
n._@#._ values with unbounded information content only [T thess values are
thebimits of finite approximations to them, This limitation on domains
explains our use of a special term “domain™ for sets of compurable values
CNow. let us consider functions over domains. Suppose that the domain
ﬂ@:ﬁmﬂﬁ of a function fmcludes an infinitary element d with unbounded
in, ation content. In a finite computation d can only be approximated, so
t fis to model a feasible computation it must be possible to spproximate
f s closely asdesired by using some finite approximation to d. Therefore,
if Qg iy, s any sequence of better and better approximations that
erge to d, the function [ must satisfy

lim f(d) = flim d,)
= fid)

tri

1 then be possible to obtain ag good an APProximation as necessary o
py-computing f{d, ) for some finie approxmation . This is reminiscent
e =5 defimtion of contimuity in calculus; functions that satisfy this kind
condition are termed confiauous. In general, for 3 function to be comput-
1t must be continuous at all arguments, that is to sav, preserve limits of
pximations in domains {where the notion of approximation has to do
th the "amount of information™ represented by the values),
s anexample of 2 disconnmuous function. let T= {truee. falsel and T~ be
main of finite and infinite sequences of truth values such that s,
ximates €. just AF 5, (= 2@ prefix (initial sepment) of 5.5 then consider

=)s

s

a

5EQ

ade

all: T =T

Vﬂ_:.___ allis_ Y=true for 5,={true true true, -+ {12, the infinite sequence
whose components are all rue). and all(s)=false otherwize. But now con-
1 the finite sequences

[/www .adultpdf.com
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5=(frue, true,--- true)
with £ components for i=0,1,2 .-, whose limit is 5.. Then,

wu...h._.._.. all{s, _._H___umm. false=falie

yet
all _..",Hm_ 5ii=all(s, )=true

so that function all is not continuous. But it is evidently not computable
either becauss it requiresan implementation to change a result from false 1o
true after checking an infinite number of components.

There are analogs of the product, sum, function domain, 2nd limit
constructions and the potions of domain isomorphism and approximation
that meet the conditions discussed in this section {that is, infinitary vaiues are
elements .m._. domains just if they are limits of finite approximations to them,
and functions are continuous). Furthermore, it can be shown that in this
_“_:.Enu_.nhw “smallest” solutions to recursive domain definitions using opera-
tons ¥, + and — always exist. This is not true if @rivitrary s=ts and functions

are allowed; for example, if V—V must contain all the functions from V to Vv,
then the only solution of equation

V=D+{V=V)

Is a trivial one when D is the empty set, But if V—Vis taken to be the domain
of w:. confiuous functions, then “smallest™ solutions do exist, for amy
domain D. This is a significant result becsuse domain cquatiens such as this
are needed to define semantic domains for many programming languages;

In subsequent chapters, we shall see several applicati
o ; 4 . pphcations of the general
prnciples discussed in this section, e

EXERCISES

3.1 In PASCAL, what are the counterparts for records with varant partz uf the
injection functions for a domain sum?

3.2 (a) .__.rm.._.E......__ .“__..._. _._.__En.__._“ nides [zbelled by elements of o domain D)is either
null or a 3-teple {6, d.b; ). where dED), and b, and b, are bi
Defie S iaain B _u..__wm“_..u. iz | Am iy ange thnary trees

e R ——_S——
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DATH

property: fur any set D and any functions {1 D —Aand g - D —+B, there
exists i unigue function 8: D —AxH such that fldy=p.i8td)) and
gl =pal8(d)) For all d=D, ..

(b) Conversely, showthat P isadomainandp, - P —Aandp, :P =B are
functions that have the shove property. then P=A%B.

The significance of these results is that they show that domain construction
A X B 1s the mast gemeral of its class of domain comstructions, and s uniguely
characterized by this propenty (up to isomorphism). The sum, function
domain, and limit constructinns have similar universal properties

O remove this mal

43,19 Anenthusinstic language designer proposes (o improve his favorile language
- CATCHALL by extending the equality aperation (" =") to procedures. How
would you persunde him that this is unwise?

S0on

PROJECT

Hﬂmw: a language that would allow both hierarchica structurmng of datn, asin LISP,
~pod iterative structuring of data. as in APL.

—

jS—

<= four constructions discussed in this chapter were first applied to programming
_In._m._._um_n examples in McCarthy [1.6]; see also Hoare [3.4], Scort [3.7), Strachey
12}, and Lehmann and Smyth [3.5]. The madel of patierns in Section 3.2.3 is due
Gimpel [3.2]. The discussion of approzimations, limits, and continuity in Section

2 isbased on work of Scott [3.7-3.10). For adetailed and rigorous presestation of

t's theory of computation, e a book by Stoy [1.1 1] For the project, see Gull

and lenkins [3.3] and Burge {3.1].
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STORAL,

However, this simple view of assignment and siorage is adequate ofly
very limited programming languages, One difficulty is that the target of
& assignment might be more complex then o simple identifier, as in

aff] 1= -

is could possibly be regarded 25 an abbreviation of an assignment to
atifier "a". But. consider PASCAL block

this:mat

var p:fimeger;
begin

o rempv

meEwi;
hH..___.H...

eni

on,

aﬂm:ﬂ:n:# pli=--"illustrates thar a target might not contain an identifisr
rth which to-associate a new value: this assignment updates the anonymons
ariable” ereated by procedure new. Tn general, the target of an assignment

V (possibly compasite ) f-expression, and not necessarnily asimple identificr,

hermore, Lexpressions may be used in contexts where there is mo

mpanying source expression, so that l-expressions themselves should be
- W_._.Iﬂm_.z__._w_. ul. But what s 1he “value" of an l-expression when il is being used
$EAn assignment target?

Another factor that makes it difficult to regard a store as an association
mientifiers with values is that in langy ages with nested blocks or recursively
fned procedures it is possible to have many distinct “variables'” with the
ﬂ.n name. Even more problematical is that it is possible for ane “variable™

ave severnl names, so that execution of an assignment having one of

as its target also affects the values of the others. as in the following
SCAL block:

T

Var iinjeger;
procedure pivar o yanieger):
begin
rn=---;
caagre |..q.. e
end ;

begin

plii:

end

[/www .adultpdf.com
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When the procedure 15 invoked using 'pli,i)’, execution of the assignment to
x also surreptitiously changes the values of v and /! This ic a form of storage
sharmng known as aliasing.

These difficulties of semantie description may be overcome by introduc-
ing & domain of semantic entitics, termed locations (or “‘references” or
“cells™) to be intermediarics between identifiers and stored values. Loca-
trons are the “logical”™ counterparts of machine addresses. Unlike physical
machine words, locations do not have a “size™, nor is it necessary to post-
ulate a linear ordering on the locations. Indeed, all that must be assumed js
that it is possible to test equality of locations. Then, a store is sim ply o finite
set of associations of locations with storable valuer: 3 location is associated
with the value that we want to regard as being currently contained in (or
“stored at™) that location.

To see how locations and stores may be used in semantic deser plions,
consider an execution of the following PASCAL hlock:

Yar niinfeger;
begin
:={k;
while n<g do
begin

n=n+l:

end

end
Execution of declaration
Yar niinteger;

hes the effect of allocating some “new" (i.e., currently unused) location; let
us designate this location [. Therefore, exccution of the declaration vields a
new store that records the fact that location { is now “in use™, so thal any
subsequent allocations cannot claim the same location. The declaration also
produces & new environment in which identiffer *n' is bound to lpcation {;
that is; throughout the block (the scope of the declaration), 'n” will dennte |/,
Assipnments may affect the value contained in [, but do not change the
binding of ‘n' to .

Note that allocation of new storage takes place each fime the block
coniaining a var declaration is executed. For the language FORTRAN, it is
possible to implement all storage allocations for a program before its execu-
tion, 5o that if a declaration is executed more than once, the same locatinn
may in fact be used. However, the description of standard FORTRAN does
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4.2.2 oﬁm-.—uun—l.- ing Operationa

Execution @ i assignment of the form
V_ +E

requires v _.qmm._u:s:m of Fexpression L, although the revalie of L
obtainable m itz fvalue. Decause such updating operations arc .__nd___
COMIMON, S _mnnu.r._mnm provide mechanisms that allow them to be cx-
pressed 5#3_ only a single evaluation 15 necessary. For example,

Sheor
in COBOL, anl
=F

STORAGE

in AL n..ﬁ-u.g have the effect of updating the Fvalue of L to contam the sum
of the rvalygs of L and E, but the r-value of L is obiained from its l-value,
rather :...m:%u separate evaluation. Note thal because evaluation of L can
have side EV_? the number of evaluations s, m general, a semantic (as well
as a pragmatic) issuc.

o

4.2.3 Muitiple Targets
G

Some _..Eﬁmm allow maore than one target Fexpression inanassipnment, so
on can update several storage siruclures o contain the same

that
a.cmm ﬂDHmE_.._n the assignmen! command in ALGOL 60 has the

eenc@ Tt
C ﬁﬂ_.muu-:pﬂﬂ..“ =

Iti u yevaluating the I-values of lexpressions Ly, Ly, amd L_and
the iQlue of E, and then updating all of the Evalues to contain the r-value,

(S2o))
h.Hm______:@n Assignmeants

In m mstances, it 15 desirable to have an assignment involving
.E,._m IsoulTes as well as several targets. For example. three canventiona)
ass| ts and an explicit temporary location are normally required to
SWApNE © nts of two locations. With a mudtiple (or “'simultancous™)
assi the form

- L,:=F, F,F,

e contents of, say, xand y could be expressed more simply and

n___. mE:_, O
O

htt

POINTERS i

L0 .

In general, the multiple assignment command is executed by lirst evaluating
the Fvalues of all the fexpressions L and the r-valves of all the expressions
E,. and then doing all of the updatings. Note that if there were any shanng
among the Lvalues, the order of the updatings could be sigmficant. For
example, if i=] the effect of exccuting

alflalil=x.y

would depend on the order of the updatings (anless the values at x and y
happencd to be the same).

4.2.5 Assignment Expressions

In some programming languages, assignments are expressions (with side
effects), rather than commands. For example, in ALGOL 68

L:=E

15 an expression whose value is that of L, and updates storage as a side effect.
This allows assignments to be wrillen within expressions, as m

while (m:=n+1)<a do--

Such idioms are often difficult to read because expressions are normally
expected 1o be free of side effects.

4.3 POINTERS

We have seen that lecations are o kind of semanticentity to which identificrs
may be bound by executing var declarations and which may be composed
into starage structures such as arrays. In some lnnguages, storage locations
and structures are not only denotable by identifiers, but also storable as
contents of locations, Storage locations and structures thar are themselves
stored are known as peinfers (or “references” or Vlinks™).

For example, the two blocks in Fig. 4.1 are equivalent in PASCAL,
{except that after executing the second, the new location iz still accessible vin
np). In the first, execution of the var declaration binds identifier 0" 1o a new
location. In the second, invocation of procedure new has the effect of
updaling its argument, np, 10 contain a new location. This may be depicted in
a linkage dingram as follows:

np ﬁ| —
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S It would be desirable o have language facilities that achieve these

- cetives without the use of pointers, at least in some restricted or special-
situations. In the meantime, programmers might be advised 1o use

.&Enﬂm only as a last resort.

>

€3 sTORAGE INSECURITIES

atlempt 10 access the contents of o location before its initialization i a
TS programmang error, because the location will contain something
r_.m.:uaf....-_. fraom ifs previous incarnation Similariy, it s an error to atiempi
@ﬂn_m_n or access a location that has been disposed of while it is still
Sadkssible, because the location might also be in use in a subsequent incarna-
tiom Storage that has been prematurely disposed of (whether at the explicit
est of the programmer or implicitly by a processor) is known as a

@Rgling reference.

. Dangling references can somictimes be prevented by careful language
gn. In PASCAL, for example, pointer values can he ereated only by
edure new, but in some languages it i pissible (o store any Fvalue asa

pter. For example, the following s illegal in PASCAL:

VBF (nieger;
plinteger;

T :
o =
=i

LL
m D end

(@) B_I:m counterpart in ALGOL 68 is allowed. and has the effect of storing (a
QO painterto) location i in p. Nate that in such a contest it is the L-value (and not
IRgJ-value ) of the source expression that is used, Similarly, languppe PL/T
—Eh.u procedurc ADDR that returns the fvalue of its actual parameter as a
pointer value that may then be stored IT, in such cases, the storage pointed at
tomatically disposed of on exit from the block in which it was allocated,
omes a dangling reference.

To illustrate the danger, suppose that an analogous procedure addr
..m added 1o PASCAL; then consider the following:

var n:finteger:
procedure g;
VEr Linieger;
begin
p:=addrii

end:
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Iflocation ¢ is disposed of on exit from the body of procedure g, it will be lefs
dangling in p:

I ] |

L_.— = e i e e
e e

P

By restricting pointers to point only at storage allocated by new, PASCAL
simplifies storage management and eliminates one source of dangling refer-
ences. However, pointers may be dangling references if they are de-
allocated after a premature invocation of dispose.

Dangling references and uninitialized locations are commaon insec-
urities because they are difficult 1o prevent by language design and their
detection by processors can be quite difficult and expensive. Some proces-
sors can take advantage of special hardware mechanisms and detect them
during execution without too much inefficiency. In some cases, potentis!
errors of this sort can be detected before execution by a static analysis of
programs.. But the most common implementation “=olution™ is to do
nothing, thereby shifting the burden to the programmer.

4.5 TWO CASE STUDIES OF STORAGE STRUCTURING

451 Selective Updsting In LISP
In Section 3.2.1 the domain of S-expressions in LISP was defined by
S=A+[8x8),

where A is the domain of atoms. {That section should now be reviewed by
readers not familiar with LISP.) This domain was satisfactory for explaining
the five primitive aperations of pure LISP (CONS. CAR, COR, ATOM, and
EQ), because none of these aperations involved “destructive” effects

But full LISP provides two procedures, RPLACA (“replace the CAR")
snd RPLACD (“replace the COR™), that modify their arguments. To describe
the effects of these procedures, the LISP storage struciures must be
described. The domain of representations for S-expressions may be defined
&5 follows:

R=A+(LxL)

where L is the domain of locations that may contain elements of R, (1m faca,
e¥en atoms have modifiable sub-structures termed “'property lists™, but we
shall not discuss this.) The value of an expression in full LISP is therefore an
element of R. When literal S-expressions are evaluated or when procedure
CONS is invoked, new location pairs are allocated to represent S-expression
pairs. For example, the storage structure that represents S-expression
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The concept underlying fle types in PASCAL is the sequence. Thismay
seen most clearly il we begin by regarding a file name 'f* as denoting a

ation contaiming a sequence (X, x,.---.x,) of values. Then the following
rations may be defined:

rewrite{f} is equivalent to fi=()

writel f.x)  is equivalent o fi=f~{x}

read| fix]  is equivalemt to  xi= firse f); f2=resr(f)
eafl fi s equivalent to  f={}

,tor

QEese operations can be implemented efficiently because they insert or
@acm components only st the ends of sequences. There is no need to copy
. &._-n serjuences, as might be necessary if the operations of assignment and
catenation of sequences were available to the programmer.
However, the above operations do not prevent a programmer from
ernating freely berween writing to and reading from a file. and this is
practical for implementation on most external storage devices. So an
ﬂ“w:::m_ operation, reset, is introdoced. Reading from a file is possible only

r invoking reser. Furthermore, {t is convement to allow a file to be
" (re-tead™; the read operation above does not save the [ile for subsequent
Fredrcadimg, This sugeests that a file f should be regarded a5 a pair of

_I..m_:n_._nnm. fand J; f is either the file heing written or the subfile already

D.m__..__ .==n [ is the unread subfile. (These components are nat directly
ssible to the programmer. ) Then the file operations may be defined as

(ows

O rewritel [1 is equivalent 1o Fi= 4 F m_._H_:_

T writei fx) s equivalentto  Ti=J=(r}: F:=1{)

(D) reser| ) is equivalent to fi=f~F: T==1)

wv read{ fx) s equivalent 1o H..uh__w_..:.._._:.. f=7tn
m Fr=resti T

— eafl fi 15 equivalent 1o f= ()

ithout an intervening invocation of rewrire; some file systems would not

w this.
@ A further complication is introduced by the concept of the buffer, f1, of
e f. Cyclic buffer areas are an important implementation mechanism for

‘am:w efficiont use of external storage devices. The main motivatjon for
| —

m:.. that these definitions allow writing to a file (possibly after reading from

inga “"buller” available o the programmer is 1o allow sefective use and

O

Tw CASE STUDMES OF STORAOE STRLICTURING 73

updating of fle components. Suppose that the components of a file fare
“large" values. If ‘read f x)' is vsed, these large values must be copied from
the buffer area to x. even il x is never updated or only 2 “small” part of x is
used. Similarly, it is often necessary lo construct a “large’ wvalue
componeni-by-companent before writing it to a file. IT only "write( fx)' is
available, this must be done in x and the resulting value copied into the actual
buffer area for the file. These inefficizncies can be avoided by allowing the
programmer io access directly one component, denoted f1, of the physical
buffer area.

File operations may be defined (still without reference tothe underlying
implementation) as follows:

rewritel f)  is equivalent to wnu. {; w”n {:f1:=
purf) is equivalent o f:=F~{1); =0 ="
reseil f) is equivalent to fr= = f; fi=(}; f1:=firnl )

get(f) s equivalent to HH u.h_n .__mwn_“.m....,.“ .w..u H.z__,wr
1= firsii f)
eofif) is equivalent to f={}

where '7" stands for an “undefined" (i.e., unpredictable) value and we define
first({}) to be ‘7. Denved operations read and write are now definable in
terms of these as follows:

write{ f.x) i equivalent to  f1i=x; put f)
read{f x) is equivalent to x:=f1; gerif)

Note that the programmer’s buffer becomes “undefined™ after a pur
operation, for no apparent reason. The explanation is that the programmer’s
buffer is implemented by vsing an “internal" pointer into the actual eyclic
buffer area. The put operation is implemented by moving this internal
pointer, and this action makes the contents of T unpredictable. It is unforio-
nate that this implementation aspect is “visible” to the programmer as an
apparently unnecessary aspect of the logical model. Despite this. the treat-
ment of sequential files in PASCAL is remarkably clean in comparison to
similar facilities in most other programming languages.
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n i equivalent 1o faw f) PROJECTS

reretl f) is equivalent to .w..u..w.r.-___.., ”._..nﬂﬂ_
gen f) i equivalent to  fr=F(fir([1}; == reai )

eafi f) is equivalent 1o ...___.Hﬂ

4.1 Design cxtensions to PASCAL that would allow more convenient (But still
efficient) text processing.

4.2 Design high-level language facilities for making efficient wse of “dow”

and the following denved operations: random-access storage devices, such as disks.

write{ fr) s equivalent to  exvendif); f1i=2

read(fa) s equivalent to  ged fi; &=/1 BIBLIOGRAPHIC NOTES

Foi a programmer, how woald this approach to fles differ from the spproach

in PASCAL? Does it have any advantages? The storkge model presented in this chapter is due to Scott and Strachey [4.4, 4.5,

1.6], The model for PASCAL files presented in Section 4.5.2 i that of Hoare and
Why 1z the following a reasonable definition of 8 domain of stares: ”ﬁn::ﬁh-uwﬂm.nﬂwﬁanmn M..“.-Hnun h_.ﬂ_whﬂw_._...__h_._” i —.”“_. E._“—-_n .M_nn%mﬂnﬂr_u._ﬁ._ﬁw__

S=L—(R+{umured])
4.1 Hoare, C. A. R. "Recursive data structures”, Jat. J. Computer and Informa-
tion Sciences, 4 (2), 105-32 (1975),

4.2 Hoare, C.A. R. and N. Wirth. "' An sxiomatic definition of the pregramming
language PASCAL", Acta Informarica, 2, 335-55 (1973),

43 Sale, A H_1 “Strings and the sequence abstraction in PASCAL", Sofoware
Froctice and Experience, 9 (B), 6T1-83 (1579},

where L and R are the domains of locations and storable values, respec-
tively?

An enthusiastic language designer propuses to extend PASTCAL by aflowing
recursive type definitions without {explicit) use of pointers, as in

type wring =record case tnull: Boolean of
rue();
folse: (fTrar charrest sfnng ) —
emid;

4.4 Scott. D. 5. “Mathematical coneepts in programming language semantics™,
Proc. 1972 Spring Joirt Computer Conference, pp, 225-34, AFIPS Press,
Montvale, NJ, {1972).

He proposcs that this facilite be implemented by re presenting values of such 45 Scott. D.5 snd C. Strachey. *“Towards s mathematical samantics for compu-

types using “internal” pointers (which would not be accessible to the pro-
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grammer) to storage that would be allocated dynamically, as needed. For
example, of. in the conrext of

VAT Sutrng;

3 containgd string "ABC, then this would be represented hy

L Al e[V

What problems will anse wath this approach if both vpdating and selective
updating of locations ike @ are allowed? Hinr consider

var f:sinng;
begin
e I...-..
tfirmt:=Z ;
wrilelr firsi);

enid _

ter languages”, in Proc. of the Symposium on Computers and Automats {ad.,
1. Fox), pp. 19-46 Polyvtechnic lastitute of Brooklyn Press, New York
(1971); alsa techn: al monograph PRG-6, Programming Resesrch CFrap.
LIniversity of Oxford (1971).

Strachey, T, “The varieties of programming language™, Proc. Inr. Compur.
Ing Symposium, pp. 222-33, Cini Foundation, Venice [1972); aler lechnical
muonograph PRG-10, Programming Rewearch Group, University of Oxford
{1973

Tennent, R, D A note on files in PASCAL", 8IT, 17, 3624 {1977)
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this mat

e:.: in PL/1 by
> F=Fal; I=1+1;

he sermicolons here terminate (rather than separate) the commands.

‘e ? SELECTIVE COMPOSITION

.mz mathematics, selection is typically expressed asin the following example:
~ R L R il i+

- E:T_ 1. iEisj

O_u-ﬂmnuﬂ_:.._.._m lapguapes have selective control structures, such as the if and

S..nmm commands in PASCAL:

mu if E then C, else C,
Vm.E case E of--— K, C:end
The single-alternative form of if construct may be regarded as an abbrevia-
H:.ﬂ: for
U if £ then C else {null}

_ _ Another abbreviation provided in PASCAL is to allow a list of static
expressions as gase libels in the case con struction, o that the corresponding

command need not be written out more than onee. That is,

D

case & of

w;" s
F" e

end
may be expressed more compactly by

case E of

K K G

in which command C is not dophicated. :
What thould be the effect of a case command when the ﬁ:..._m::.m
expression hasa value thatis not one of the specified cases? One possibility is
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to adopl the null command as the implicit default for all cases that are not
specified explicitly, much like the single-alternative form of if command. But
this iz rather undesirable because then erroneous selecting values will not be
detected. In PASCAL, such an occurrence is treated as an ermor which aborts
program exccution.

The conventional implementation for case commands in PASCAL sys-
tems is to select a caze for execution by using the value of the selecting
expression as 8 “subscript™ into an array of commands; that 5, program
space must be reserved for each value in the range from the smallest to the
largest of the case labels. This implementation approach is simple and fast,
but, because of space requirements, unsuited to examples like

cese [ of
1- -
13: wet
24 5: -
1768: -
32002; -}
end

in which the case labels are “sparse™.

More sophisticated implementzation techniques which use search to
reduce space requirements are possible. However, if implementation sim-
plicity is an important design criterion (as in PASCAL), it would perhaps
have been better to simply forbid “gaps” between cases and venfy this
before program esecution.

Some PASCAL processors provide an extension that allows 2 command
to be specified by the programmer for all otherwise unspecified cases, as in

case E of
K, C;

ﬂ..“ Ce
others C_,,
end

But a similar effect can be obtained in standard PASCAL as follows:

if E in [E;,--.K,] then
case E of
K,;: C;

m..“ C.
ieni

else O,y

e )
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CONTROL

_ﬁmf. express the (potentially) infinite repetition of C. Thisisanaiogous o a

dePnite integral Tike
@) .

e additional language mechanism (such as a sequencer) would be used
to avoid non-terminating executions.
O theother approach is to determine the number of iterations by evaluat-
#reexpressions. This can be made more convenient by allowing the pro-
ammer to access the itemation count from within the iterated construct with
Wﬂ::ﬂ; variahle’, anaiogous to iteration index °F in

.S jes

hermore, the “counting’’ may be made more flexible by allowing both

r and upper count limits and, possibly, an increment to be specified. The
AL constructs of this kind have the forms

d for I'=E o E; do C

gL
+ for I:=E, downto E; do C

_L.H “‘counting’ can be over programmer-defined enumerations, character
fvallies, and Boolean values, as well as integers. Although the increments are
ricted to those obtained by single uses of succ or pred, these arc the most
| by far. and somewhat simpler to describe and implement than arbi-
increments

cEHE

.2 Indefinite Iteration
wvmznnm nite iteration constructs in PASCAL are

while E do C
repeatl C untll E

el

= termination test is done either before or aflter each execution of C. The

S
b loop
.nn
while E:
Hllf._

.

repeal
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MERATIVE COMPRESTTION B3

has been proposed as a peneralization of these. It allows the termination
condition to be tested in the “middle” of the loop body. Note that the effect
of the while form in PASCAL may be obtained by making C, the null
command, and an effect similar to that of the repest form by making C; the
null command.

An cven more flexible approach would be to allow several termination
tesls, 45 in

loop
C,
when E, exil
Cy
when E. exil

_qun__ E, exit
._”-:
repeal

But then, after the iteration terminated, there would be no way to tell which
of the tests caused the termination without re-evaluating them. Therefore, it
would be desirable to allow specification of some computation after any
successful termination test, as in

loop
C, .
when E; do T, exit
C,

when E; do ﬂ exit

when B do C.ext
G
repeat

However, the syntax of this construct is rather too intricate for it to be
recommended. In Chapter 10, we shall discuss a more flexible and syntacii-
cally simpler approach to multiple exits using sequencers.

An interesting special case of the use of more than one termination
condition sometimes anises. Consider PASCAL ileration

while {i=n) and (af7}=x) do i:=i+1
itt the context of declaration

var @ : arrayl 1 ..n]of ¢;
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d

@) to be equivalent to

= If E then

(@) begin

c: (5.1)

m while E do C

el end

Again, we wonld cortainly expect this equivalence to be true of the semantics
of these control structures, but it is not yuite adequate as a defininion of the
while form because its meaning is given in terms of itself, and not in terms of
n.ﬂ.:n meznings of its immediate constituents, E and C, alone,

This problem may be solved by a method thatis closely analogousio the
limit construction for recursively defined domains discussed in Section 3.1.5.
] S Let C, be any command whose execution never terminates. For example, C,

Nun.m_w_: be
>

Then, define commands C,,; for =0 to be

il E then
begin
L 655
C
end

to

O

while 0<1 do {null}

C,., is just command {5.1) with the “recursive” occurrence of the while loop
replaced by C,. In general _each of the C, is a command whose effect isexactly
that of the while loop, provided that less than i iterations are sufficient.
Therefore, the meanings of all the C, are approximations to the intended
meaning of

while E do C

e To PDF tri

in the sense that whenever they provide any Information at all, the same
information would be abtamed by executing the while loop. Furthermore,
the sequence of meanings of C,, C,, Gy~ s a sequence of better and better
— approximations to the intended meaning of the while loop, in that they
represent the effect of more and more computation. Consequently, it is
appropriate to define the meaning of the while loop as the fimit of this
sequence of approximate meanings, making use of the conce pts discussed in
Section 3.3.2. Tt can be proved that this limit is equal to the meaning of
command (5.1).

Note that each C,,, was defined using only the meanings of immediate
constituents E and C of the while loop, the “*simple™ control structures*;" and
‘ir. and C,, Tt is evident by simple induction on 1 that all of the approximate

[lwww .adultpdf.com
m

Created by

http

EXFRESSION CONTEOL STRUCTURES ab

meanings and therefore ther limit really depend only on the meanings of E
and C, the immediate constituents of the while loop. The use of selection and
sequencing control structures and the initial command, C,, is jusi a conven-
ient way of expressing the approximate meanings.

5.4 EXPRESSION CONTROL STRUCTURES

mMast of the examples of control structures in the preceding sections have
been commands: however, most of the concepts discussed also anse with
espressions. For example, ALGOL 68 has a composite expression form

EE;

whose value is that of E,, evaluated afrer evaluation of E, (for its side effect
anly; the value of E, is simply discarded). For example, the foliowing Is an
expression in ALGOL 68:

ar=geg;
b:=heh;
a+b

{Recall that assignments are expressions in ALGOL 68.)
An example of a selection expression is the conditional expression of
ALGOL 60:

IT E then E else E

Some langusges (such as ALGOL 68) also have case expressions.

Iterative expressions arc rather rare in programiming languages. thoogh
they are quite common in mathematics. An example is the “implied DO™ of
FORTRAN input and outpul commands, For example,

(A{l),1=1,N]
is equivalent to
A1), Af2),--- AlN)
It would be possible to have a fairly general iterative expression of the form
for =Eto Eop Oon E
where O is a binary operator. For example,
for i=a to b op+on---i--
would be the analog of
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Another kind of non-determinacy, which might be termed oracular
-determinacy, requires a processor to ry whenever possible to avoid any
d" choices, that is to say, branches leading to crrors, failure, non-
ination, or other kinds of computational disaster. The processor may be
wght of as consulting an oracle to guide its choice of computational path
unio a “safe” branch. Of course, this is really implemented by following all
ihle computational paths until a successful one, if any, is found. This i
Qﬂ_nn either by using separate processors in parallel, or by shanng one
processor among the alternative branches. Note that sech sharing must be
ir in that computation must not be restricted exclusively to any single
nch (unless all of the other branches have already failed), m case it
comes an infinite computation that should be avoided. Oracular non-
.g_n.._.i:mnm i« more convenient for the programmer than the demonic
ricty, but s much harder to implement.

vet

EXERCISES

$.1 Some languages have case constructions that select by position. For example,
in the following, if the value of expression E i integer i, then command C; is
selected:

cage E of
G,
n..un

C

iend

What disadvantages does thit approach heve jn companison with the case
consiriiction i FASCALY

.2 Thecase command in PASCAL may be thought of as o way of indexing into a
{one-dimensional) array of commands: Design a multi-dimensional general-
tration of the ease commanid.

[

Show how (o got the effect of the PASCAL form

Image To PDFtr

repeal
C
until E
i ALY AR

ot
=

In mathematics, the valoe of

B

i3
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is zero when S is the empty set. In PASCAL, command

Created b

http

EXERCISES a1

55

“r’

5.7

5.8

E9

10

for T:=E, to E- do C

hias no effect (except for side effects of the evaluations) if the value of Ey 1
greater than that of E,. What general principle governs these conventions? I
the valoe of B, is greater than that of E,, what should be the values of
iteTative expression

for 1=E; to E; op O on E;
when O is ‘and’, "or’. and *=*7 What about *=" and */™7
How might the iterative comstroction in ALGOL 68 be extended =o that it
could be used as an expression?
Show how to getl the effect of
for I:=E, to E; do C
in PASCAL without using for or goto. Hini: conssder
for i:=m o n do---
in the context of declarations
YEr Muinteger;

il ..o

In ALGOL 60, the increments and limit values of the for iteration form may
be real numbers. What problems can arise from Lhis?

Why do some PASCAL processars prevent the count identifier for a for
construct from being updated during execution of the fteration body?

Design [acilities that would allow commands such as the following Lo be
expressed more compacty:

() Walll=r=i=1
| al2l=x—i:=2

| u—...._ =yr-—api=n
end

(b} loeopal]=r—H1]:=8{1}+1; rext{z)
| dlZ}=x-ebi2):=b{2]+1: nexi(x)

| ain]=r-eb{n}:=H[n}+ 1; nexi(x)
eod

where mexr{r) updstes . The control structores are those described in
Section 3.3,

Is there any need for sefective control structures whose tests are evaluated
sequentiafly, as in the following?

if i=n orelse aiil = x then - else--
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BINDIMNG

a BINDING OCCURRENCES AND APPLIED OCCURRENCES

h

Consider the PASCAL definition

0,

m const i=—J;

ontains two identifier occurrences. The occurrence of *f° is a binding
Bturren ce: the identifier is being defined, and merely stands Tor itsell. The
@ﬁ:nﬂnm of °f" is an applied oocurrence: it is being used rather than defined,
el must have been defined elsewhere. In every form of definition in
PASCAL, there is 2 binding occurrence of the identifier being defined hy
(hat definition. Applied occurrences of identifiers are typically in expres-
€ions, where the identifier is used to symbolize the value with which it is
iated in the current eavironment.

Note that an occurrence of an identifier as the left-hand side of an
sgnment 5 an applied and not a binding occurrence, For example, in

Yar [ : mileger;
begin
=0

ir=i+1;

end

RDF tria vers

nccurrence of '’ in the declaration is the oaly binding occurrence. At that
int, the identifier is bound to a storage location. All of the other occur-
ces of °'r" are apphed occurrences, where the identifier denotes that same
age location. The assignment has the effect of updating the location, but
oes noet change the binding of identifier 1" 1o that location,
e Usually, the meaning of an applied identifier occorrence is established
umigque and explicit binding occurrence of that identifier. This may be
icted by drawing an arrow in the program text from the applied occur-
mnn to jis [circled) binding occurrence, as in

ez

O

1

type _“H.,N 0..31;
var{) ; f ;

||

[/www .adultpdf.com

end

Created by |
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APPROACHES TO BINDIMG a7

Note that if programmers could use such arrows in programs, the identifiers
themselves would in principle be redundant,

8.2 APPROACHES TO BINDING

6.2.1 Syntsctic Bindings

An important property of 2 programming language is the ease with which a
program reader can find binding occurrences in programs, for it is at binding
occurrences that identifiers acquire their meaning. This is easiest if binding
occirrences are determined by the syntax of the language, in which caze the
binding may be termed symtactic. Table 6.1 gives the productions of the
abstract syntax of PASCAL (from Appendix B) with all of the syntactically
determined binding occurrences of identifiers and label numerals indicated
by circled symbols (T) and @.

The binding occurrences in definitions, parameters, and record type

L i:= I|LA|LIE]|EY

E ::= B|1|OE|EQE[I{-~E,)| L1|LLE}|E}
[+ E-~E..E]1|(E)

K = B[IjOK

T = __H%n._:?_n_ﬁ__l i._.@
ArTR [ Tifke of T|record-—;(1};T; --end
record---;(T):T;--case (Tl of - K: (- (D) To)p-end
Q) s HH_TH-. i1
|procedure 1(--+;0;--) | fanctlon 1{-+Q;--}:1

P ....Iﬂuu—._-.-u. 1
| procedore % (---:0;---)| function n...M“__ (R B L i |

D i:= const (D=K:|type D=T;:|ver [D:T;
| procedure ._H"_ (==} C; | lonction @ [Py ):LC:

5= goto N

C = |Li=E|II{E,-)|C;C
lif E then Cjif E then C else C
|cmse E of-—;K:C;---end
_I_E_n E do C|repeat C uniil E
for |:=E 1o E do Clfor I:=E downto E do C
@”ﬁmm
with L do C|-+-Dv--begin C endlbegin C end

M= program (D)~ L )C.

Table .1 Binding Idensifizr Orsurrences in PASCAL
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r.E&:mVrE_.n:nn of that identifier and is not a pre-defined (“standard”)
identifidf=~s in error. However, in some languages (including FORTRAN
and PL 3% any applied identifier occurrences that are not explicitly bound
are 2d to be bound by default in some way.

De@oit bindings are intended to be a convenience to the program
writer; Bawever, there is the significant disadvantage that the program lext
contain information for program readers, including language proces-
5078, dﬂMﬂEn time can be wasted in trying to locate an explicit binding
occurrence for an identifier that is actuaily bound by defaull. Furthermore.,
_.p_.m:uﬁ.,ﬂ:: default binding are very susceptible to errors arising from
trivial pellings: a misspelled identifier or keyword will be bound by
default ¥can he extremely difficult for programmers to find swech errors, or
even .....a aware that they have occurred, unless the program's output is
ninn.:annu:nn_. The minor “convenience” of being allowed 1o omit an

explicitNsnding is often paid for by morc difficult debugging. incorrect
resiles disaster. -

F mmers should bind exphicitly all identifiers used in their pro-
grams, €& if the language in use allows default hinding, and processors of
such § ages could help by making any default bindings manifest in
pro stings with added “comments™ or warning messages

arlaadad ldentifiers

= an identifier does not denote more than ong semantic entity in any
te bRyt in sume languages it is possible for a programmer to everload an
mm__.i 77\ that is to say, to bind it to more than one meaning- Of E:wmn,_._.ﬁ
ue ﬁﬂ applied pocorrence of such an identifier would then be ambigo-
: «Wu. the context of the applied nccurrence must be used to resolve the

+— _me ample of overloading in PASCAL is \he reatment of function
ithin the body of a function defimition, the identifier denotes a
r returming a value in some Lexpression contexts, and the proce-
i in other contexts. For example, identifier 'f" is overloaded in

fenction f{r : integer) : mteger,

end

o iy
O ?.“ﬂ-”_ug;rnﬁﬁu_ else f:=n=fin—-1}

PL /1 allows several procedures to have the same name. The Types

” other languages make more extensive use of overloading. For
wmm_ parameters of an invocation are used to select the appropriale

AFFROACHES TO BINDINIG 1

procedure. This allows conceptually similar procedures on distinct domains
to have the same name, just as literal operators fike '+ and '=' may be uscd

with both integer and real operands. Overloaded procedure names and
OpEerators are sometimes termed “genericT.

8.2.8 Pssudo-identifiers

Let us suppose that PASCAL were to allow (as do many other [snguages)
use of symbol ‘return’ for exiting from a procedure body:

procedore [{- ;P );
_Hmm.:
H.Mnn:u

end;

Although ‘retarn’ is evidently not 2 progremmer-defined identifier, its
meaning does depend on the context in which it is used. In such a language.,
procedure definitions may be regarded as (implicitly) binding svmbol
‘return’. Furthermore, the vsual rules of scope would apply. The scope of

such a binding would be the procedure body, excluding any nested scopes of
‘return’, For example, in

procedure p;
procedure g,
begin {g}

refumm

end; (q]
begin {p}

L]

reforn

end: {p}

the first occurrence of ‘return’ 15 for exiting from procedure g. and the

second is for exiting from p, which is a scope with a "hole™ in it
Symbols such as ‘return” that have the hinding and scope properties of

identificrs but are not chosen by the programmer will be termed pseuda.
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because al s applicd occurrences are “captured™ by the declaration.
Also, note Wiat it is possible fora free identifier of a construct to have binding
veenrrencesgs well as apphlicd occurrences in the construct; some of the
latter musiNeg outside the scopes of all of the former.

F@T\

e

S0on,

EXERCISES

Which of the identifier nccurrences in the following are binding and which

e

il 2
_— sinfr)+{ ‘ﬂ cosf{y) dv) dx

0 PDfE’Ttrial vVer

q . draw hinding arrows from applied wlentifier occurrences 1o the
nce that binds themn. What are the free identifiers of this expression?

Eopj.com
3

sght a PASCAL proprammer want touse a provedure name before its
and therefore need a forward declaration?

-
E

he diszdvaniage 10 program readers ol not having the parameter hst
tual definition of a forward-declared procedire in PASCAL? Are
rametes wentilicrs needed in Torward “declarations™?

ERE

_ definitions may appear anywitere in a block, and not necessarily
body of the block. What are the advantages and disadvantages of
ility?

...__._.__.__n thowing that an identificr which is free in a constroct may
:.m occuirences in the construct

=
! £
;I'.? '-|-
™

/l
Creat

http:

EXERCTISES [os

6.8 An enthusiastic language designer proposes to extend his Tavorite language
CATCHALL by allowing paramcter list definitions of the form

param [=(-P; )
where P is a formal parameler. For example,

param p={i:integer; var xreal);
procedure g{p); begin:«i-x--end;
procedure r{p); begin:i-x--end;

would then be equivalent o

procedure g(i;integer; var x:real);
begin--«f-+-x---end;

procedure r{i;integer; var xireal);
begin---i--x--end;

Why should he be discouraged?
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iwos () PROCEDTRAL ARSTRACTION
Tofoc tention on abstraction-related aspects, i 1s convenient 1o regard
this as ifJ{ had the form

V_H__Eﬂl___.m_“---“_.."-:__., EH
where .._qu_...—

procedure(---: P O

15 an expLession whose value 1= a command procedure . This means that {a) the
body, C af the abhstract defiming 1115 a command, and that (b} the procedure
it define¥=¢ invoked by executing an invocation that is iself a command. For
example, the value af the abstract implicat 10

n__qa.nm._nqm melvar i),

O begin i:=7+ | end;

may be 5:#.&. by a command such as

q...:n__..z.._
=

What then &5 a command procedure, as a semantic object? Consider the
“incre mg” procedure defined above. Iis effect when invoked is to
incre he integer contained in itsargument {(a location ). This means that

:._n ﬂ-ﬂ.:m Euu__:mnmmaq_m_ﬂa”_E_qmn___mmm.,_.:..a__.:.a:..:mﬁ—.__m:_mu_:ﬁm:n:
(its explicit argument) and & store (s implicit argument) 1o a new store, The
new m_r_rw.... like the old one except that the integer in the location has been

__muﬂ. d.
In eral, a command procedure in PASCAL (and most other lan-
wmnn y be modelled by a lunction thal maps a sequence of argument
~ wallies a store into a new store. The explicil arguments are obtained by
aying the actual parameters of an invocation, and the impliat arguiment

ﬂ tate of the storc just after these evaluations. The store yiclded by
€ ti@ ) invocation is the new stare obtained by applying the procedure
s

a £ rls.
D) Za_%w may describe preciscly whal procedure is delined by an absiract

£ Hmu

—procedure(- P ) ©

____m__Wl. the abstract is the command procedure that, whenapplied toa
end€ i argument values and a store, vields the store obtained by
utiggthe command C relative to the supplied store. Note that by using
cm#lcal functions to model what procedures di, we have been able to

.adl

AR

™rhatragt™ away [rom how these functions happen to be described by par-
ticiMar dure defimitions,

(@) important question must still be answered: what environment is
ﬁ i ecuting C?7 In other wonds, what do identiliers denote in C7
L

FREE IDENTIFIERS OF ARSTRACTS LRI

Consider abstract

procedure{var i:f);
YAr femp:l,
begin

temp:=i+k,
(=l
end

Identifier ‘temip™ 15 bound locally within the body, so that there is no question
aboutl what it denotes there. [dentifier *i" is a formal parameter of the
abstract; parameter binding will be discussed in the next chapter. hut it is
evident that in this case *i° must be bound to the [-valoe of the actual
parameter of the invocation. Finally, there are wdentifiers k" and *r°, which
are free identifiers of the abstract. Where are free identlificrs of absiracts or
procedure definitions bound? This question is addressed in the nexl scction

7.2 FREE IDENTIFERS OF ABSTRACTS

7.2.1 Static Binding

In PASCAL, free identifier occurrences are bound in the environment of the
absiract. This is known as sfaric binding, because the binding occurrence is
determined “statically’, that is 1o say, without executing the program;
furthermore, the binding occurrence does not change dunng program exccu-
tion.
For example, consider definitions
const k=1,
type 1=0..99;

procedure inc{var 1),
begin i:=i+k end;
The free identifiers of the procedure definition are, as before, *k" and 't". The
abstract is evaluated in an environment in which *k° denotes 3and 't denotes
the subrange from 0 to 99. Therefore, in a language using static binding
(such as PASCAL), these are the meanings of the free occurrences of these

identifiers in the abstract, no matter what the environmenl! of any imvocahion
of the procedure. This may be depicted by binding arrows as follows:

consi @Hu“

type (D=0..99;
procedure inc{var _Lu..u.

begin i:=i+k end;
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FROUCEDURAL ARSTRACTION

function 1(---;P;:):I: C;

ethis

V—_En the body is a cememand. But conceptually the body of a function
@:finition in PASCAL is an expression, because it is exccuted to vield a
flue. There is a special convention involving the name of the procedure that
lows an exccution of command C to yield a value.
Let us defer consideration of this somewhat confusing convention for
e moment and regard

m fonction (+-:P:--kI: E

wath expression E as its body as the general form of an ex pression procedure

stract. Then, the semantics of expression procedure invocation and abs-

@mn:n: may be described by analogy with the treatment of command
. Sn_.nnn.:nw as follows:

a.. An expression procedure may be regarded asa (mathcmatical) func-
tion mapping a sequence of (explicit) argument values and a store {the
V implicit argument) inte a value and a new store,

B) An invocation expression invokes an expression procedure by apply-
& ing it to the values of the aclual parameter expressions and the current
state of the store.

The value and the store vielded by evaluating an invocation CXpression
are those returned by the expression procedure invoked,
The wvalue of abstract

DE w1

function(---;P;---)3:1: E

Dm.:_n expression procedure that, when applied (o a sequence of values and 3
@.x.m. yields the value and the store obtained by evaluating E relative to the

_hﬁ__._mﬂ_ store.

e The enviconment for the evaluation of E in (d) is established along the
¢ lings as the environment for execution of the body of a command
%ﬂnu_:.m abstrach. In a language that uses static binding, free identifiers are
und in the environment of the abstract itself, and not the invocations. In a
m..m:mmﬂ that uses dynamic binding, expression procedures are also func-
mbianally dependent on the invocation environment.
y For example, il abstract

@) function(var a b:integer):integer;
hegin
a:=sqgr{a);
=5grif)

[/www .adultpdf.com

m result a+ b
valuated in an covironment in which free identifiers “integer” and ‘sgr’
| N—
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EXFRESSION FROCEDURES 113

have their standard meanings, then the expression procedure defined by this
abstract will return as its value the sum of the squares of the contents in the
current store of its {explicit) arguments, and it will also have the side effect of
squaring the contents of these locations. (To avoid the side effect. the
“value” parameter form may be used.) In a language that uses dvnamic
binding, the value and effect of the invocation would also depend on the
meanings of ‘integer’ and ‘sqr' in the environment of the invocation.

Let us pow survey the conventions employed in programming lan+
guages for returning values when the bodies of expression procedure abs.
tracts are commands (syntactically), In PASCAL and ALGOL 60, a loca-
tion is allocated when an expression procedure is invoked, If the name ol the
procedure is used as an assignment target in the body of the abstract, it
denotes this location, and its contents after executing the body becomes the
value returned by the procedure. In contexts other than as assignment
targets, the procedure name denotes the procedure itself (recursively), so
that the location for the return value is elfectively “write-only",

There are two ways this overloading might have been avoided: (&) usc a
pscudo-identifier like result (rather than the name of the procedure) to
denotle the location for the retum value; or (b) allow the programmer to
name the location, as in

function flm:t)resudir:
begin

result;=--;

end;

Another approach is to aveid a special location and use a sequencer. For
example, sequencer

RETURN(E)

isused in PL /I to transfer control to the end of the abstract {and then back 10
the invocation expression) with the value of E.

It should be pointed out that none of these conventions has esse ntially
to do with procedural abstraction: all could equally well be adapied for use in
arbitrary expressions whenever it is desired 10 precede sub-expression
evaluation with sub-command execution, as in expression form

begin C result E

Generally, language designers have restricted such constructs or conven-
tions to expression procedure abstracts or definitions in order to Timit
sources of side effects.
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FARAMETERS

'ty

OVE:

ression, and the formal parameter identifier is bound to its I-valye. This
5 that assignments having the formal identifier as target npdate the
ue of the actoal parameter.

For a procedure or function parameter, the actual parameter must be
name of a command or expression procedure, respectively, and the
al parameter identifier is bound to that procedure.

Type comparibility constraines for parameters in PASCAL will he
iscussed in Chapter 12,

lorgm

2. NAME PARAMETERS IN ALGOL 80

0,

"¢ name parameter mechanism is described in the ALGOL 60 Report as

m%iﬂ

V The effect of [a procedure invocation] will be equivalent to the
effect of perdforming the following operations on the program at the
d:_:n of execution of the procedure [invocation];
— Any formal [name parameter identifier] is replaced, throughout
S—the procedure body, by the corresponding actual parameter, after
tnﬂn_nz_:m the latter in parentheses if it is an expression but not [2n
_I_I_?na_ﬂnmmw_i Possible conflicts between identifiers inserted through
this process and other identificrs already present within the proceduore
body will e avoided by suitable systematic changes of the formal or
local identifiers involved,
Finally, the procedure body, modified as sbove. isinserted in place
On_. the procedure [invocation] and executed, If the procedure is called
rom a place outside the scope of any [free identifier] of the procedire
body, the conflicis between the identifiers inserted through this process
e f body replacement and the identifiers whose declarations are valid at
e place of the procedure statement will be avoided through suitable
ystematic changes of the latter identifiers,

=

=T his algorithm is evidently not a denotational semantic description; that

iss{does not specify the meaning of invocations in terms of the meanings of
tigsgimmediate constituents, In particular, in order to carry out the substitu-
it is pecessary to know how a procedure is defined.

wﬂu illustrate the substitution process, consider PASCAL procedure
d@j)r

8
®
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S AME PARAMETERS IN ALGOL &0 119

procedure square(var iinteger):
Yar Linfeger;
begin
r=sqrii;
ir=r
end:

Now suppose that formal parameter “var Ginteger” were to be treated as a
name parameter. Then the description above says that an invocation such as

square{alf])
w to have the effect of

YEr [linteger;

begin
r=sgriaij]);
aljl-=1

end

provided that ‘fnteger’ and “sgr’, the frec identifiers of the procedure defini-
tion, have the same meaning in this environment,

Note that each use of a formal name parameter in the definition hody
results in an evaluation of the corresponding actual parameter expression
during interpretation of the procedure body. This can be very inefficient and
may have surprising effects because even the Lvalue of the identifier can
change dynamically.

An example that illustrates the power of name parameters is

Tunctlon s brinteger; var Ginteger; freal):real:

var s:real:
begin

n=0;

for i:=a to b do

=z+f;

SUm=3

end;

If °f* were a name parameter, then in the context of

var :1..m;
p.g:array| 1. . njol real;
nvocation
stum(1.n..pli1*q0J])
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PARAMETERS

bound 10 a procedure which would be invoked whenever the iden-
aF was evalpated,

O For example.
squard{al j])

v be regarded as if it were

eﬂt@is mal

— square| selector:integer: alf] )
.w.m acinal parameter Of sguare 15 abstrace
~ selector:iniegers al f]

ich defines an lexpresion procedure (see Section 7.4) with no (explicit)

uments. In this way, the meamng of & procedure invocation involving

me parameiers can be explained solely in 1erms of the meanings of is
Nus._nﬁ_muﬁ constituents without knowing how the procedure is defined.

>

mwu OTHER PARAMETER MECHANISMS

. H_.__“_ and many FORTRAN processors use a parameter mechanism which
pmbines the effects of the value and var forms in PASCAL: the formal
arameler identifier is bound to the I-value of the actual parameter if this is
_IHI l-expression which has the same type as the formal parameter, and to new
[ siprage that is initialized to the r-value of the actual parameter otherwise.
Yy owever, note that any mismalch between formal and actual parameters
=xn lead to unexpected results.
O In some implementations of FORTRARN, it is more efficient or conve-
_hnu_.; o use another approach. A formal parameter idemifier is bound to
new storage which is initialized to the rovalue of the actual parameter (i.c.,
iye value parameters in PASCAL]), but afier execution of the procedure
y the [-value of the actual parameter (if it is an Lexpresion) is then
ated by the final contents of the new storage. This is known as the
we-resull (or “copy-restore’) parameter mechapism.
m Actual paramciers can also be evaluated before program execution if
ey are static or type expressions. This possibility will be discussed in
apter 12. Another approach is 1o allow an actual parameter to be omitted.
corresponding formal parameter tdentifier would then be bound to a
efault™ value speafied either by the programmer in the procedure defini-
%? or by the language. A few additional parameter mechanisms will be

custed 1n the exercises.
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EXERCISES

8.4 PARAMETER LISTS

Procedures often have more than one (explicit) parameter. This is usually
expressed, asin PASCAL, by allowing fistr of formal and actual paramelers.
The correspondences between the formal and actual parameters are estab-
lished by their respective positions in these lists,

If # parameter list is Jong, such positional correspondence tends 1o he
error-pronc and difficult to read. and some languages allow actual parame-
ter expressions to be labelled by the corresponding formal parameter iden-
tefier, as m:

function integralifunction fTx:real):real; a,b.eps:real):real:

grali=.-:;
end;
begin

infegral{a: —1.0, b: 1.0, eps: 1E—8, £ fer)

Note that the order of the actual parameters need not be the same 35 the
arder of the formal parameters

Procedures may have a aull Tist of formal parameters. In PASCAL and
many other languages, such a procedure is invoked by using the name of the
procedure by itself But in some languages it is necessary 1o distinguish
between an invocation with a null actual parameter list and a reference to the
procedure itself (or to an identifier bound by default). In FORTRAN, for
example, if F is an expression procedure with no formal parameters, it must
be invoked by expression 'F{)'.

EXERCISES

8.1 When may storage ollocated for & value parameter be disposed of in
PASCAL without creating dangling references?

8.2 Why do the substitution rules for name parameters require enclosing of
actual parameter expressions in parentheses?

8.3 Would substitution rules like those for name perameters be simpler for a
language that uses dynamic binding for free identifiers of ahstracts?
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PARAMETERS
— PROJECTS

B en.n_..._.ann_ Frocedures read and write in PASCAL illustrate the COfVEMienee

Vﬁ_:.u_in._n ngth actual parame ter lists, Diesign ex tensions o PASCAL that

tld sllow LN v .
ter liste. Programmer-defined procedures o have vanzble-length hiira-

8.2 Vise tyntsctic ft.e., statically ..._E...F._En.' COnsiraints [hat wo

uld be sujf.
Vlo ensure that 2 var parameter could be implementad ke a value-resyl

B.J Bﬁ_ﬁ s¥nfachc consiraints that would he subficent to ensure that 2 vRlue

.wﬂ?an_uq nﬂ:hu_,ﬁ_:ﬁ_...ﬂnm_h__ like = var parameter and the implemena.
tiom would always produce ooffect results.

w,._. ﬁ._.ﬁ. _w:“nn._nnﬁ:n:n.:?:E_E..:E_._.n sufficient to ensure thatan EAPes-
. S procedure cannol have =Hile effects on Slorage,
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w DEFINITIONS AND BLOCKS

The basic concepts underlying definitions and blocks are illustrated by the
simple PASTCAL block

const {=—;
begin

writefi)
end

The occurrence of identifier i* on the left-hand side of the definition s a
binding occurrence. The ctfect of interpreting the definition is to create a
new environment that binds identifier 'i* 1o the value of expression '—j' for
execution of command *write(i)’,

In this chapter, we shall be studying the relationships between defini-
tons and parameters, the interpretation of recursive definitions, various
block constructions, composite definitions, and definition procedures,

9.1 THE PRINCIPLE OF CORRESPONDENCE

Compare the following two PASCAL fragments:

(2) VBF | | integer; (b) procedure p(i - integer);

begin vexin

j = al.__.." -._u.m?._qqlu

write(i) end;
end begin

pl—i)
end
|27
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130 DEFIMITIONS AaND BLOCKS

this mat

1t i surprising that programming languages have such correspon-
dences: V underlying semantic notions for both parameter and definition
mechan@Ds are simply expression evaluation (of an ectual parameter or the

right- ide of a definition ) and identiffer binding (of a formal parameter
or the | and side of a definition.) Therefore all the discussion of para-
melers hapter 8 is also applicable to definitions. For any parameter

Enn_u.nswﬂr an analogous definition mechanism is possible, and vice versa.
This s @.._..: as the principle of correspondence.

Likethe principle of abstraction, the principle of correspondence can be
useful to adanguage designer by pointing out possible inconsistencies and
deficienCies. For example, in PASCAL there is no definition mechaniam that
is the ex@0D) analog of the var parameter mechanism. {We have already seen

that t declaration corresponds fairly closely 1o the value parameter.)
Thecl is the rather specialized with construction which can only be used
fer bin record field names to the corresponding components of a record.

Othe _if it is desired to establish a local name for storage ina PASCAL
progranf, this must be done by defining a procedure with a var parameter,
and thig=mgay be inconvenient of ineflicient.

Asviother example, constroct

p _—
+=dloc int I: = E

AL 68 is a declaration that binds I to new storage and initialize<it to
m. if E, so that it is similar to the value paramecter and the var
@nn@: in PASCAIL_ But there isno anzlogous parameter mechanism in
GDGOL 68. An equivalent effect can be achieved cither by using an addi-

u._n_:m_ _e_ declaration within the procedure, as in

o Tu_:i..?
m QD  =fint 1')void:
m wv _ﬂﬂ_ﬂ_::..n__..
w m . np._nq.
~J.(E)
QO

utting the storage allocation in the actual parameter, as follows:

/W

Creéted"

http

RECURSIVE DEFINITIONS 13

proc I,
=(ref Int [)vold:
begin
end:

L(loc int:= E)

But neither of these is as convenient or as efficient as the value parameter in
PASCAL,

We shall see other applications of the principle of correspondence in
later chapters.

8.2 RECURSIVE DEFINITIONS

8.2.1 Basic Concepta

A form of definition will be termed recursive if free occurrences of the
defined identifier on its right-hand side are to denote the value it defines;
i.e., the scope of the binding includes the definition. For example, all
procedure definitions arc interpreted recursively in PASCAL, so that in o
definition of the form

procedure 1{---;P;--); C

free occurrences of 1 denote the procedure value it defines. Some languages
{such as FORTRAN) do not provide recursive definition forms in order to
simplify implementation,

If a procedure definition were not interpreted recursively, then the
usual rules of scope would apply to occurrences of the name of the procedure
in its definition. For example, in 2 language with static binding, these
occurrences would be bound in the environment external to the procedure
definition, like other free identifiers. This non-recursive interpretation of
procedure definitions is uselul in some circumstances, and some program-
ming languages allow a programmer to specify whether a recursive or a
nOM-rECUrsive interpretation is imtended.
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DEFINITIONS AND BLOCKS

tﬁsma

m.ha_-._._m FORMS OF BLOCK

TheBlocks that have heen described so far have consisted of a block body
o ged with a definition part, as in

D
| - begin C end

In m section, some other block-like constructions in programming lan-
puages will be descnbed.
m__n example is command

®

D

in AL, in which there sre no explicit definitions. Nopetheless, com-

masy C is executed in the scope of implicit bindings of identifiers to storage.
nother example of a block-like construction is the for iteration in
languages (including ALGOL W and ALGOL 68). The body is
w_.“gnﬁ_? executed in‘an environment in which the countidentifier is bownd

to 4n_integer. In PASCAL, the idemifier must already denote a location
witeWis updated before every execution of the body. The advantages of the

bl approach are that (a) the identificr can easily be protected against
ents to it during execution of the body; (b) there is no need to specify

m e for the identifier after termination of the iteration; and (c) the
O rammer does not have to make a separate declaration of the identifier.
n ALGOL 68 there is a block-like selecrive construct that 15 used for

- n.w@.:::ﬂam values of expressions having union tyvpes. For example, if
WﬂFE.mq ic' has type unlon(int char), then the following construction will
ect execution of C, if the current value of "ic” is an integer. and C il itisa

enﬂq.

wv case o of
m (int i}: C,,
(char c): C;

> =

FufiD:rmore, execution of either C, or C, will be gualified by a binding of
ei ‘' or ‘e, respectively, to this value.
__._m_____.. a labelled command creates a local binding of the |abel, so that
r1 of the program qualified by such a binding is a form of block. Labels

cir scope will be discussed in Chapter 10.

with L. do C

f.C
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9.5 DEFINITION STRUCTURES

In general, a block in PASCAL consists of a block body prefived by a
sequence of delinitions:

D

D,

D.

begin
C

end

We shall sec that it is desirable 1o treat the definition part of the block

D,
D,

D

as adefinition structure whose immediate constituents are definitions D |, 2.,
e, D,

By making a small adjustment in our view of the meaning of a defini-
tion, we can treat both simple definitions and struetured defiritions like this
as being in the same syntactic class. From now on, we shall regard a defini-
tien as binding any number of identifiers. The syntactic elass of definitions
will then include both the simple definitions considered earlier, which hind
single identifiers, and definition structures (such as the definition sequence
in PASCAL) which may bind many. This is analogous to the way that the
syntactic class of commands includes both simple commands (such as the
assignment) and control structures (such as sequential composition C, ; C.)

Our task now is to consider how the meanings of definition structures
might be composed out of the meanings of simpler constituens

9.5.1 Dasfinitlon Structoring in PASCAL

The basic scope rule in PASCAL is that the scope of an identifier defined in »
block 15 the whole block, including all the defimitions in the block (but
excluding, as vsual, nested scopes of the same identifier). But, this smple
rule must be hedged and qualified in some respects.
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9.5.5 ﬂmﬁ_ﬂ: Blocks

Inall of __._Vh:i:a: structures considered so far, the names bound in any
of the con@Muent definitions are also bound in the resulting environment.
Another of composing definitions is 10 have one definition qualify only
the other. Chus is the definition Block mentioned in Section 9.3 ae an applica-
tion of t inciple of qualification.

Let udextend PASCAL to include such g construct, expressed in the

form O

e

=
o

The nnizﬂw_n nt it produces is obtained by adding the hindings of D, 1o the

orignal enVponment; however, the eavironment used for inte rpreting [, is

obtained from the original environment by adding the bindings of D,.
For nd:u_n. definition block

Hdﬂ—ﬂ

VAr o infeger = seed mod o
sthin

DEFINITIONS AND BLOCKS

his mat

ure draw(var x : real);

DI begin
a :=awm mod o}

1

-
o
©
(V-
[®

O xi=ald

T ﬂ—:—u
defj —uenuﬁn for generating random numbers, Storage location a is
all d the procedure isdefined and is then aceessible only from the
?:@:@Ea:. because the scope of the first definition is restricted 1o
the' nd @ inition. Therefore this definition strecture is different from

the Ve N Skesial

.___y : infeger;
@an_:?. draw(var x : real);

== end;

ad

m_mﬁ_fn of "a’ would also include the “users™ of procedure draw. and
this would be desirable. On the other hand, it would not be possible to
ﬂmmnu@n d ration of *a” within the procedure definition, as follows:

htt
Cr
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procedore draw(var x - real):
VAr a : inleger:

—_ﬂﬂ——- P ﬂ_i..._

because then a new location would be allocated for each mvocarion of the
procedure.

8.5.8 Commands in Definitions

Some languapes allow initializing expressions in declarations. For example,
the ALGOL 68 declaration

loe T [ :=E

hias the ¢ffect of making the value of E the initial contents of the new storage
o which identifier 1 is bound. However. for “large” storage structures, it
would be mare appropriate to initialize selectively. For example, a file in
PASCAL is initialized by applying procedurc rewrite to it, rather than by
assignment of an empty file,

One way that such command-oriented initialization can be provided in
definitions s to introduce n structure that composes a definition with a
command. For example, suppose that PASCAL were extended to include a
definition structure

initial
C
end

Command C is executed relative to the new enviroament fand new store)
created by interpreting definition D. Then a file declaration might be com-
posed with an initialization as follows:

var [ : file of integer;
initial rewrite(f) end

Nuote that this definition structure is syntactically similar to the com.
mand hiock

D

begin
C

end

i
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this mat

T fect of an invocation of this definition procedure, say Hut :mﬂﬁ:m& oecurrences of ‘draw’ are qualified, as in the above, then the
comresponding binding points may easily be found at the binding occurrence

u

of the qualifying identifier ("p’ or ‘g" in the example),

oV

randomir)
For these reasons, it is desirable to use the following syntax for imvoca-
s : e ) tion of a class I:
W be to allocate and initialize a new location and bind identifier 'draw’ to
a grocedure for generating successive elements of a random number
seguence, .._.-H_._:Jm.:.u

n invocation of a class 15 itself a form of definition and coold be used
whErever a definition can appear. such asin the defmition part of a block, as

- where I becomes the name of an instance of the class. Any of the identifiers

[ defined by the body of the class would then be accessible in the scope of this

| invocation by a qualified reference of the form
randomiy; |create a random number generator]

begin
C —.-.n__

draw(r); [(update r to the next random number}

: Definition procedures are extremely useful for structoring large pro-

S0n,

alver

end grams because they allow definitions to appear in one context and be esed in
other contexts, Unfortunately, SIMULA is the only widely available
ICSIMULA, this s known as bock prefiring programming language that provides classes. In most other _un.mE. ges, the
4= disadvantage of this notation for class invecation is that it does not concept must be simulated or approximated.
—.ﬂﬁ: more than one invocation of any class in the same conlext, becauss In PASCAL, the definition of random could be simulated as follows:
ould bind identificrs more than once. A simple solution to this problem

@:ni class invocations and applied occurrences of the identifiers which

: bind to be gualified by an additional identifier, as in procedure random(seed : integer;
procedure inner{procedure h.EI.T.E. x : real)l);

5]

): . : integer;
O p.random(r); {creatle a random number geénerator p} VAr a: in . |
T g.random(j], |create a random number generator g} procedore draw(var x : real);
e : a:=agem mod d;
wv pdraw(r); {update r to the next random number from pj _-u_.“.nﬂn___,n

- . )
m q“a_wn: {r); {update r to the next random number from g) Funu:nnhhnnh "
. : inner{draw)
end "

y

TEualifving identifiers'p’ and "g’ distinguish between the twoinstances of

random used in the block Parameter ‘fnner” represents the computation that uses an iastance of
uch qualification has another important benefit. Note that the binding random, when given access to a generating procedure “draw’
- d by an invocation of random ic an implicit one (Section 6.2.3), in that An invocation of class randem and use of that instance of the class may

//www.adultpdf.com

ifier *draw” which is bound by it is not explicit in the text at that point. then be simulated as follows:
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1] BEFINTTIONNS aND BLOCKS

hi's mat

it wonld be Feasible for a language 1o provide blocks in which the definition
e_"_u_._ fallows the hlock body, as in the fullowing PASCAL-like command
hlock:

begin
C
where
0

oV

enicl

gr

¢ block body C is 1o be execuled in the environment dbtained by first
S=diniterpreling definition 1. Discuss the advantages and dsadvantages of such
LLONEIFLCTS.

PROJECT

the feasibility and ueefulnes of interpeeting class definitions recursively.
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E_”_HH the concepts drscussed in thes chapter are due 1o Landin [9:1]and Strachey
h_wunﬁ.ﬁ interpretation of SIMULA classes as defintion procedurss was given in
Tengash [1.4], and the simulation of classes by procedures is from Revnolds [9.2],
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In preceding chapters it was convenient to assume that evaluation of an
expression afways produces.a value, that execution of a command alwavs
producesa new store, and that interpretation of a definition always produces
a new environment. These assumptions are unrealistic for non-trivial
programming languages.

One problem is that executing an iteration or invoking a recursively
efined procedure may result in & non-ferminating (i.e., infinite) computa-
tion and pever produce a final value or store or environment, A second
problem is that a computation may be “trapped™ and aborted because of an
efror such as an array index being out of range. Finally, control may “jump”
out of or into a construct because of language features like the goln
sequencer.

Because their effects are “global”™, non-termination and abortion can
easily be treated as special cases. For example. interpretation of

mu+m|.—

can be described as yielding the sum of the values of E, and E, if hoth of
these interpretations terminate without error, and otherwise, as either non-
terminating or erroneous. By always “propa gating" errors and non-
termination in this way, the correct result for an incorrect or non-terminating
program will be specified. For convenience, we shall continue to describe
expression interprelation as “evaluation™, even when |t is passihle that no
value will be produced.

It 15 more difficult to cope with control jumps, The first section of this
chapter introduces the concept of continuations, which will be used in subse-
quent sections to discuss the temantics of sequencers, labels, sequencer
procedures, coroutines in SIMULA, and backtracking in SNOBOL4.
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15 sips

h

+=Fhe goto sequencer has two properties not shared by all sequencers.
_”ueh coentinuation followed by executing s poto is obtained by evaluating
an icit destination expression that is an immediate constituent of the
s r. {b) This continuation is a command continuation. There are
sc rs in programming languages that have different properties. For
X le, sequencer

RETURN(E)

| -
in B/l is used within definitions of expression procedures to terminate their
= ion. The continuation that is followed as the result of interpreting this
sequencer is an expression continuation because it depends on a value (the
valpe-of expression E) as well as on the store, Furthermare, the continuation
Emu followed is not the result of evaluating an explicit expression supplied
by W€ programmer. The continuation is implicit in the environment compo-
ﬁam the state with respect to which the sequencer is executed.

H_:nun are many examples of sequencers that follow command continua-
tiokbbut, unlike the goto, do not have explicit destinations. One is AETURN
n V_..:ﬂﬁ_u procedure definitions in PL/Tor FORTRAN. Another ishreak
in_the language BCPL; this causes termination of the smallest enclosing
iteCiHon. However, these cannot be used to return from or exit out of nested
_H.u.ﬁnﬁn definitions or ilerations.

-
.—F LABELS

m miliar goto sequencer has been much criticized by some programming
O t isls. However, the semantic description of the polo construct ftself
B nﬁﬁ invelves following a command continuation and is no more complex
Y thaithat of other sequencers. such as RETURN(E). This suggests that some
“O of The criticism of the golo might be more appropriately direcled against the
p..:..e.ni of lakels in programming languages, that is, on how the continua-
4= tin r gotos are determined.

T— me languages (including FORTRAN, COBOL, and PL/T). allow
ja alues {i.e., command continuations) to be siored. The value of the
deffMation expression of 2 poto can then depend on the dynamic history of
= the-semputation. This is often detrimental to program readability.

W In most languages which have been designed more recently, only identi-

adu

fie r numerals acting as identifiers) can express label values. This sl
a the possibility of label parameters to procedures, asin ALGOL 60 or
—uﬁﬂhﬂ. An example in PASCAL-like notation would he

[IWww

http

LABELS 5.3

procedure p{--; label fbi;---);
begin

goto Bl
end;
Here the destination of the sequencer depends on the valoe of the actual
parameter corresponding to 166 in the invocation of the procedure.

In PASCAL., label values are denotable only by the numeral that occurs
at the destination itself. This makes the destination of every goto very
evident to program readers.

There is also considerable variation possible in the scope rules for
labels, that is to say, the language conventions regarding where applied
occurrences of labels may appear. An obvious constraint on labels is that it
must not be possible 1o jump into a block or procedure body before it has
been entered (unless some default bindings are assumed for the parameters
or locally defined identifiers). In FORTRAN, ALGOL 60 and PASCAL,
this restriction is enforced by letting the scope of a lzbel binding be the
innermost block or procedure body that contains that binding occurrence.

The scopes of labels (or their usability) can be restricted further in order
to prevent jumping into the subcommands of iterative or selective control
structures. In PASCAL, a label is not usable throuphout its scope ; the usable
part of a label’s scope is the command sequence in which it 15 bound, In
addition, if this compound command is the body of a block, the label 1salso
usable in any procedure definitions in that block. This rule permits jumps
within and out of command sequences, as in

rnﬂn
Wﬂ_..n 13;
f:--
.h-nﬁ_ﬂ
muE 13;
nd;

=

end
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154 S JLINEPE

‘—n.nmﬁ:gh_mﬂ PFROCEDURES

The ™ al” comtinuation for a command. exp ression, of definiton proce-
dure igzthe continuation of the invecation of the procedure. A requencer
F would be one that canmo!f return fo'its invocation; that is, both the
invocSien and the body of such a procedure would effectively be
sequepARes, that is to say, phrases that ignore their “normal” contimuations.
Thizs i ther illastration of the principle of abstraction.

onsider. for example, defimitions of the form

m exit 1(-P;-);

which syntactically similar to conventional procedure deflimnons. How-
ever, sasnvocation of an exit procedure would retumn to the end of the block
in s._,._@# is defined, rather than to its invocation. Thus, in

S exit error(n:infeger);
begin
write{ ERROR .a)
end;
hegin

errar{2l});

ver

F tri
g ..

._; maﬂ__..__:nﬁ_:n_._nnqu_..unmnﬁ-mm.._E__,ﬁm:qnm::_.:uﬂﬁ_:n_.uﬂnﬂuﬂ
&
ntinuation of the invocation.

G. possible to simulate this in PASCAL as follows;

label 909;
procedure errar(nineger);
E.H.H_.-.- 4 d
write{ ERROR .n);
gota 399
end:

begin

, error(21);

999:end

[Iwww .adultpdf
Created by Image T
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followed by immedinte termination of the entire block, regardless

CORDUTINE SEQUENCTIRG IN SIMLULA 155

However, use of s distinctive syntactic form for exit procedures would make
their role more evident to program readers, and might permit 2 more
efficient implementation.

In a languapge with sequencer procedure definitions, it would alsa be
useful to allow procedures (of all kinds) to have sequencer procedure
parameters. (Recall the principle of correspondence ) This would allow
“exception handlers™ for a procedure to be specified at its invocations. Some
languages (including PL/I and ADA ) achizve thisin an ad hoc wa y: they use
dynamic binding (Section 7.2.2) for exception handler names,

10.5 COROUTINE SEQUENCING IN SIMULA

It is sometimes desirable to have a programmer-defined procedure suspernd
its execution and transfer control to another context in such a way that
subszquently it ean be re-acrivated and will continue executing from the
point of suspension. This is termed coroutine sequencing, because it allows
each of several program parts to regard the others as its “subroutines™.

In languages with storable fabel values, coroutine sequencing may be
implemented by saving a continuation in a label-valued location before
jumping 1o another context. For example, if a programmer adopts the
convention that 1, and [, denote label-valued locations that always contain
the resumption continuation for coroutines ¢, and £y, respectively, then
suspension of ¢, and re-activation of ¢, may be expressed by

because label N denotes the resumption continuation for .

But such use of storable label values and gotos is not very convenient or
clear or efficient. In this section we shall describe the specialized coroutine
facilities in SIMULA. For convenience, PASCAL-like syntax will be used.

Suppose that a coroutine definition resembles a class definition, except
that the last initial part of its body may contain occurrences of a pseudo-
identificr ‘detach’, as in
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his mat

H1e is how an instance of inorder might be created in a block prefix and
the

i.inorder{root);
begin
while i more do
begin

write{i. current);
callii)

end

 — end

0 remove
:

E ecution of ‘cali(i)’ causes execution of this block to be suspended and
ooy ta follow the continuation of the most recently executed detach inthe
copgitine. This re-activation either updatesi.current to the “next'” key value
in thfhree, or changes i.more to false if the whole tree has been trave rsed.

course, a complete traversal such as the above could be programmed
justid simply without using coroutine sequencing. To E_E.:.E.n the _._un_m.,,_.
ne the node-by-node traversal obtainable with the coroutine, nnE.EE

blem of testing the equivalence of two binary search trees, that 510
5 sting whether they represent the same soried sequence of wﬂ_,m,
m....,ﬁmn trees may be equivalent withoul having the same structure, this is
quigeanconvenient to program cfficiently without using corouting sequent-

ing- .
Fﬂ.u is how this problem could be solved using an inorder instance for
TeE:

B

var eguiv: Boolean;
il.inorder{roorl};
i2.inorder(rooil);
begin
equiv:=true;
while eguiv and {1 more and (2. more de
il i1 .current=i2.current
then begin call{il); call{iZ) end
else equive=false;
if i1.more or i2.more then equiv:=false;

.Com

end

[Iwww .adultpdf
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BACKTRACK SEQUENCING [N SNOBOLY i59

In more complex examples, it is often convenient for a coroutine to
resume another without the intermediate step of relinguishing control to the
context where they were originally created. In SIMULA, this may be
achieved by cxeculing ‘resume p' in a coroatine. The effect is cquivalent to
exccuting ‘detach’, followed immediately by a call of p in the “parent”. For
example, the following ts the outline of the definition of a game-playing
cotoutine class

var “geme state’™;
coroutine player{var “opponent”);
var ‘‘private move-making data”™,;
initizal
“initialization™;
detach;
loop
“make move'’;
resume “opponent’;
if “game over” then detach;

end _H.mnﬁ..__.._
end {imitial}
end; {player}

Each player instance resumes its opponent after making its move. When the

game is over, a player detaches to the parent. This example illustrates clearly
the symumetry of coroutine ssquencing.

10.68 BACKTRACK SEQUENCING IN ENOBOLS

Backtracking algorithms search for solutions by repeatedly making a choice
among alternatives and, if the desired solution is not subsequently found,
backing up and “undoing” that choice in order to explore another allerna-
tive, Such algorithms are often programmed by using recursively defined
procedures having the general form
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5 TUMPS
%”lﬁmﬂnw using 'ET'|'AD’ is the subsequent for ‘BE''B'. The subsequent
tinuation of the whole pattern is inherited by p; asits subsequent. s0 that
il be followed after successful matches by both py and then p;. Similarly,
alternate continuation of the whole pattern is inherited by py as iis.
riate.
To specify the alternate continuation for p, when patterns p, and g, are
atenated, we must consider what kinds of continuations subsequents
Jnd alternates are. An nlternate is simply a conventional command n:.:...:.._-
ation; that is, an alternate depends only on the state of the store when 1L is
@_u:.ﬁn_- This means that side effects to the store during pattern matching
4 nor undone. A subssyuent continuation is more like 2n expression
tinuation in that it also requires a value: the position in the subject up 1o
m.h_.. previous patiermns have matched. Furthermore, a subseguent also
de an alternate continuation to fall back toif it fails, In our example, after
" TR ttern component 'BE matches, the subsequent match has 'B" (and then s
ﬁnﬂﬂ.nu to fall back 1o
Nu Therefore, if p, and p, are concatenated. the alternate continuation for
V is that supplied by p, when it followed its subscquent. This means q#m..:
backtracking is necessary during the match of p,. uncxplored alternativesin
d will be tried before resorting to the altemate for the whole concatenated
- Jsttern. This occurs in the example; the allematc that is followed when
Seattern 'ET |'AD’ fails {after the initial success of "BE’)isamatch with B al

._lﬂm_m._:n: 0 of the subject.

In summary, language facilities for backrrack sequencing may be
escribed in terms of twa continuations, one, like the subsequent, for for-
ard™ seguencing, and a second, like the alternate, for “backing up”

-

EXERCISES

To PDD

10.1 Dlevize 3 sequencer that has an explicit destination (like goto) but follows an
expression continuation (like AETURNIE!). Also suggest suitnhls [abelling
conventions for wse with [his sequencer.

0.2 ‘The following iterative construct has been suggested:

loap until 1, or 1; or-or l,:
G;

repent

then
1,:Ci;
—.Hu.nlll-.“

-“”.n-.l"
end
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10.3

10.4

10.5

10.6

10.7

It is executed by repeztedly executing Cy until 2 free occurrence ol any |, »
executed, Control then transfers immedistely to T, and then follows the
continustion of the whole construct. Show how to simulate the effect of this

using exit procedures.

Would you recommend that exit definitions be interpreted recursmvely or
non-recursively? Why?

H.wnw.ﬁn a form of sequencer procedure that follows an expression continua-
Lo

Show how 1o simulate in PASCAL the effects of label parameters and exil
paramelers.

Why would it be incorrect to regard the "esahle™ part of the scope of a label
in PASCAL as being its entire soope?

Built-in operations (such a5 "dly") do not allow 2 programmer to provide an
“exception Handler” for recovery from an error condition (such as for
attempted division by zero). What are the advantages and disadvanizges of
the following design approaches 1o this problem:

{a) The language can use dynamic binding for the names of exit proce-
dures, z0 that error handlers can be defined in the contexid where the
operation is used.

{b) The language can provide predefined procedures that are equivialent
to primitive operations but have additionzal exit parameters, such as

fenction xdiv(ijinteger; exit serodivide)integer;
hegin
If j=0 then zerodivide else rdivi=f dlv j
emdd;

A programmer can then supply an error handler 25 on expliat addi-
Hooal argument.

10.8 The cHect of executing to the end of the bady of a cornutine definition was

10.1

nol specificd in Section 10.5, Whar are some possibilities? Discuess their
advantages and disadvaniages

PROJECTS

Design language facilities for defining and wsing corootines that retumn
values when they “detach”. (These have been termed “streams’”. or
“generators”, of Uiterators”.)
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CONCURRENT PROCESSES

e this mat

intention is to allow an implementation to execute commands C, and C,
rrently, cither using separate processors or by interleaving the cxecu-
on & single processor. What would be approprate as the semantic
iption of this construct?

Consider the following simple example:

¥ar i : fnfeger;

begn

, 10 reng@g

#_n.m..E_ it=m] || #:=12 end;
n:a“,

example involves interfering processes, that is to say, processes that
e access to storage updated by at least one of them. In this case, the
red storage is location i

@rsron

w If it were possible for these two processes simultaneously o update £ its.
a

| contants would be unpredictable. For example, if integers were rep-
nted in binary form, the final value might be O or 3, aswellas 1 or 2. 01
rse, this cannot happen in actual computers, so that it is reasonable o
gssume that implementations of concurrency ensure that primitive opera-
“ivhs of interfering processes got indivisible access to shared storage. Thatis,
_I...—I:u...E.._._E:._..n__._u.. access is attempted by primitive operations in two pro-
4, the implementation must delay one of these until the ather process
Q”ﬂa pleted jts operation. If concurrency is implemented by interleaving
a single processor, then the interleaving must not be “finer-grained" than
the primitive operations.

So let us assume that updating a shared storage location is in fact an
wvisible operation. What then will be the value of { alter execuling "i:=1"
d 'i:=2" concurrently? Evidently, this depends on which of the updatings
one last, that is, on the relative execotion speeds of the twa processes.
In general, specifying the resull of executing two processes concarrently
uld require exact and detailed knowledge of their execution times for all

ible data. But this is completely infeasible for any but the simplest
grams. Consider, for example, the problem of trying to specify the
gnse time of a human operalor at an interactive terminal, ot the time
ed to carry out a mechanical action in an input or output device.
ecution timesare far too dependent on implementation, data, algorithm,

hardware to play an important role in semantic descriptions.

The only reasonable alternative is to lel the execution speed of a

current process be indeterminate (Section 5.5}, Then the possible results
gxecuting

GillC:
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=
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HOMANTENFERING PROCESSES I&T

are the stores resulting from amy of the interleavings of the sequences of
indivisible primitive operations of C, and C,;. For example, the result of
execuling ‘i:=1 || i:=2" s to s&t i to either 1 or 2.

Note that

begin ;=0 i==i+1 end

has the same overall effect on the store as ‘it=1", but in the presence of
concurrency, these commands are mor semantically equivalent, For example,
one of the possible results of executing

begin i:=0; f:=i+1 end || i:=2
is 1o g2t { to 3 because of the interleaving

it=0;
i=2;

When concurrency is possible. the semantics of commands must in general
be expressed as sequences of indivisible primitive operations that can be
interleaved by operations of other processes, mather than as overall store
transformaltions.

When uncontrolled interference is possible, programming is extremely
difficult because it is so hard to abstract from the level of primitive opera-
tions. In all but trivial examples, there will be a very large number of passible
results and & programmer must verify that all of these are correct. Further-
more, he cannot rely on test runs to check a program’s correctness exhaus-
tively, nor can he expect to be able to duplicate erroneous execotions for
debugging.

For these reasons, concurrency that involves unrestricted interference is
of very little practical interest except at the hardware level. In the following
sections we shall discuss concurrent composition without mterferznee, of
with controlled forms of interference.

11.2 NON-INTERFERING PROCESSES

In the preceding section, constituents C; and C, in a concurrent command of
the form

GG
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CONCURRENT PROCESSES

e composite definition form

monitor [}, within [,

ovegth:i S mal

Ma%wninm__w and semantically similar to the definition block discussed in
9.5.5, But, the implementation must also cnsure that at any time &t
mos=one process is executing any of the procedures defined in Dy I 2
pr attempts Lo invoke such a procedure, it will be suspended until no
othfprocess has control of the monitor. This Temoves from the set of
possible results of the concurrent processes any that arise from interleavings
of primitive aperations of the procedures. In effect, the procedures
defemsd in D, become indivisible operations.

. Mote that programmers should attempt to minimize the time spent
exddpting indivisible procedures, because during this time other processes
m forced to wait, A dangerous sitwation known as deadlock must
ce ly be avoided. Consider, for example, the following program frag-
m invalving two mutually defined monitors:

=

monifor
var “'respurcel”’;
within
procedure pl;
begin --- p2; --- end;

muonitor
var “'resourcel’™;
wilhin
procedure pl;
begin -+ pl; - end;

e To PDF tr

dure in each monitor invokes a procedure in the other monitor. The
r is that if concurrent processes invoke the two procedures. they may
spended when they attempt to access the other resource. The two
Cesses will then wait indefinitely and are said to be deadlocked. Some
lementations of monitors altempt to prevent such situations by allowing
itor procedure 1o access only its own resources. In general. however,

mmers have the responsibility of avoiding deadlocks.

;
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SYNCHRONIZED FROCESSES 71

11.4 SYNCHROMIZED PROCESSES

In many applications, it is necessary for a programmer to control the order as
well as the degree of interleaving of operations of concurrent processes. For
nnu...:ﬂ_n. suppose that it is desired to define a procedure synchronize with
which n processes may synchronize their executions: A _U_Emnﬂ that invokes
synchronize i to be suspended until all n of the processes have done =o.
Many approaches to process synchronization have been proposed, We
will describe one which works well with monitors. Tt is based on a mechanism
w:ﬁam.,__._ 85 a condifion on which 2 process can suspend itself and wait until the
condition is signalled by some other process:
~_The following is2 monitor that usesa condition to provide the synchron-
ization facility described above:

monifor
var count : 0..n;
all : condition;
initial counr:= 0 end
within
procedure synchronize;
begin
COURT = colni+1:
Heount < n
then wait(all)
else count:=10;
signal(all)
end;

Execution of operation
wait(c)

on 2 condition ¢ within a monitor procedure results in suspension of the

executing process and release of its exclusive access to the resource. Opera-
tion

signal(c)
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1740 CONCURRENT EROCESSES

is s@idd of “output” of the r-value of E to the process labelled I, much like
"wrilPfl E)" in PASCAL. Similarly, operation

o

receive(l,L)

is alinput” from the process labelled 1 into the lvalue of L, much like
,Hé_r_._.. Such communication may be synchronized by having a process
wailaghen it is ready 1o send or receive until the process it names is also
ready...

(These communication primitives may also be used to implement our
cxafije of cooperating processes if the non-determinate control structures

of ion 5.5 are generalized to allow 2 receive operation as a guard, as in
the Nu_u_ﬂi:m.,
V begin )
COuRiEr & ¥R COURT @ inleger;
d n - integer;
s hegin
+— CoHnt:= _.,.__“ .
loop receive(pl.n) — count:=count+n
_I_I | receive(p2,n) — count:= count+n
Ha =
@ write{ TOTAL COUNT = |, count)
DI end
PU. O || p1: begin --- send{counter. n1): - end
(T | P2 : begin - send{counter. n2); - end
© T end
O
H eive operation asa guard is satisfied if the process named is ready
—Jo m%m more than one such guard is satisfied. then an arbitrary (and not

n_m..:__._ fair) choice is made of which communication to receive, and
t nding processes must wait. In the cxample above. this ensures the
indiVisibility of the assignments to ‘counr’. If no guard is satisficd but af Jeast
ne Zpahe processes named in a guard is still executing, the process waits,
ane of the guards of an iteration is satisfied and all the processes

med m the guards have terminated. the iteration terminates. Thus, in the

Hmwu above, termination of p1 and p2 results in output of the final value

ad

~of cadar, followed by termination of process counter.
= kind of syachronized internal input-output is a very flexible pro-
Cpra g tool. However, it remains to be seen whether such communication

4=primdlises are efficiently implementable and effectively usable in practice,
e

< O

S ——— L e

EXERCISES

EXERCISES

1L1  What are the possible resuits of exccuting the following?

¥ar [ : integer;
& - Boolean;

Begin

i:=0; b= rtrur;

be gin

&= falpa
| while & doi:=i+1

end;

write{f)
ecod

11.2 Comment on the following attempl lo mplement cooperative counting
withiout using » monitor:

private
Yar count : fnteger;
inure = Boolean:
inltlal count:=0; inuse:= falye end
within
procedure increment(n ; inteper);
begin
while (nure do [oull);
trise 1= frue;
OOl = counfdn;
frrise = folee
end;

11.3 Conditions may be replaced in = language by commands of the form

await E

where expression E hastype Boolean. If the value of E 1 false, then its efiect
It Io suspend the executing process for an indetermingte {(but finite ) period
of tme. Then, the expression is tested mgzin, and this repeats until the
expression evaluates to true. When the process is suspended, it releases its
comirol over the monitor, and muost re-claim this 1o re-evaludte the expres-
SO

For example., procedure commumie in the “inailbox™ exa mple of Section
V1.5 could be defined as follows:

procedure consume(var y - [}
begin
awsit nol mailbox. emipry;
yi=mailbor.contents:
mailbox.empty: = lrue
end;
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\— N TYPES

in principle, a mathematical function may be applied only to values thatare
inits domain of arguments. Applying an operation to a value that is nor in its
domain of argumenis will be termed a domain incompatibility. Dividing by
zero, adding truth values, negating a character, and reading an empty file are
typical examples of domain incompatibilities.

The first section of this chapter discusses several technigues for prevent-
ing domain incompatibilities, The remainder of the chapter will then focus
on the most important of these: checking the rypes of program constituents
before program execution.

12.7 PREVENTING DOMAIN INCOMPATIBILITIES

12.1.1 Domain Testing

Suppose the argument for an operation might nor be in its domain of
arguments. Should this be tested for by the implementation before carrying
out the operation? The altermative would be to allow the operation to act on
the representation of the value, even if this does nol have a semantically
well-defined result. There are few examples of the latter approach in good
PASCAL processors, but consider

var flinfeger;
begin
write(i div 2);
end
Most PASCAL processors will treat the value nitiaily contained in the new
location as if it were an integer, though in principle it is “undefined”.

i
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12.1(3" Typa Checking

The main objective of type checking is to determine hefore program execu-
mnn&nﬁrmu a domain incompatibilily can occur. If so, error messages or
Eﬁ_y_q coercion or exccution-time testing may be penerzted; il not,
nmn.@a?aﬂ_m domain testing may safely be omitted.

r example, in the scope of PASCAL declaration

t

var b:Hoolean:

nuﬂWﬂmn: *—b" hasa type error because of incompatibility between the type
of :@_H rand and the type expected by the operator. If the program were
cxeduwdd, this would usually result in a domain incompatibility. (Of course, it
is possble that the flow of control might avoid the error, or that the value
act a isa number because of an insecurity. ) On the other hand, expression
_=E®u type-correct and is normally evaluated without testing whether £
comidms a truth value. (It may not if the implementation has insecuritics.)
placing domain 1es1s during execution (also known as “'dynamic type
cheq®sy') by 1vpe checks before execution has two main advantages, One is
effi v a program component is typically executed many times but needs
to bE type-checked only once. Furthermore, type information may be used
by mﬁnﬂmnﬂunﬂ:m to improve cfficiency in many other ways. The second
adv ge of type checks is that they catch minor programming errors before
exequiion, and thereby simplify program testing and debugpging. Type
spedifitations also improve program readability by making explicit the data

re niations used by the programmer.
m main drawbacks of type checks are that (a) the syntax of a typed
bl e must be more complex, and (b) restrictions must be imposed on the
D_: mmer's freedom of expreszsion. Type checking should be used in
(anguages to prevent domain incompatibilities whenever these disadvan-

.Emmmm outweighed by its benefits.

O

D—H_-E CASE STUDY: TYPE CHECKING IN PASCAL

u._...“_._mwn types? Different answers would be given for almost every lan-
mﬁm In general, what can be ssud is that the type of 2 program component
howhekbe (3) reliable information about its semantic properties, yet (b)

determinable syntactically, i.e., without requiring execution of the program.
n _Yn:_.u:. we shall discuss some aspects of the type system of PASCAL.

O

/]
Created

http

A CASESTUDY: TYFE CHECKING 1M mASCAL kA3

12.2.1 Indeaxing Types

Pre-defined types Boolean, char, and integer, programmer-defmed enumer-
ations, and subranges of these will be termed indexing types. The domains 0l
values with which these types are associated should be evident,

fa} Type Boolean is sssocinled with the domam of the two truth values,
friie and false.

(b} Type char i5 associated with an implementation-defined domam ol
characters that includesthe 26 capital letters, the [0 decimal digits. and
the “blank™,

{c} Type integer 15 associated with the subsel from - raxine o mucias of
the Integers, where maxing is implementation-defined,

{d} An enumeration with # elements is associated with the domain of the
first n natural numbers (or any domain isomorphic to it).

e} If K, and K, ore siatic expressions with values min and max, respec-
tively, then the type expressed by

Ki.-Ky
is assogiated with the subset of values from min o max.

In fact, it is convenient to regard every indexing type as a subrange. For
example, predefined type identifier ‘infeger’ denotes a subrange type with
bounds —maxint and maxinr,

Range limits are useful for both type checks before execution and tesis
during execution. Consider the following program fragment:

var fow: (. 110;
med: 2__6;
high: B._12;

bepin

med: = high:
low:=med;
low:=high;

end

Although all of the locations may be expected to contain {ntegers, assign-
ment ‘med:=high’ is erroneous because there Is no overlap between the
ranges of the source and target sub-cxpressions. Note that this kind of crror
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+=IThe treatment of array types in PASCAL also affects the use of proce-
nem with armay parsmelers. Consider the following definitions:

type fa=array[l ..m. 1 _.nlof real:
th=array[1..n.1..mlof real;

procedure rranspose(var aita; babl;
var Loomypl.. om
begin
for i:=1 lo m do
for j:=1 to n do
ali.j}:= B[]

end;

on, to remov

edure transpose updates a to be the matrix transpose of b, However, this
dure may be used only on matnces of the particular dimensions m and
cified in the defimtions for types fa and th. I matrices of various sizes
H_V...__ be transposed within a single program, then several essentially similar
procedure definitions must be provided by the programmer. [tis evident that
da_.m very inconvenient and error-prone.
. e Some PASCAL implementations allow formal parameters to be
ﬁm:mn by type expressions of the form

array[---: |, . Ll Jol 1,

s, 1, and |, are binding occurrences of identifiers, and 1, and I, are
ied occurrences of type identifiers, During the execution of the proce-
body, 1, and 1, denate the lower and upper bounds of the subscript type
e corresponding actual parameter. For example, 8 more general matnx
ransposing procedure could then be defined as follows:

& Fle

LEe:

procedure franspose
(var a:array[mil..nl:integer; m2__n2:tntegerlof real;
b:array{m3 . _nd:unteger; md , ndiintegerjof real);
¥ar i jiinteger:
begin
if (ml=md) and (mi=m3) and
inl=n4) and (H2=n3)
then for (;=ml to nl do
for j:=mI to n do
afi.j}:=blj.i]
else error
end;

Created by Image
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Note that this approach allows much less type checking than in the
original form of the definition. For example, in the above, it is necessary to
check during execution that the dimensions conform for transposition. Also.
it would be quite complicated to verify before execution that subscripts are
in range. In the original procedure, all of these checks could easily be made
before execution, thereby improving the efficiency and security of the pro-
gram. Note also that the lower and upper bound identifiersm1_n1 - are not
usable a4 static expressions. Thizis why i* and *j° had to be declared to be of
type mueger. In Section 12.3, an alternative approach which does nop have
these disadvantages will be described.

12.2.4 Record Types

If we temporarily ignore variant parts of record type expressions, a record
iype is a composite of the form

record Lioty; Boitgieee; Lot end

where the I; are the ficld names and the 5. are the corresponding types. Such a

record ty pe is associated with the product of the domains with which the field
types are sssociated.
Expression

L.I

may then be type checked by requiring that the type of L be a record type
having 1 as a ficld name. Then, the type of the whole expression is the
corresponding field type. This is sufficient to ensure that no testing is
necessary during execution.

However, consider now a record type expression with a “varignt'” part,
Bs in ;

type sex=(male, fernale);
person=
record
name: string;
cage si5ex of
male:(bearded; Boolean);
female:{pregnant: Boolean)
end;
The variant part of a record type is associated with the sum of the domains
with wiich the field lists of the variants are assaciated. Thus, inthe context of

VAF pipersom;
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_wn:_ with which the component type 1 is associated, Because the opera- But when are two types “the same”? In some PASCAL processors,
lidns read and write are defined in terms of assignments to and from 2 file types are distinguished by their structure glone, and not by how they happen
_EE. the component type of a file must be anarsigaable type. For pragma- to have been expressed in the program. For example, in the context of
mnvun_um. many PASCAL processors do not allow assignment of “large™
val@ey. The non-assignable types are typically files. and records or arrays type (=record a:real; bichor end:
wilThon-assignable companents. For example. a file of files would not be var carray] Booleanjof r;
pelmitted, yourray| Booleanof record a:real; bichar end:

| -

both 'z’ and 'y' would have type
128 Pointer Types |
-+

A poiater type has the form

array] Rooleanlof record a:real: b:char end

cC 'y without regard to how it was expressed in the program. This approach is
O known as struetural equivalence of types.
anggassociated with the domain of storage structures for the domain with In most PASCAL processors, a different approach is wsed. Esch
whidlY ¢ is associated, plus the ad value. An expression of the form | occurrence 1n & program of a type expression (except a type identifier) is
Nu Ef interpreted as expressing a type distinct from any other type expressed in
that program, even those that are structurally similar. For example, *r' and
Emy_:_ be type-checked by requiring that the type of E be a pointer type 1+ ¥' above would have different types, and the types defined by
{ ile ype). The type of the whole expression 1s then 1. However, this
ch anol ensure that the value of E is not ad, which would be a domain type coordinate = record first, second:real end:
incgmpatibility. Fortunately, this can be tested for during execution with complex = record firnt, second:real end:
lithe=dr no overhead in most implementations.
_I_I would be distinct. Thas, in the scope of
m.. Typs Equivalenca ’ var p:coardinate; ricomplex;
QO na few contexts in PASCAL it is necessary to leat whether the type of an both *z:=p" and ‘pr=:" would be in error.
.Eﬂ@i: 18 the same as the type of another expression or of a formal This approach has been termed “name” equivalence of types, but thisis
m_unW.Bn_nq_ One such context is procedure invocation. The actual parameter rather misleading. Similar effects would be obtained even if the types were
coftesponding to a var formal parameter must be an f-expression of the type anonymous. For example, ‘' and 'y have the same type in the scope of
._muﬁa% in that formal parameter. This is hecause the formal parameter
. r will be bound te the fvalue of that l-expression during executions var x.y:record first, second:real end;
—of %ﬂuﬁu:ﬂ body.
m_q value parameters and assignments, only assignable tvpes are and distinet types in the scope. of
wm__a » but the comparibility requirements are relaxed to allow for infeger-
“to-Feal coercion, index compatibility of subrange types, and so0 on. Unless var xirecord firmt, second:real end:
one Phthese specific “loopholes™ is applicable, the type of the source {or Yyurecord first, second:real end;
cti@parameter) expression must be the same as the type of the target
.__..M%miﬂ: (or formal value paramerer), Furthermore, the assignment in
=
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ﬁ.u Folymorphic Proceduras

¥ bs now consider the possibility of using type and const parameters in
efdentional (1.e.. nom-static) procedures, [t may be recalled that proce-
dile with array parametcrs (such as transpose) are unsatisfactory in
PEDCAL hecause they are specialized to particular array dimensions,
S e that the syntax of PASCAL allowed type expressions (as well as
e identifiers) in parameter specifications, as in

Ll COMSL pr=-eel p=-cs;

O procedure rranspase(var a:areay(1 w1 nlof real;
+ biarray[1..n, 1. .m]ol real):
n-: var i;1..m; 1 1..n:

O begin

T

makes itevident that the reason the procedure is over-specialized is that
idefitifiers *m’" and 'n’ are bound in the context of the definition of the

dure, rather than in the contexts of its invocations. Rather than use
h ic binding, these identifiers should become const parameters of the
pregcedure, as follows:

procedure franspose{const m
var a:array[1..m. 1. nlof reaf;

F 1

D bearray[1..n, 1..mlol real);
DI var 1. m: j:1..m;
O begin
T enid;
.#Eb___ parameters corresponding to the formal const parnmeters must be

Ll

-%3 pressions. Then the usual type checking of the other parameters and
dy would always be possible, using the values of these static eApPres-
51 If a program contained several such invocations with distinet argu-
mems, the effect would be identical in every respect to that obtainable in
PASCTAL by defining several procedures, each particularized 1o 4 soecific set
of @pmgnsions m and n. Thus with this approach type ch ecking is much easier
thffwith the alternative approach discussed in Section 12.2.3. and this
would provide better execution cfficiency and security. Procedures that may

/lwww.adultpdf.com
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STATIC AND POLYMORFHIC PROCEDURES [

be used with many types of parameters are termed polymarphic (or
“generic™),

It is in fact possible to simplify the notation for invoking such poly-
morphic procedures. Consider the following program fragment, which con-
tains an invocation of ranspose;

const k=10; [=12;

var ciarray{1.. k1. [Jof real;
yoarray[1..0L1.. kol real;

begin

transpose(k,L.x.y);

end

It should be evident that a processor could use a straightforward “pattern
match™ to deduce the values of k" and ‘I from just the types of the other
actual parameters and the types of the corresponding formal parameters
This suggests allowing actual static parameters to be omitted from invoca-
tions of polymorphic procedures, as in

franspose(x,y)
The definition of transpore might then be changed as follows 1o separate the
static and dynamic parts of the parameter list:

procedure franspose{const m,n]
(var a:array{l..m.!_.nlof real;

bearray[1 . n,1..mlol reai);

YRI -
begin
end;

Here is another example of a polymorphic procedure, this time using a
type parameter as well a5 const parameters:

procedure maparray[const m,n; type (]
{var a:array[m..n]of

procedore p{var x:i);
L1 b R
begin
for iz=m to n do p{ali])
end;



ove this mat

JHORIUGSE SRR SUMO[0) Ay sapisuos ‘ajdweys

0§ ado agi vy | 21eand | wonejussaidas gy Budsay 4q (asoge
prassnasgl asuas oy w) adAy, mau,, 8 Junieais jo 1235 343 138 o1 sewwesSord
E 10} apgissod 1 sayew s suorssaidya add) se pasn ¥ O (96 wondRg)
s3np UORILLPP Jo suonedoaul smoffe safenfue) Suwweifond awos

Ssinpadold voORUYeg ZwzZL

on, t

-mﬂ_HEE—.. _”_H_.:L_u_u
-l o Ljumaas awes ay) 123 o) pasn ag Avm 1941 SN |1ae) s8no51p
o ‘duimpijoy sy up “saFenduey IS 000 NIngG,, SUIBWOp 3§l Jo Sunaas
el E:@ Alue g9 OOV PUE YOSV ul syasyd adh) oy ‘0§

V “anjea Bunevosiadin oe Jo wonInlsuos
1sauodwos-{g-juaned wo SMO[[e 0S| Syl *p7e7] BONSES ul Ino palmod
SV NITHPYC vokeiuasaad a1 ) 0] $5008 U0 UOHIIIS31 OU 1 203y Iaaamo
‘PAEARILS uoneuosiadun 132u1p *pasn s} sadA) Jo ao0 ajeamba sauannaoo
i1 "vonebedo uonejuasaidal e 4q Yauis ¢ oy ssasoe PEILIDYINEUN 46 Ulewop
uone; usETdan M1 Ul 3njea e AQ ¥9€I5 1 jO uoIBUOSI sdwmt yuasasd Jou pinos
Rurysauh bds ey sueaw siyy -addy voneinasaidas 3t} J0J WEY I3\I0UE

L, » Bayy ‘sadd) jo asuajeainba peinpnns sesn Jossaaosd TvIsYd
1 .mun-.m wedosd ay jo ued voneuswadun agy dn ayew Aay;
‘g A

oy o

J0 LEWOp FUNSIXd 3Wos JO SWIS] U $Y21s J0 uonEulsadal
EE@ s21poq uonugap unpasosd poe uowssasdes adG pPapia sy

&

f

‘PuR---uonesado uoneinasasdal).. . ojdag .
oy (yoms:s)doy uogaung

D
wv Leofaddy vonmiuasand 21} = yamps il

1amdes TYOSYY 1spisuc

‘uoumtn sty &g ang ‘sadfy | smoau,, sunep o) sswmeiiosd
Tendue| 5T paqLosap U T §9 TOOTV PUE YISV

EIEnge om) 35ay) wwasaad o] sjge

w Wﬂ:.ﬂ 3, Funeain joj Lif1oe) € apiaoid o) swiegp ey aFenTue v

=

£
=

aplultpd

(ulrwop vone
d E Buipniput) wewop a0 awos ul 1uawnde ue Junsadya
1 JUPwndte ay) se yoous ¢ Furdjddns ssaxoe pazuoyneun  (7)

;ﬂ:ﬁ.:unﬂnu_ 31 Fwipnpul) uirwop saye WS U
[

i 2
&

F

Low
nddu dod se gans) conesado yaos & FuApdde tuoneoosiadun  (j)

S
SA4AL MAN

L

htt

. —

Samgnedwoou wrwop
ST pApiedar aq pnos Juiwo|jol sy wesoad sy jo eed |eai8o| agp L]

(uoiejuasaidal 21200003 13y o) 33U
~i3jalnoyis) pasn 29w sk alsym ‘weaBord Ay jo ed pafopag (q)
L) “San[EA 10 UIBLOP JfqE[ea
A0S J0 Suwia) wosuonesdo suopue syamis jo uRWop 3Y) Jo0j ucitjeg
“u2sidas gy saquasap yaym wesdoad ayy jo ped venmjuswsdun gy (e)

areredas 0] AqElsap g pMosm I UoRIRIEQE JO spaAs] 10 uog)
-eaedas pue Syuenpow jo sajdound FuiwwesFoud JENIUE] Y 1% 20UEpI0IIe
uf “ssamdwa 105 unsay pue Juzvodwes doy U Funra)as ‘yoeis & Suddod
pue “Suysnd “Juniksps 1o suoneiado ynm paddinba ssapemys o L 5yoEls,,
Aes ‘pesn 3wag dvnduey sy jo aapwud aguEwss T jou S1 1Bf]} §3njEa
jo orewop e Juisn wedoid v dojassp vy sagsm ssmweiFosd § ey dsoddng

mdesuny opseg  Lp'ZL

S3adALM3IN PIL

Ll
L3S Ul PAsSIppe 34 ||1w 2nsst sy | aunpasold 12G1 jo SUoREIcAUL 31 Jo
fpuapuadapur payasya ag jesawad ui jouues staswriwd adi Jo P dunaey
uoniugap ampaoid B jo sssupanos adi) sy uasa ey s afuumapesip
SNOLIS 350U Y “3piodd pinos Lay) siyausq ayt soy Sed o) asuad 2alvhadNa
Ue Waas 10U S3op siy) (18pqmasse-ouaew v 10) 1ey) o) ajgerrdwoa) pEAY
“IBAD IANTISIUIPE,, IWOS JAJ0AUT PINOs SALIDE] 35943 JO UonEIuamagdun
SN suonEINAUT Jpayr jo Apuapuadapu) sampasosd siydiowdjod
a3 apoa apdwons o) Jdwane o) eayaeadmy ag Ajjensn pinom 11 JEYT M0a]

pua

Hapramaz ‘sadeg\doipdow
usdaq
‘axay pofyuc | Jieievadny des
20 i dpupdrw jo noEI0AU UE Jo 3jdwexs Uy “siajain
-exed oners ane dzie ay) Jo ad4) sseq gy poe spunoqg jdussgns sy a1agm
‘P Azlie ue jo jusuodwos yses o) d anpasard ® satidde aunpazoud sy

SHAAL 951




TYPES

‘class stack:;
privale
var a:array( 1. aof char:
p:0..n;
within
procedure clear;
begin p:=10 end;
procedure push;
begin p:=p+1 end;
procedure pop;
begin p:=p—1 end;
seleclor top:char;
afpl;
functlon empry: Boolean:
begin ernpiyv:=p=0 end

, to remove this mai

end;

VEersion

:@ invocations were allowed as type expressions, ‘stack” could then be
useclas follows:
| —

var sa:array| 1 - mlof stack:
Kl m;
ch:char:

begin
al :
O it
— “&E_ﬂﬂ ki
D :

g
w:_ ecks would ensure that the stack operations were applied only to
Stashses and that stacks were operated upon only by these “authorized™

poRlions,
—.m# has been demonstrated that in some eircy Mmstances new lypes may
ted using class definitions, However, this approach has a significant

m: anoperation defined in a class hody can only access the represen-
f one instance of that class. For example, consider adding the follow-

i
atl
U.._m wsn operations on stacks:

O

e

0

DFt

Itpaf.com

! |
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function &egualto(var 1:stack): Boolean;
var egq:Boolegn;#:0 . .m;
begin
eqi=p=s.p; i:=p;
while eq and (i>0) do
If af{]=s.afi]
then i:=i—1
else £ := false;
isequalto:= eg
end;

Then,
x.segualio(y)

would test whether stack instances r and ¥ were equal. However, the
refercnces in the definition of the procedure to the private identifiers of the
stack parameter s are, in principle. forbidden. Some lan guages permil such
aocess within the body of the class definition iself, but this is an ad ko
exception, More importantly, it does not allow for mutually dependent types,
i-t.. types whose operations must sccess the representation of instances of
more than one new type. For example, line and point ina geometry package,
ornode and dge in a graph package might be mutually dependent types. The
following section describes an approach which does nat have this limitation.

12.4.3 newtypa Definitions

The following (simulta neous) definitions illustrate a more flexible approach
L creating new types:

newlype stack=record
a:array[ | .. mof char:
pU..m
end;
procedure clear{var s:stack);
begin 5.p:=1 end:
procedure push(var s:stack);
begin 5.p:=35.p+ 1 end:
procedare pop(var s:stack);
begin 5.p:=5.p~1 end;
selector fop(var s:stack ):char:
s.als.p];
function empty(var s:stack): Boolean:
begin empty:=s.p=0 end:
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1S mMal

operations suce, pred, and ord,
equality and ordering relations.
(

:mnﬁahqmwm:gqﬂﬂln?m._ﬁ_mn. _u.._nq.n_.:m-
| for iteration and case selection,

\isH

M@En it is conveniont to allow inheritance of these priv
t ill be specified by a definition of the form
newindextype 1=T;

ileges by a new type,

where the type expressed by T must be an indexing 1ype.

umn:q example, ina program to com pute “stable marriapes” from priority
raphings of possible spouses, the Iollowing definitions might be used:

newindexivpe
man=1_ n:
waman=1..n:
rank =] .. .n:

S10n,

var

mIIaR, Weowoman: rirank:
wmriarray[mon rank Jof woman:
mwr-arras{ woman rank ol man;
rmw array[man, woman Jof rank -
rwmearray| woman manlof rank:
wife:array[smanjol woman:
fushareay[ woman jof man:
simglezset of woman:

begin

end

o PDF trial ver

If .com

¥
Int

hecks would then help to ensure that
muuw.a wiere nol confused

)
M.m New Type Constructors
tis n useful 1o define new FYpe constructors, analogous to built-in Lype

tonStructors like array[Tlof T and set of T. This ic possible by allowing
ewiIpa definitions 1o have satic paramefers, as in

14

men., women, rankmes. and

nd

[IWW\Y,

Created b

o
E

NEW TYPES 203
newiype matrir{const L )
selector access{ const m,n}
(var a:matrir(m,n); i1 --my o onyreal:
procedure franspose{canst m n)
(var a-matrix(m.n); var bimarriz(n,m)):
var i:1..m; j:1..n:
g-— s .H.ﬂ“
procedure marrmiid const n| n1.n1]
(var a:mairix(nl a2}
var b:matrix(nl,n3);
var c.matrix(n3, nl));
varil: 1o.nl;i2: 102 i3 1..n3; x-real-

.e.n.E__ -+ end;

In some cases, it is canventent to bind parameters for the whole set of
simultaneous definitions.

A parameterized class definition may be used for
this, s in the following:

class stackaf{type 1 const mj;
newtype stack=record
aarray{ | ..mjof r;
0. m
endd;
procedure clear(var s:s1ack);
begin 5.p:=0 end;
procedure push{var sstack):
begin 5.p:=5.p+1 end:
procedure pop(var s:stack);
begin s.p:=5.p— 1 end;
selector rop(var xistack Y.char:
s.als.p};
function empry(var F.mack): Boolean:

begin empry: =5.p0={ end
end:

Parameters f and m afe bound once and for all when t

he class is inviked.
Here is an example of how it might be used:
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his mat

Fse facilities make it possible to define procedures that are very
gene@)) yet may be type checked independently of their applications. Con-
mnﬁ_nw_.____, they are very suitable for inclusion in procedure libraries.

0,

EXERCISES

'em

12.3* Describe how the cmse and for constrocts in PASCAL should be type-

checked.
_..—m—_- Section 12.4 4, several of the examples involving non-assignable naw
v¥pes used a var parameler o a8 procedure that did nod require that the
n-ﬂﬁmﬁ_n_.nq bz an feapression, [Uwoold be desirable in such cases 1o be able
o use f parameter form thar would allow venfication thet the formal
parameter was nol used 2san lexpression, yet wounld be implemented Tike
. SE... var form, Formal parameters of the {fom

q val I:'T
could be used for this. For example, procedure transpose might then be
defined ag follows:

procedure frinspoid const ]
d {var a:matrix{m,n);
" — val frmarric(n m));
d h
What additional constraint 15 necessary if this is to work as expected? Hinr:
onsider myncetian

D franspose(x.x)

F.DIE:E implgmentation difficulties may arise with recursive polymorphic
Oﬁ_._._.._.n_...n___.:_n definitions? Whal constraints wounld avaid the difficulties?

_L.dld..nf_m it be possible or desirable Tor the equality aperation (="} 1o bhe
er.__.__n:ﬁ_u along with assignment when newdataiype is used?

na

semitype form of definition hos been proposed. It is (o have the same
ffect as a newtype definition, except that representation operations would
allowed tor have parameters of the defined type. For example. in the

m ¢

ope of

semitype compler=record reaipart imagpart:real end;
y procedure addivar 1.22: complex);
b begin:-end:

var zcomplex:

Creéted

EXERCISES -

*Ir&

*11.7

*12.8

“add{z.¥)" is allowed only when 'x" snd V' zre declared to have Ly pe
complex, but it is possible 1o use “z.realpart’ and ‘z.imagpart’ -

(2} Show thar impersonation may =il be possible with this approach,

(b) Suggest 8 consirzint that would prevent impersonation,

(<) Show bow the effect of a semitype definition may be simulated using a
newtype definition and a conversion opemtion,

By using pointer types and recursive type definitions it is possible to define
infinitary types m PASCAL. For example, the types defined by

type ref = node;
rode= record
infoiinteger;
limk:ref
end,

are Lm:.._mﬁnw. Diescribe how structural equivalence of such lypes may be
tested, :

The =_.“inm_ of fype was originally developed in mathematics to avoid the
following inconsistency, discovered by B. Russell. Suppose that it were
possible 1o define a tet R whose elements are all the sets that do not contain
themselves. That is,

R={5|5&5}

But then, RE R implies that RER, and RE R implies that RER. One way 1o
prevent this contradiction is to wse type restrictions to make the definition
syntactically illegal.

Show that this example may be simulated in s version of PASCAL that
tdoes not require specification of parameters of procedural parameters, but
1& not expressible m versions of FASCAL that require such specification
Hint: Use characteristic functions (o simulate sets.

In some languages (including ALGOL f8), it 4 possible to define pro-
cecural types. An example in a PASCAL-like notation js

type p=fonction{p; integer)inteper;
funciion fig:p; ninteger):integer:
begin
If n=1 then f:= else fr=neg{g n—1)
end;

(a) What would be the value of 'f{fi} for i=07

(b) Would f be a different procedure if its definition were interpreted
non-recursively?

(¢) Simulate Russell's example of the preceding exercise using this nota-
tion. What would happen if an sttempt were made to compute the
analog of RERT
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d w FORMAL SEMANTICS

In preceding chapters the semantics of programming language constructions
were descnbed informally. We saw in Section 2.6 that it is desirable to have
Jormal descriptions of the syntax of languages. Simitarly, a formal descrip-
tion of the semantics of a programming language is a precise specification of
the meanings of programs, for use by programmers, langusge designers and
implementers, and in theoretical investigations of language properties.

The basic idea of the approach we shall describe is to define furncrions
lhat map syntactic structures into mathematical objects (such as numbers,
truth values and functions) that model their meaning. The definitions of
semantic functions will be deaotationel, that is to say, structured so that the
meaning of any composite phrase is expressed in terms of the meanings of its
immediale constituents. In the following sections this approach will he
demonstrated for severzl simple languages.

13.1 BINARY NUMERALS

In Section 1.3, we discussed the syntax and semantics of binary numerals.
This may be formalized as shown in Table 13.1. Semantic function .Y maps
every binary numeral into the number that it denotes. The three sections of
the table define (a) Nml, the syntactic domain of binary numerals, (b) N, the
semantic domain of natural numbers, and (c) the semantic function, v:
Nml — N, using one “equation’ for each of the possible forms of binary
numeral. Asa visual aid, syntactic eperands are enclosed by special brackets
J_"._1 m:n ._—._1-.
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3= m FORMAL SEMANTICS

Hp _sﬁ.:,_._..nw_:? and £ s a stare, then ps) is the result of invoking the

pr e with & a3 the initial store, Note that the domaln definitions are
fmu u reCursive:
.ﬂ .Ih...uu.:-
V m "...H-u
O P=-u8..

retical consequenced of this were discussed in Section 3,3.2.
semantic [unctions are needed, for expressions, commands and
£, An expression vields a value (or error) when it s evaluated
HHE. 0 a8 store. This iy .._.:Eu..:rn. by having expressions denote functions
from Stares to expression results; i, % Exp — (8 <+ E), =0 that if E ix an
expregeian, FE] is a function from S to E, and (FJE])(x) is cither error or
the v of E relative to-store 3.
educe the number of parentheses, it is convenient to assume that
E:n.ﬁgmﬂﬁ:wmna: asspciates o the left and to omit parentheses zround
non-syogactic single-symbaol argumenis to semantic functions, Then FE]sis
the .._Aﬁ of E relative to store 5. Also, it is assumed that the domiain
_H_am:w:._n "—" associates to the night, so that the domains of arguments
and results for ¥ may be specified as follows:

=

u — m-..um.ﬂm-lruﬂl.-.m
| -
d

and gimilarly for the other semantic functions.
ting a command relative to astore vields a command result: either

m_._ @uqn of error, Consequenily.
O DI " Com— 5 — G

w._ m =8 +{error}, and ¥]C]s is the result of executing C relative to store
_._ Iy, execuling & program with some basic value as input yields an

p:é::nn a basic value vutpit or an error message, s0 that

u mvmmnanl.#

m._m-mm B-+{error), and W M]5 isthe answer output by executing M with
TTHL e
equations for the semantic functions use familiar operations on
uth et and integers (nor, and, —, +, =) withouwt explicit definitions,
rificTinore, several nolational abbreviations are used.

/l

Creéted

O
=
e

A SINPLE PROGRAMMING LAMNGLUAGE " 1]

(2) Fordomain compatibility testing il is often necessary to test the "tag”
component of elements of a domain sum, such os B=T+Z. Define
postiix predicates "« 7T and * - 72" on B as follows:

paT=] IruE, if & has been injected into B from T
* 7| false, otherwise,

and similarly for b?Z and for other domain sums.

(b} A termary (ie., three-argument) selection operation * - — - - ' j5
defined as follows:

x;, if e=true
e=+X;, X, =4X, if e=false
error, if (e?T)=/falre.

50 that e selects either x, or x; if it isa truth value, and errer otherwise,

(¢} Strictly speaking, injection and projection functions should be used o
map values into and from domain sums;

£y injections
-

B=T+Z
= projections

However, it is usually clearer to omit these mappings from semantic
descriptions when they can easily be inferred from context. For
example, equation

m_.—lm_u"nq.uH —= —¢ _ £rror
where e =¥ E}s

specifies that the value of a negation operation relative to stose 5 is the
pegative of the value of the operand relative to s, provided that this is
an integer; otherwise, the evaluation is in error. A sequence of projec-
tions of e into R and then B and then Z have been omitted, as well as
injections of —¢ back into B, and then R. and then E.

(d)  An assignment command affects a store (ie., 2 function from identi-
tiers to stored values) at only one of #ls arguments. To describe this. we
define a ternary operation * « [ « = « |' for “perturbing” a function as
follows: f{1 —= r] is the function that is like 5 except that argument [ i
mapped into r; that is, for all 1,
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= ] -Eli=e¢t L — —¢ . ermor
where ¢ =¢| LE]s

#nol Ejs=¢7T — notle) . drror
where e= £]Elr

EE, +Epp=c,7Z and ¢;YE — ¢3¢ , error
where &= FIE s for t=1.2

EJE,=Ejs=¢,"B and ;7B — ¢, =ry  errar
where ¢,=F/|EJs for i=1.2

tr

EHls=s{1]7R — s{1] . error

_|_| #]procedure Cls="[C]

D

Dl FEp=7]E]s
lmullfr=s

EQli=Els=eTR —= 51 — e} . error
where r=F|Els

¥lcall Efjs=¢?P —= elx) , error
where e=#]Els

e~

Tuhle 13,2 [(Continwsd)
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¥1C, : Cil=g15 — ¥[C:]g . error
where g="4]C,Js

TNl E then C, else C,|s
=FIE}s — €C}s . €T

£]while E do Cla=pis)
where rec, for all 5,

tﬂu.wﬂﬂ,—m—u.iﬂqm.h — i) , emror) , 1
where g=%]C}r

#|begin C endjr=“JCls

[ program (I); C.}5
=g?S and g]I]TB — g]l] . error
where g="[C](s[1 — b])
where, for all T, s]1'] = unused

Table 13.2 [Contmued)

The treatment of procedures is especially important. The procedure
abstract is evaluated by simply applying ¥ to the body, without supplying a
store. This equation might have been wnitten

fprocedure Cls = p where, forall s, p(s’) = €[C]s .

This makes it clear that the store 5" for an invecation of the procedure need
not be the store 5 of its definition. In general, it is possible to “right-cancel”
arguments on both sides of a function definition (so long as there are no
other occurrences of those arpuments). Note that the equation for procedure
mvocation defines the meaning of that construct selely in terms of the value
of its immediate constituent, and without referring to the abstract tha
defined the procedure.
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£JE;=E;]y t=¢;?Band £,?B — & =#; , er7OF
where ﬁqum—_.l._mn & fog 4= __.r

Efle s=dTL — sid) .
dTH — d , error
where d=ufl]

Flprocedure Cluw =] fu

,to reamoveth

#UENu s=#TEJu 3

Slmew I=FEJu 5
= TR und there @ some (€1, such that s{)=urured
—= (]l ~= 1], §i — el) . {werror)
where ¢= FlEJu s

SIOn

Flval 1=EJu s=¢?R — (ull = ¢[.5) , {u.errnr)
where e=F|Eju ¢

FInullju s=5

Wli=EJu s=d7L and ¢ TR — sd v= £] , error
where d=ulT]
and ¢=S EJu 5

Cfcall EJer 3+ eTP — eis) , error
where e= [ Efu 1

GC, ; Ciju =873 == F[Ciju g . ereor

whete g="#1C,Ju s

pdf.com

W11 E then C; else C;Ju &
=#[EQus = FC Jus . AT Jus

e To PDF tria ver

i‘;’t

Table 133 (Conirnmod)

¥m

following points should be noted about the semantic equations

pecifving that any location unuesed in the current store may be
.nm.mn. it is possible to avoid consideration of the details of storage
nagement. For example. the equation for new 1=E speafics that if
execution is not in error, the environment and store that result
fer only in that 1 15 bound to some location { that was previously
used, and { now contains the value of E.

http://wwyv.ad
£e By

Cred

III‘i

L= ]
rd
-t

CONTIMNUATICNS

“while E do Clu 1=p(s)
where ree, {or all .__-.
p(s)=FIELu = — (678 = p(g) . error) .+
where g= ¥ CJu 5

Tlwith D do Cju s=g?8§ = €§Cju g . error
whers (&,g2)=ZD]Ju s

“begin C endju s=4]Clu 2

M[program (1); C_]b
= g78 ond g{[)7TB — gll} . error
whete g=#]Cl(ud] — (s} = b])
where, for all 1, ]l j=undefined
and, for all I, s(I' J=umued
and | 5 any location

Table 133 (Contimised )

{(b) For the block, a new environment is created for its body, but for other
constructs, the immediate constituents inherit the given environment.
In particular, this is true for the procedure abstract, so that free wenn-
fiers of a procedure are bound in the context of its definmition, rather
than its invocations.

(¢) Evaluation of an identifier 1 vsing & includes a test of whether it
denotes a storable value or a location. If f denotes a location, iscurrent
contents are returmed; that is, £ determines the r-value of its argument.

13.4 CONTINUATIONS

Continuations were used in Chapter 10 1o deseribe the semantics of jumps. 1L
may be recalled from Section 10.1 that the “normal" continuation lor a
computation is whatever should follow it as a function of the expected
“result” of that computation. We now introduce continuabions into our
formal descriptions.

In the preceding sections, semantic functions returned “local™ inter-
mediate resulls, such as expression values or stores. Let us now define the
semantic functions so that they always return the “global™ result of the
whole program. Each semaniic function is defined relative to.a copfinuation




anlin]s = 2 assgm
Aalala=2nlD " 0l

remove this mai

USTILM 34 HEI SpuRw

-woa jopiysodwos jenuanbas jof uonenbs ay) ‘sdwexs 103 "swoWNGle
a0 .mmuu;nu._nm_u: Ag paunduns aq ues suopenbs ay) jo awog

‘Juajeamba

S[aAl03Me S1E SUDIUNEP Ol 2y} 1eq 2soad o sjqissed s1 3] T QL
17 mtmm:m,:n_u duisn pouyap-24 s £'gl uonaas jo Fendur] Iy

b *uonEnunuas

nn__:=§=u3m i1 0] AI0S Y} PUE JUSWEONALD sau oy Swdjddns way

ik :n&ﬁuu 311 BEunen[eaa Aq pajasdiann s1 voguyap jEa 210y satmads

(5){[4 = 1]n)b={2)y ‘4 [ 20§ ‘araym
sy nlgla=sb nlg=1 Eals

oonenbs ‘ajduwexs jo09
(-aydiowos) are Az 18y) £ Idey) won pajjeaal aq dum
I 'V 9 (S 1) VEL IUSIUIALOD 300w S EEWOop SIY) Sy 131E] 235 []ia 3 )

trial v

m
D

Y «— 8§+~ 1=03b

51 SUOUENUIUGD UONIULRP jo uiswop ) "Apepuig

.CO

V+—Hd=N3%

() 81 suonenunuod uossaidys jo wEwop auy)
n.mw._: 104 “sPssE( anzeuds sagio o) Ajdde sSsjdounad awes gy
2 £ JAMSUE 3] “3siMIpo (21015 pajEpdn UR 0} 2 UONERUNUOD

ultpdf

PAUEIGO SIIIMSUE JUY UDHEI0) B S30UIp IRGnuap! 1230 Ayl )]

l1in=p asaym
i0447 * ([4 i plt)a —pip---=5s2nfg=:1lyp

wwwad

1 20 AW sanuewas oy w Suppuey to0rs o Yavosdde s jo
¥ ‘paioud) s uohgnunuod  jewsou,, 341 Sutaoyog Aqg pauteiqo ag
AL 13MIUE 34] PUE ‘Pa3a]as s 4042 1amsue Wweidord sy ‘padascasip
04t UG AN SUORIss Fuwipsaasd oy ur FUOp sEm 5B ‘10003 o) 2jed
ouddiBiy] pUe J0002 515 1341a0m 1531 0] AJTESS2020 10U 5| 11 18] 310N

=

O
puiwed jeawuFisse a1y Jo) vonenba

i

htipy4

-
i
"

SHOILWIIMLLMOLY

“1°07 BORAAs
i AjjEuous passaidxa samurwas sy Fuidyoads jo few jeuuog eisnls Sl
‘Jangjsuaa J[olM YT JO UOHERIIUGD Y] AT °3 UoNENUU0D 0] JaneRd i)
Funnoaxa Lg pauie)go dassus s anposd _._E_ ' s a0 awos o paydde siy g
"JEY) 3 UOHENURUOD 0] 3ALE2L pANIaKa s !4 ‘3811 1SM0)|D] SE PRINAFN3 30
oy h..“.._ pue 'y spuewgos o uomsodwon jenuanbas sy 1eyy sayoads suy

sanlfale=( )2 5 e 0 aaaym
s anl'oln=s2nED"0b

§1 pasn Se [jam

SE PAUIEP 51 UOTERUNUOS & Ym0 tonenba onumwas ¢ jo ajdwes2 oy
“§ 21 snsal | apipswdaiu,, 1ou pod {(synsas werdoud)
s1amsue ae ponenba sup Aq paienba aie ey 5133000 2] 1211 2104 “a01E Y}
01 38uEy3 Aur ROyt ARUNLOY pjnoys uonnaaxa weidord sny | fieawndle
21015 a3 0} 7 Sukdde Ag pautengo eyl SI 2 UDHENULOOD B O} SANE[D]
puemnmos (e e Junnsaxa £g paonpord samsun oy ey saymads sy

(s)a=5 3 mfyou ]y,

SI pUTWIOD [jnu 1 Joj votienba anuewas 3y ‘adwexa jog
aamsue wesdosd sy aonposd o £ o) paydde 2g || 0 JuawRdIe voly
~UMLIUDD 34 UaY) " £AI0s Mau B EE_EE ) 10 GONINE 3yl § usuodwo
B Sl D) yaym Jo wFoid ap &g pandwod jassur ay) st 5 2 nfals og
(jusumie azois a1 apasadd ustuallie LOHENLITEGD 301 2ABY 0] JEUIAUCD
S04 Aym 121B| 335 [[RYS 3\ SIDDWIUONAUD JO UIBWOP A1 5| [] I3ym

Ve § e D1 me) iy

2Q prios SPUBIHIIO? J0) SO13UNY JUESS
31 L[] SIIMSUE JO UTBWOP 31§ ¥ PUT SAI0S JO UITWOR 341 51§ I20m

SUAHTEMUIIEOS PUELILLOD V-—8=T33

[ajrsa1 werfoud ® -271) 1omsuE UE SUINI3S YOIYs PUB 310)S
51 JUawndE S501M UDHIUNY B S] BOIENUIU0D PUBLUIEOD B 0§ "U0nnIaxe 1ey)
10 1jNSa0 , JEULION, , 311 JO UULIUNG 2 S PUELLIW O B JO UONNIIN2 Mo][0} 1gE[w
ey wogemdwos € sagads LONENUNILOD puEwmwod § "ajduwexs 104

‘{dwn{ Jo to02 ou st 03y, papiaoid) Tasmsue weidoad ayy
sanposd 01 JapI0 i | NSAT SYBTPIUWIILUL A1 M IUOD 3 1SN e M sHpDads
UOTIENUIUGS 31| "2I0I5 B PUE JUSWUCIALD UR O) GORIPPT Ut Juawmie

SMLIEYRES TYinEE PIL



EEIRMAL SEMANTICS

IS mal

.__._.____..nm__. drmaing
e
e (B. R, 8, and U are defined as before)
W A= {error] OnFWETE
_.._.Jn.m___.-wm — A command continnations
kEK= _m —= A eXpression contimuations
JqEQ=U—=8—= A defmition continzations
PEP>C — 5 - A procedures
| -
Hnﬂ.A””v. functions

frEap—~U—=K—=58— 4
Dl =1 —= ) —=5—= A
f: Com — U —=C 5§ 4
i 1._..-.-|._m.|-...ﬂ

100 & 5=k(0)
F] Ju ke s=k(1)

flnot Flu & Hqum_n E g

where. for all ¢, kiri=¢TT — kincr)) | ereor

] -Elu k s= FJEJu & 5
whers, for oll v, kirh=r?Z — kl—f _error

._.-“——H._ ._.mu—q k5
=AEJu k; x
where, for all ry, kirl=r 7% — FLEJu ks 5 , error
where, for all vy, kyirg) =032 — kir 41 |, crror

Table 13.4  Scmantics With Continesiions
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the slore arguments have been made implicit. Similarly, the equa-

e block can be simplified to

sadult
N

=
2

“fwith D do Clu ¢=7[DJu g
where, for all &, glu )=€]Cn ¢
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COMTINUATIONS

.%..J-m_."m“_.—.r_. .N x

=FTE Ju ky 5
where, for all rp, &, (r )=r 7B — E|E;]Ju ks £ , error
where, for all rs, kelrs)=r. TR <= kir,=r;) . error

E[lju k 3=d7L — kis{a)) .
d?R —= kid} , errar
where d=u|l]

] procedure Clu & s=E(¥]Cju)
FI(E)u k s=F[E]u & 1

Fnew I=FEJu g s=F[EJu &k 5
where, for all r,
k{r}=there is some IE L such that s{f)=umused

— qlufl — IH({! — r]) , error

Sfval I=EJu q s=7FJEJu k =
where, for all r. k{r)=a(ull == r]}{z)

Elnullju ¢ s=cls)

E:=EJucs=FEJu k 5
where, for all r, kir)=d 7L — e(s{d = r]) . error
where d=u[T]

¥Jeall EJu e s=EJEJu k &
where, Tor all r, k(r)=r?P — Hclls) . error

G ; Clucs=€CiJuc =
where, forall 5, e (5 }=¥JC Juc s

¥]Ir E then C, else Cyjucx
=¥|EJu k 5
where, for all r, kir)=r — ¥FJC,Jucs , T Juc s

Table 13.4 (Continsed)

This explains why il is conveniznt to have store arguments last and to
“separate” the arguments of a definition continuation. For a languzge thar
allowed side eifects, the domain of cxpression continuations would be
R— 58— A
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types
t =l || o | undefined
tEX=1de — Tp contexis

e Fxp—= X =T
b: Defl —= X — (X #lerror])

g Seqg s X =T
e Cam —= X —= T
m: Pro— T

ef s = free
ef 1]z =irue

eg]not Ejz=r|E]s

S0on

tf ~Ejz=t|E]z

rf[E;+ E:lx={d E ]z) and (] E:]5)
f[E,=EJa=I[ E ]t} and (qE ]r]
e Iix=(xf I} =Iv) ar (xf1]=rv)

el procedure Cly e Cls

ef (E)]x=ef Efx

Teble 135 Context-mnsitisve Syatis

$pdf.gom

estimation wentifier of a polo must be a command label, and

age To PDF tria ver

pplied occurrence of an identifier must be in the scope of a binding
currence of that wdentilicr,

adull
n

& Lopstraings are mﬂnn__._.:_ formally by defining functions that check
rasgistructures relative 1o a context (or “static environment™, of "symbol
Wich maps identifiers into their types:

rEX=Ide — Tp  conlexis

[y

Creéted

CONTEXT-SENSITIVE BYNTAN

L |
.
am

bjmew I=Efr=¢[Ejxr — x{l =+ iv] , error
dfvel 1=Ejr=¢[E]x = [l == rv] . error
sfgoto TJr=(]I] “cv)

of ol fr=prue

ef1 :=EJx=i1]=Iv) and (] E}s)

efcall Ejr=e{E]s

¢ Cir={C; ) and (] C:]x)

n.ﬁ-..-. .m ithen H-”.- H..wﬂ H.H_H
=(ef Efx) and (] C,Jx) and (] Csfx)

gfwhile E da Cz=(¢] E]x) and (] C]z)

dwith D do Clr= (3] Djxeerrar) and (cf CJ(&] D}s))
ofbegin C endjr=c[(}¢

efi: Clr=cf CJ(s{1 -+ o))

G B Bl B

m program (1); C.J=of CJixfl — iv])
where, for all |, ff! |=undefined

Tahle 3.5  [Conlinos=d)

For this language, the only tvpes are (2) fv. which 18 associated with the
domam L of locations, (b) rv, which 15 associated with the domam R of
storable valoes, (c) cv, which i3 associated with the domamn € of command
continuations, and (d} undefined, which is the type of an unbound identifier.
The types for a realistic programming language would be much more com-
plex.

The semantic functions for cxpressions, seguencers, and commuands
simply check that, relalive to some context, therr argumcen! satisfies the
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734 FLIRMAL SEMANTICS

this mat

Priddures may be modelled by mathematical functions whose results
are proffsm answers, and that accept as arguments (one at a time)

(2) alsebfthe values expressed by the actual parameters of the invocation,

{b) a Saotinuation (o be [ollowed after executing the body. and

(c) aslore.
ﬂa:ﬂn@::_.. the procedure domains are
+—

P=F* = =85 — A command procedures
CF=E* = K—=5=A expression procedures

@)

ﬂrﬂﬂ.g.ﬁ_:ﬁi:m domains will be discussed later;

command continuations

Nu E expressible values
>¢
K EAPression confinuations
d A BRSWETS,
.ﬂﬂn main of denotable vafues is then

_I_I D=Lx+P+F+(F=L) denotable valuoes

o

n name denotes an element of FxL in the environment for the
:__mnn_.:.::..,_:._:___.._‘_.nu_.E:_f.E._.n:__._.:._._nm...ﬂ:n?a_.:ﬁ_.ﬁﬂannn-

m

O
_ Gy

=1
=
&

._._upnﬂapm___ of environmenit 5 then

df

e U={lde — D}=x{N — C) ENYITOMMEnLs

Itp

—=t” component is for command labels, {10 would he more consistent
thiseerbe Nml — C, but most PASCAL implementations do not distin-
fh hilgeen. for example. ‘golo 5" and “goto 05°. However, "goto (24 3)

FOU

const [=5;

golo [

[IWwWwi
y

Créated b

o)

http

e ; R, L e e R e T o R s

DISCLSSION 15
The domain of values expressible in PASCAL is then defined by
E=Lv+Rv+P+F expressible values

13.8.4 Continuationa

Continuations for commands, expressions, and definitions are pneeded iy
w}mﬂ}h All accept a store and produce a program answer! expression and
definition continuations also accept an expressible value or a new environ-
ment, respectively:

A answers

C=8— A command continuations
K=E—+S5—=A expression continuations
Q=U—>8S—A definition continuations.

The domain A of answers is implementation-dependent,

The entire collection of domain definitions is given in Appendix D.
They provide a compact summary of the semantic structure of PASCAL,
just as the abstract syntax summarizes its syntactic structure. Itis 2 lengthy
but relatively straightforward exercise {o define the semantic functions thal
would complete the formal specification of the semantics of PASCAL.

13.7 DISCUSSION

In _Em.ﬂnn:nﬁ we summarize and discuss properties of the method of formal
semantic specification that was described and illustrated in the preceding
sections,

Firstly, the H.Em::n._._ of a language is & function mapping (abstract)
syntax to a domain of meanings. This has at least two important conse-
quences:

(2) Every syntactic structure is mapped into a unigue meaning, so that
issues like incompleteness, inconsistency, and semantic ambiguity
simply do not arise. (However, one question that should be addressed
is whether the semantic model is fully abstract, that is to say, munimal,
For technical reasons that are bevond the scope of this hook, domains
may contam "‘unnecessary’ clements, This is currently a research
problem.) .

{b} Scmantic functions and meanings are mathematical objects, <0 that
standard mathematical technigues may be used to prove resulis about
their properties.
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o 3
where 4 command m_:“_. A .E..n ._____.; are E.HE..___“G (i.e. ._H.._.—__....u._nnﬁ Wfofi+1)=(i+1)1) mnd (+1:0.. 7)) i:i=i+] [{f+i=il) amd G:0 )
expressdfifis) about values of ideatifiers. The intended interpretation of this ((fsi=i") amd (F:0..n8))  f;= o Hf=") and {i- D -
formulztias fallows: whenever the value of A, relative to a state is true, and ; : : : Bz
executi relative to that state terminates without error, then the value of :..,....”_+:u_u.w A Rors _.q.+_ #0..n)
A; telapee to the resulting state is frue, .:Hi r._m.u.?
Fo ample, here is a specification of a command that assigns the r =) and Gi:0 . n
factorisd Of n1 (nt) to fi
(nt) to f _ The formulas above the line are instances of the axiom scheme for assign-
?w e ! g, 0 that the inference rule allows us to deduce the formula below the
=0 =1 :
- whil i< do | A very important inference rule s the following one for while loops:
begin
@) =it 1 . E and A} C {A]
end
q end [f=n!} |
is '

Note that in assertions it is poessible to use well-defined notation that isnot in

the méﬂﬂ_w:m language.
Itispossible to verify in a formal and systematic way that the command begin

mgets ﬁmimﬁ::n by using a logical system of axvioms and inference rules. i a2
For _Jn_..._ﬂ_n. an axiom scheme for simple assignment commands is fr=fu
| end
m ) AT 1:=E(A)
| and A s '"=il)and (i : 0 . . n), the proof of the formula above the Jine

follows #_E__ Qur preceding example and the fact that (i+1 M={it 1)l

Thus, the inference rule allows us to deduce the form ula below the line. Note

b nﬁ_n. S that (A and not E) implics f=r!. so that the rule for sequential composition

=3 and the fact that O0!=1 may then be used to verify the specification of the
whole command for computing the factarial of »,

Q. @) ii=it) fr=foi /=11
But how do we know whether the axiome are vahd and the infercnce

.._nDIT A with all free occurrences of T substituted by E_ (1 necessary,
[ :m@.._.__:_mm be changed to prevent clashes. as discussed in Section 8.2.)

=}

e
i @nn R Ak H.____nm mu._.n_n_.._. To be certain that our formal Tensening is semantically jus-
ARBsriple of n nterente ule: 1 TRy TollBwine i fo¢ sqiaril tified, this should be proved once and for all using the semantics of the
m._ _an ikt programming language. To validate an axiom (A CEAL) it must be proved
Jrpolitis that, for Em stores s, if WA, Js=true and 4[CI57 §. then AA(FIC) =true,
VL.___:__ B DA K where A is an interpretation function for assertions and % is the usual
3 semantic function for commands. Ta verify the soundness of an inference
[A,) C2C; AL rule, it must be shown that it preserves validity. that is to sav. that validity of
the formula below the line follows from validity of those above the line

¢ {PPmulas above the horizontal line have been proved. then one may Unfortunately, the assignment axiom is valid only for rather n_m_.:i.__.,
; foremtiby Leton: the Tie. programming languages without side-effects or aliasing. _.|=n§nﬂ.=.,”.qm in

== H{E)s an instance of the use of this rule: languages with local scopes, formulas of the form |
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42 FORMAL SEMANTICS

his mat

prograg@oer from his own mistakes and help him to structure a solution in
such & y as to help him cope with its complexity. Similariy, formal
Hﬁuumﬂw # tool which can help language designess achieve their ohijcc-
tives

1= book has convinced the reader that a programming languape
designernccds the expertise of a scientist, the precision of 2 mathematician,
and th te of an artist as well as the pragmatism of an engineer, then it has
achieved one of its objectives.

O

S o EXERCISES

13.1 (eseribe formally the semantics of binary numerals with fractions

_mheﬂ. the semantics of Table 13.2 1o verify the claims maide in the text shout
.Sm program cxample in Section 13.2.

13.3 %Eﬁ.ﬁ that a multiple assignment command

V _nl—H i m_1mn

rl,#1, were ndded 1o the language of Section [3.2. Pescribe formally its
uml) semanlics

—."_,.._..rma pese that oo ierabive command
) P

_ _ repeal © uniil E

Cuh ommands O, and C; are equivalent just if S§C, J=Y§C.). Which ol the
" llowing pairs of commands are equivatent according (o The smantics of

_ Sectiom 13.27

I :='1 and nuoll

onll ; C and C

call procedoare U and

while E do © and IFE then begin U while E do © end else null

pdf
age:

the semantics of Tahie 133 to verify the claims. made abnot the
ample program in Section [3.3.

L
L=
g

upposs that a defimtion form
var [y=1,

re added 1o the lungeage of Section 13.3. [, must denote a location and
¢ ¢ffeet of the defimnionas ta bind 1 to thislocation, Describe formatly the
mantics of ths Tacility.

/www.adult
Created by.

http

EXERCISES Xa3

12.9

13.10
_ 1311
13.12

13.13

13.14

Suppose that parameters were added to the language of Section 133 &
foliows:

P=Par parameleTs

Pu=val[|new ]

E ziw- | procedure (P); C|
C iomeer | eall E,fE;) |

The two parameter forms are to correspond semantically to the syatactically
similar definition forms. Describe formally the semantics of these facilities.
gsing the domain

PEP=R = 35—=( procedures

and an addibonz] semantie funetion
FP:Par—-U—- R~ 5 (UxG])

What difficalty arses if the same approach is used for var porameters that
ore to correspond 1o var definitions 25 discossed in Exercise 13,77

Modify the semantics of Table 13.3 to specify that free identifiers of
procedures gre (o be bound dynamically.

Lise the semantics of Table 13.4 and the equations for goto and labels 1o
verify the chaims made about the example program in Section [3.4

Add sequencer stop (o the language of Section 13.4 and define formally its
{usual) semantice

Replace sequencer gota 1 in the language of Section 13.4 by tequencer
lesve 1, whose ¢ffect is to exit the command labelled by 1. Describe fommally
the semantics of this facility, making whatever chanpes are necessary to the
cquations of other constructs,

Add expression form
beglo C result E

to the langusge of Section 13.4 and define formally its (usual) semantics,
making whatever changes are necessary (o the egoations of other con.
structs.

Which of 1he domain compatibility tests m the semantic specfication of
Table 13.4 would be redundant for programs that satisfy the constrames of
the syntax m Table 13.57
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C:u=|L:=E| 1| K~.E ) | GC

I E then C [ If E then C else C

case B oof--- K0 end

| while E do | repeat C until F

for I:=E 10 E do C | for I:=E downio E do C
N |5

with I dn C | ---[)--begin C end | begin C end

S M ::= program I{-- 1 );C

Naex O

LY m._h.._._nﬂ_ “ahbreviations” [such & multidimensional arrays) have been omitted.

(Le) el and forward declarations and packed 1ypes have been omitted
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APPENDIX C
SYNTAX DIAGRAMS
FOR PASCAL

FROGRAM

——s program —= identifier —= { —— identifier lisf ——= ._|||v

ﬁi...|l!.uﬁ.— = =

BLOCK

A artigned imleger j.. u
”

= consd |ﬁ1|t wleritifier ———= = —= ronsranf ——= ; ||U_
E — -
[ Ly Al! identifier - fVpe = |U_
.

—— .-.Alln. ictestrifier Hinr = = V[ - .“_

-— -

a

Hnlnﬂ.nu.d —= idenlifier I..u...._._.t__._.:.n__ parameter E_.._x.

fonction —== dennifier |4ﬂ.1._..___.__._.n__ poraméler _...E._W.l D= pype ilemifier #

i

b begin ———= AfalFmenl segueace eng
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ACTUALEARAMETER LIST |

‘\(‘ 2= EEPFFTIIA u =)
r variable

W function identifier
procedare ideniifier
e

FORMAL PARAMETER LIST

N |®U|l idenrifier i —= - —= type idenfifer

&:: —a (demlifier |......_..”?=._._.=_. Fﬁ__._.._ﬂ!_..q :.___\

... —= idertifier Jﬁ...m___._a.:‘ purameler .r___,_.‘l. —= rypr idenifier

b

g SIMP[E FEPFEEFION —

rerm

-
meaed Sy
b |

TeFm -

SYNTAN DIAGRAMS FOR PASTAL FaL
FACTOR
.H = unggned ileger ra
S = unsigned reol .___
B #= conitanl identifier L_
- = Tirng —t
e = il .__

e - Uarable I\_

———a function identifier |.A..,|n__...:_.i porameler _IPVL
_

- = nol = factor PE——
- e | e FIOFCISION - |
. - el
SET
[ | -
EEPFEETION H
._llU f o EEPPEINION I—_
COMNETANT
unsigaed Infeger - -
W " H* unsipaed real \—
= congtant idemlifier —'
= alrime
VARIABLE

varmahie idenitfier
m feld identifier L S _“___.I._. ErprELTine Jﬂ- | —
I
—= - ——= feld identifier —

e —
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storape allocation, A1-62
France L, 244245
Free idEmtifiers, 95, 103—4, 119,
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Free nces of identifiers,
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Frege, 60 6-7

Frober . E., 249
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CDrbfey collection. 67
ﬁw_..nm__n procedures (see
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: oading}
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Identifiers, 11, 28, 95-104
Immediate constituents, 45, 10,
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Impersonation, 180, 197, 200, 207
Implicit bindings, 99, 101, 134,
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Indefinite iteration, 83-84
Indefinite overtaking (see
Starvation of processes)
Indivisibility, 166, 170
Infinitary values, 51-53
Initialization in definitions, 139,
145
Initialization of storage, 62
Injection functions, 37, 53, 213
Input and output, 71, 75-77
Insecuritics, 3—3. 68-69
Instances of a class. 142, 145
Interfering processes, 165-167
Invocations of procedures, 18-20,
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l-expression procedures, 114-115,
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-value of an expression, 62-63
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Label parameters, 150, 163
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This B8ok explains how to formally describe progrmamming fanguages
usin e techniques of denotational sernantics. The presentation s
desi primarily for computer science students rather than lor [sayl
mathematicians. Mo knowledge of the theory of computation is required,
but itGould help ta have some acquaintance with high level programrning
langdwdes. The selection of material i based on an undergraduate
semaglics course taught at Edinburgh University for the last few years.
Eno desctiptive techniques are covered 1o handle all of ALGOL B0,
PASSH&L and other similar languages.

Daffational semantics combines a powerful and lucid descriptive
nota {due mainly to Strachey] with an elegant and rigorous theory
(due Seott). This book provides an introduction to the descriptive
_mnzy:mm without going into the background mathematics at all. In
50 vs this is very unsatisfactory; refiable reasoning about semantics
le.g. Yelrrectness proofs| cannot be done without knowing the underlying
modaland so learning semantic notation without its model theory could
be m.__mﬂ__.mn to be pointless. My own feeling is that there is plenty Lo be

aifedl_from acquiring a purely intuitive understanding of semantic

n together with manipulative competence in the notation. For

Nmﬂi one with 2 powsrful conceptual framework —a framework

a one to visuaglize languages and constructs in an elegant and
mactfe-independent way. Parhaps a good analogy is with calculus: for

fmf..mn_mnmm purposes (e.g. engineering calculations) an intuitive

derstanding of how to differentiate and integrate is all that is needed.
e utility of the ideas and techniques are appreciated it becomes
ier to mativate the underlying mathematical notions (like limits
tinuity). Similarly an intuitive understanding of the descriptive
es of denotational semantics is valuable, both as a ool for
desstanding programming, and as a motivation for the advanced

eo
mmw_m the undetlying mathematics is not described | have occasion
v Used notation which, whilst intuitively straightforward, is technically
_uw_”n: example | have used the symbol = with several conceptually
~Zimilad/ but mathematically distinct, meanings. | felt it best not to

:/
eat

http
Cr

introduce minor technical distinctions and restrictions if they could not be
satisfactorily explained. Any reader familiar with Scott's theary should
easily be able to detect and correct the few abuses of notation.

| have changed certain standard notations to be less standard but more
mnemonic. Also since one or two standard symbeols were not available on
the typesetting machine used | have had to use substitutes. | hope the
overall attractiveness of the typesetting compensates for the slightly un-
orthodox appearance of some of the notation.
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B (he Denotational Description of Programming Languages

V

i sistency and incompleteness. For example many different
Hﬂ” by _””M:Em._.m nw..__q:vm__:_u_m with the defining reports of both ALGOL
B0 K '67] and PASCAL |Welsh, Sneeringer and Hoarel. mxnmz.m_ﬂ.nm
has shddn that it just is not possibla to achieve the necessary precison

ing Mtbrmat descriptions.

E..M”.@_ reason Eﬂ_.__ formal =emantic definitions are useful is that they
can brhade machine readable. This enables useful soltware tools to be
produger —just as formal syntactic notations lead to tools such as parser
mu:wm@. For example Peter Mosses has ﬁ:unﬁmm.u a system which
gene test bed implementations of programming languages from
*n%&ﬁ_mnzu similar to those described in this book[Mossesl.

1 _u.mmw:uin,_:u a rigorous theory to support relisbla reasoning

mn:..._WVum:E::n technigues enable us to stale and rigorously prove
vari roperties of programs and prog ramming fang uages. For m:mq:ﬁ_n
in n&u prove a program correct one must show that its actual meaning
coifgoes with its intended meaning, and to do this both meanings must
be Tasalised.

hen reasoning about programs one is often tempted to Use vanous
uﬁ_f plausible rules of inference. For example supposg @l some

i a computation some sentence, SIE| say, involving the expression
(@ : WBF_E then after doing the assignment x: =E one ....__,m.En_. .muﬂmn_ m?__ to
(old since x now has the value of E). Thus if Ty is prime .mm true before
“ioialhe assignment x:=y then “x is prime” is true after i (here Els y
dmz.Im_ is “E is prime”}, Although at first sight this rule seems 1o be
Ointuiely correct it does not work for most real E:u.._mmmm. For m:mﬂm_m
+=din AL if x is of type real and y of type integer :._m:. h_., the sentence ’ .“.m
m_m apedeger” is ue before doing X1 =¥ the sentence "'x is an _:H_m__m_ -
nore after it isince the value of y will have been nnmqnma. to a value
w. | before being assigned to x). It can be shown | Liglerl :..uu__ for
) ALGOL B0 the assignment rule discussed sbove can fail 1o hold in six

WS, | :
mal semantics provides tools for discovering and proving pxactly
W rules like the above one work: without a formal semantics ong T_m"m
Ewww: intuition— expetience shows this is not encugh. For exampie
/
/

igners of EUCLID hoped that by making the language ..“_mm_..__.u:a
umﬁ the validity of various rules of inference would be intuitively
O

Introduction g

obvious. Unfortunately when they cama to actually write down the rules
they found their comectness was not at all obvious and in the paper des-
cribing them [London et &/.] they have to point out that they are still not
sure the rules are all correct. If EUCLID had been given a formal semantics
lof the type 1o be described in this book) then whether or riot a given rule
was correct would have been a matter of routine mathematical calcula-
tion.

In this book we shall concentrate on the topics discussed in 1.2.1. and
1.2.2. —readers interested in the underlying mathematics (and its use for
rigorous reasoning) are advised to look st Joe Stoy's exceflent text [Stoy].

1.3. Denotational semantlcs

The kind of formal semantics deacribed in this book is called denotational
semantics. The word “denotational” i used because In this approach
language constructs are described by giving them denotations— these ara
abstract mathamatical entities which model their meaning. We shall be
going into great detall about whal these denotations are and how they are
related to the constructs that denote them —for the time being perhaps a
hint of the idea can be conveyed by saying that the expressions {44 2),
112-6) and |2x3) &ll denote the same number, namely the number de-
noted by 6.

In the early days of the subject denotational semantics was called
“'mathematical semantics" — this term has now been abandoned since it
incorrectly suggests that other kinds of semantics ars non-mathematical.
These other kinds of semantics — lor example operational semantics, axio-
matic semantics and algebraic semantics —are not altemative ways of
doing what denotational semantics does; they each have their own set af
goals. A certain amount of confusion has arizen fram considering these
kinds of semantics to be rival theories. This confusion leads one to under-
take the useless activity of trying to decide which kind is best, To try and
decide, for example, if denotational semantics is better than axiomatic
semantics is fike trying 1o decide il physical chemistry is better than
organic chemisiry.

Tha purposes of the various kinds of semantics are outlined below:

Denotational semantics
This 1s concerned with designing denotations for constructs. In this book
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2. @ first example: the language TINY

In chapter we shall describe tha syntax and semantics of a __,.:_m
programming language called TINY. Dur purpose is 1o provide a vehicle
for igdtrating various formal concepts in uss. In subsequent chaplers we
shalfritscribe these concepls systematically but here wa just sketch out
the _ms deas and essociated technigues.

u.__.ﬁ_u:._._m_ syntax of TINY
Tin s two main kinds of constructs, expressions and commands, both

of wilTeh can contain identifiers which are strings of letters or digits begin-
ninoswith a letter (for example x. y1. thislsaverylongidentifier). If wa
let ©71,, L, . . . stand for arbitrary identifiers, E, E,, E,, . . . stand for
ar expressions and C, C,, C,, . . . stand for arbitrary commands

ther Ma constructs of TINY can be listed as follows:

mn.u*._ | trus | false | raad | | | notE | E, =E; |E, +E;
HH_UI_ﬂnm_ output E | ¥ Ethen C, elsa C, | whils Edo C| C.:C;

& and the symbol | as “or”. Thus a command Ccanba l:=E or

O tE or f E than C, elsa C, or while Edo C or n.."_nu- MNotice that

. thi mtactic description is ambiguous—for example it does nol say

Y whETher whila E do C,:C, is (whila E do C,};C, or while Edo (C,:C;).

"O W shall use brackels (as abovel and indentation to avoid such ambi-

pm:ﬂ%_ In the next chapter wa shall clarify further our approach to synitax.
-

m._.. e~ nlation is a varient of BNF, the symbol “::=" should be read B85

Pl

.mw—u:ﬂmﬂ samantics of TINY

command of TINY, when executed, changes the stafe. This state
hasthree componenis: . -

%fd.ﬁ memaory: this is a correspondence between identifiers and

values. In the memory each identifier is either bound to some valua

ar unbound .

The inpur: this is supplied by the user before programs are run; it

consists of a Ipossibly empty) seguence of values which can be

QO
L% read using the expression read (explained iater),
O

//www.amdul
k3
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liil} The output: this is an initially emply sequence of values which
records the results of the command output E (explained later].

.mmnr.mnvﬁmw_..uj of TINY specifies a value; since expressions may contain
identifizrs (for example %+ y) this value depends on the state. All valiues —
the values of expressions, the values bound to identifiers or the values in

the input or cutput—are either truth values {true, false) or numbers
10,1,2,...1.

We shall now explain informally the meaning of sach construct.

2.2.1. Informal samantics of exprassions
The value of each expression is as follows:
(El)0or1
The value of 0 is the number 0 and the value of 1is the number 1.
(E2) true or falsa

The value of true Is the truth value true and the valua of falsa is
the tnith value falsa.

(E3| read

._._..m. value of read is the next item on the input (an error occurs i
the __.._u__._...r is empty). read has the 'side effect’ of remaoving the first item
so after it has been evaluated the input is one item shorter.

(E4) 1

”_.#m value of an expression | is the velue bound to | in the marmiary [if |
is unbound an error occurs).

IES) not E :

If the value of E is true then the value of not E is false; il the value of E

15 false then the value of not E is trus. In all other cases an
BIror occurs.

(E6I E, =E,

The value of E, =E, is true if the value of E, equals the value of E,,
otherwiza il is false.

(E7) E, +E,

._”:m. value of E, + E; Is tha numerical sum of the values of E, and E,
|if gither of these values is not 3 number then an error occurs),
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i i latter case | is unbound inm.
valu | is the value bound to | inm, n E._m : T
misheans Input is the domain of all strings lincluding the empty string)
of re of Value. In general D* is the domain

{td,.....d.) | d,£D.d,¢ D,....d.tD}

of strirlgs or sequences over D, Wa shall denota the empty string by ()
and atimes writed, .d; « ... - d, instead of{d,.....d.).
. i i f values.
i pans Output is the domain of all strings o
“ =.quu:m.mm.__=ﬂu:Eq&mlmm.mqﬁ‘_.&m_‘EinEm::%
valiifffj.e. a member of Booll. Num={0.1.2,...] mz__m_ _wnn_.l.h.:,:u. _._m_mu_,
qrm‘mﬂ_m is a tripte {m.l.o0} where m i= a function fram identifiers to

0,

val or unbound! and | and o are sequUENCEs of values.

2. Samantic functions

_:J_Hmmnﬁ_: we dizcuss the semaniic functions for TINY . Semantic E“.,u,_.u.__..
:mﬁa functions which define the denotation of constructs. For Tl

wa need:

E: |denotations of expressions|
m C —=|denotations of commands)

Q i @.mh_u and CeCom then ELE] and CIC] are the results of Eu__.uw.,__m_._m the

. FU. E..@d:m E and C 1o E and C respectively and are the nmﬂc_mﬂ_n: n_”.___._.__m

m cerresponding constructs dofined by the semantics. We discuss these
stations later, but first note that: .

Q. :Eu_: general if X is a variable which ranges over some syniactic

= @_ of constructs then we will use X for the comresponding semantic

=

i e ion — or meaning—ol ;= Eele.
ubbyans. Thus Cl: = Elis the denotalion :

The “emphatic brackets” [ 2nd | are used 10 gurround syntactic
oteets when applying semantic functions to them. They are supposed _ﬂ
increase readability but have no ather significance — X[ X1 is just the resu

ol 3pglying the function X 1o X.

um.._. Denotations of expressions

e expressions produce values one might at first 1ake ﬁ_.,__m: nm_._:_m:ﬁ_“d_w
members of Value, To model this idea one would m__:._w,_:m Jaﬂm__q_ :

1005 tian E the type Exp—~Value and then ELE) woult be E's vA :M&m-w.
=0). This works for constant expressions but in general it fais lo

/Iwww.adul
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g_ The possibility of Expressions causing errofs {for example 1+ truel.

A First Example: Thae Langusge TINY 17

{iil The dependence of some expression’s values on the siate (for
example the value of x+ 1 depends on what x i3 bound to in the
memaory; the value of read depends on the input).

{iii} The possibility that the evaluation of an expression might change
the state (for example read removes the first item from the input).

To handla (i) we must define E:Exp—|Valus + [arror] ]| so that:

v if v is E's value
ElE]l=

arror il E causes an eror
For exampla E[1+ 11 = 2 but EI1 + true] = error.

To handle fii] we must make the result of an evaluation a function of the
state—i.e. dofine E:Exp—~([State—[Value + [error]]] so that:

v ifwisE'svalueins
ElEls=
arror if the evaluation causes an error
For exampla:
1+Imx} if s=Im. |, o) and mx Is a number
Ell+xls=

arror otherwisa
Thus the denotation ELE] of E is s function of type
Exp—~iState—|Value + {errori]l.
Finally to handle liiil we must further complicate E's type so that:
E:Exp—~{State—[[Value x State] + |error|]]
and then

(v, =) where v is E's velue in & and 8 is the siate after
ElEls = the evaluation.

arror if an error ocours.
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a1 |v,, 9.] {or error—in which case arror is the value ol E, =E,l, finally
L
¥, =v,;.8,) isretumed as the result of E; =E,;.

mwu m_”m._ +mu__u_ll._ﬂm._uuun£_.ﬂ.:.b
(FIE.1s, =1{v;.5:)1—=
{isNum v, and isNum v,
(v, +v..5,}.error)errorl.arror

tor

-~ is semantic clause is similar to the preceding n_”n- _mz E.ﬂ...c _m.,M."n w“ .__“.
[ d false otherwise. Thus
number [i,e. member of Num) an
Oﬂ__w_ 10 evaluate E, + E; one evaluates E, then evalustes E; (in the m_“”“w.
asulting from E, ) then tests their values 1o Emr.__w sure they E._.“ :1H -
Num:n__ if so retumns thelr sum and the state resulting from mu.: m.m n+m
V":mmm values is not a number or il E, or E; generates an error then &, 4]

generales an error.

dﬁ.nhP Clausas for commands .
.mmn: Cll: = Els = |ElEls = Iv.Im.¢,alli-=tmlv/1}.}.0).error
v =l

I = .
{mte/tl ml othenwise

Thus CT1: = El s is a state identical to the state resulting #n_.._..__ the mwm_m-“w
tian of E except that E's value v is bound 1o | in the memary {it E produ

T error then sodoes 1: =EL
e 1?1 Cloutput Els = |EIE]ls = v, Im.i.olll—~Im.i,v. ol. error
wv,:._m samantic clause was explained in 2.4.3.2. above.

m (C3l ClifEthanC, elsa C,ls =

o0 PDF

WE[Els=lv.5 )i~
{isBool v—=lv—=CIC,1s .CIC,]s ), arror),error)
isBool v is true if v is-a truth value {ie. if .___..,_nnu_ = [trus, _m_wn._.“_, H”mm_”
falee otherwise. Thus it E produces result _Fu._ when evaluate _“n_ s 2
C, or C, are executed in the siate s resulting from El depending
whether E's value v is true or false
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Created by

http

A First Example: Tha Language TINY 21

(C4) Clwhlle EdoCls =
HEIEl==v.8'])—
(isBool v—
(w=+lICIC] 8" = 8"}~ Clwhile E do Cl s",arrorl.s ).
arror),error)

IF E produces an emror then so does while E dg C: if E produces value v
and 3 new state 8" then if v s true C is dans to gel 8" and then
while E do C is done starting with &°. If v is false then the result of
while E do C is 8 the result of E Finally if v is not a truth value or
CICls = error then while E do C causes an error. MNotice that (C4) is
recursive Clwhile E do s] occurs on the right hand side.

{C8 CIC,;C,]ls = [CIC,]s= errorl—arror, CIC,}C[C, s

Thusif C, generates an error then so does C,:C, otherwise C, is done in
the state resulting from C, ,

This completes the semantic clauses, and also the formal semantics. of
TINY. In some of the clauses, especially (E6). (E7), (C3] and (C4l, the
tests lor the various error conditions makes it hard 1o follow what is going
on—the semantics of non error executions fails to stand out. In the next
chapter we describe various notations #or clarifying and simplifying
semantic ciauses; the reader may like to peep ahead 1o chapter 4 1o see
how neat the clauses can be made.

An important thing to note about the samantic clauses above is tha
each construet has its denotation defined in terms of the denotation of jis
components; for example CIC,: C,] is defined in terms of CIC,1 amd
CIC,1. The only exception to this is (C4). the clauss ior while E do C,
where the denatation is defined ‘in terms of itsefl’ —we shall have more to
say on such recursive definitions in3.2.1.

2.4.5. Summary of the formal semantics of TINY

The formal semantic description of TINY just given had three main parts:

(il Specification of the syntactic domains Exp and Com,
(il Specification of the semantic domains State, Value etc.
i} Specification of the semantic functions E and C which map syn
tactic entities to semantic ones.
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As we noted after listing the semantic clauses of TINY the denotation
assigned to 2 construct by a denotational semantics only depends an the
kind of construct and the denotations of its immediate constituent. Thus
S—iar the purposes of semantics 3 syntaclic description need only specify
O the various constructs and what their immediate constituents are. Other
4= tlatails of syntax— for example precedence—are irrelavent for semantics

~and can thus be ignorad, A syntactic description which just lists the kinds
C of constructs and their immediate constituents is called an abstract

O syntax.

- S The notation we shall use to specify abstract syntax has two paris:

em

(i} A list of the various syntactic categornies of the language (for TINY
the syntactic categaries are expressions and commands), For each
categaory we provide a name for the domain of all constructs of
that category [for TINY the names are "Exp” and "Com”) and a
metavariable to range over the domain (in TINY E ranges over Exp
and € ranges over Com).

lii} A list of syntactic clauses, sach one specifying the various kinds of
constructs in a category (for TINY the syntactic clauses were given
in2.1..namelyE:z=0] ..andC::= L=E| ...}

The metavariables stand for constructs of the comesponding category
li.e. members ol the coresponding symtactic domainl. To distinguish
different instances metavariables may be primed or subscripted (for
example E, E, E,, E, stand for expressions). The notation for each kind
of construct given in the syntactic clauses must display the immediale
constituents and distinguish it Trom other kinds of construct, but other-
wise i1 is arbitrary, Usually one chooses a notation based on some actual
concrate syntax for the language being defined.
We shall always use a fixed standard domain Ide of rdentifiers {with
matavariable 1), Although languages do in fact differ in what they allow as
idantiliars thesa differences are not normally semantically significant.

e To PDF tria ver

g

32 Setsand domains

In describing the semantics of TINY we mysteriously used the word
“damain” instead of "sel”’. As we hinted this was for 1echnical mathe-
matical reasons. Unfortunately to fully explain the difference between seis
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General Concepts and Notatian 25

and domains, and 1o convincingly justify our use of

have to delve in detail into the latter, we would

the underlying mathematics. This we wi

: . : ish t

M__.___Hﬂ and so | shall just very crudely sketch some of the issues ._:_.a___._muu

mm ,m.,m wha are not satisfied with this discussion should censull Joe
toy's excellent book | Stoy] where all details are lucidly explained,

There are really two related, but
. but separate, probi i
use of domains rather than sats: proReALS which fead v thi

(il Recursive definitions of functions,
lii} Recursive definitions of sels,

Wa shall look at these in turn.

3.2.1. Tha problem of rec ursively dafined functions

We often find it necessary to dafine functions recursivel

mm_.__._mnn.n nw.m_:m_m _m: while E do C, |C4), defines ﬂ!—.:ﬂ m_uﬂummﬂﬂm_.u _m.w””“
mﬁwﬂh: _M..._E.____.:.u Clwhila E do CI. At first sight such 'definitions’ are
_n__km...m_...____u1 5 Mﬂmmmﬁn_ﬂm_nm they seam 1o BSSUME the thing they are tiying to
i __.um Mm qﬂnn__ n .HE _“Mm.__m,_ n.__.__~ 15 1o regard recursive deflinitions as

nalogous ic e i

= u__m._,u + % [which “defines’ x to ba 1 n__.u_qm 2] u:_u. ,“u Hrﬂ:ﬂﬁu _.HMM um“%“_a_,_
*...:.mzn:m“ mncmmn__:w. like {C4), analogous to the methods we have _Mm_m
m..u_,____zm_ quadratic equations. It tums out that the kind of functional equa-
tions we want to solve in semantics only have solutions when the
functions involved map between specially structured sets called domains

To se2 what goes wrong wi
; g with ordinary sels consider 1h i
equations 'defining’ f: Num—Num Ll

i} Ix={fx}+1
lii} fx = fx

W Num={0,1,2....] there is no { satisfying (il and every  satsfiss (i,

thus neither of these two equations i

sl ns in any sanse defines 1. On the othar
(i) fx = (x=00-1.%x fix-1)

uniquely defmes f to be the factorial function li.e. forall x:fx = 1) |l we

used arbitrary sets then it would be just as easy to wiite bad definitions
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The Denotational Description of Programming Languages

\Y/

Ou.unE_,z. Mow just as there are problems with recursive definitions of
nctions so there are problems—much harder problems in fact—with
mwna?m definitions of domains. For example it can be shown mathe-
tically that there are no sefs satisfying the domain equations abovel
Fortunately  we work with domains, and interpret the dorain building
O.n_mﬁ_n:m ¥, = 4+ in a clever way, then solutions do exist. In ather
+ards set gquations cannot in general be solved but domain equations

m:. The crucial two ideas which ensure all domain eguations have solu-
i

I

ions are firstly 1o define [D,— D, ] to be the domain, not of all functions,

ut just of thosa functions which preserve the “implicit structure’ on the

) Sn:dm_._m D, and D, [this implicit structure’ is present as a consequence

} the exact definition of & domainl, and secondly to interpret = nol as

guality between domains bul as 'isomorphism’. Alas we cannol explain
y_.:mmm tantalising remarks further here,

d.m.mr Tha rola of Dana Scott’s thaory

L_A major breakthrough in semantic theory came when Dana Scott showed
4= Scott] how to consistently interpret both kinds of recursive definitions —
definitions of members of domains {see 3.2.1.) and definitions of domains
hemselves [see 3.2.2.) —in a single unified framework. In summary what
Dm dicl was:

DI [i} Davise a class of ‘sttuctured’ sets called domains and define the
O pperators x , +, —, " elc. on them.

lil] Show how elements of domains could be defined recursivaly.
T _:_1;m:ﬂE:uinizmm:w__._mqﬁmEWmnn:._;Umn_mﬂ_..wn-mn:qmw.ﬁ?_

QD Many of tha intuitive ideas of denotational semantics have been around

wv:.: ages —lor example in 1966 Striachey published a paper "Towards a
Formal Semantics" [Strachey] which contains several of the key concepls

m described in thie book, and even before that John McCarthy had outlined

_— what was essentially a denotational semantics of a fragment of ALGOL &)
|McCarthyl],

>\ The main achisvement of Dana Scott was firstly to point out that the

b naive formalization of some of the early semantic models could not be
m consistently extended to non-wriviat languages, and then to show how a

consistent fand very beautifull theory was in fact possible it domains
ﬁ linstead of arbitrary sels) were used to modet denotations.

General Concepls and Notation 29

The problem with inconsistent formalizations (like Strachey's
potentially was) is that they provide no basis for relisble reasoning. For
example consider the proof of 1=2 the proceeds by first assuming 0=1
and then adding 1 to both sides— proofs of properties of programs from
inconsistent formalization are just fike thisl

Of course the early inconsistent theories were not without valus, for
one thing they prompted the discovery of the modern consistent versions.
It iz usually easier to formalize ideas than to think of them and the early
pianeers of semantics must take the credit for originating the general ap-
proach if not the fine details. There are planty of other examples of in-
consistent ideas being useful—for example the use of infinitesimats in
calculus and the usa of Dirac delta-functions in physics; both these were
valuable for years lindeed centuries) before consistent models of them
wern devised,

Thus although the Idea of denotstional semantics is quite old it was
nevertheless a major breakthrough when in 1969 Scott discovered his
theory; for only then could we start ta uss semantic modeis as the basis
for trustworthy proofs. Furthermare his theory has enormously sharpened
our intuitions about the concepts involved and it is inconceivable that the
descriptive technigues described in this book could have advanced as last

as they have without it. Also it seems that future developments in seman-

tics (for example 1o handle concurrency [Milne and Milner}) will be aven
more dependent on the underlying theory.

3.2.4. The role of mathematics in the book

We shall not discuss the mathematice invalved in Scott's theory at all; our
approach 1o recursive equations is similar to an engineers approach o
differential equations, namely we assume they have solutions but don't
bother with the mathematical justification. In practice this is perfacily

satisfactory for the kinds of things we discuss in this book: one only needs
1o dabble in the mathematics if:

(i} One wishes to perform rigorous proafs.
(il One wishes 10 devise descriptive techniques for radically different
kinds of constructs (for example involving concurrency).
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The Denotational Description of Programming Languages

D*={ld,, d,, .... d.) | 0<n, dzD} + {| }}

elild,. d,. ..., d)=d,
hdld,.d,,....d)=d,
uld,.d,,....dl=ld;, ..., d]

true ifd={1
null d=

, to removg th

falsa otherwise

omments. i} el, hd, t1 and null can be thought of as functions with
typesy

siQn

al:Num—D*-=D
hd:D*—=D
ti:b*-—-D*
null:D*—=Bool

gl, hd and ti only make zense when applied 1o non-
emply sequences

il An alternative notation for the sequence id,, d;. ... d,])
isd,.d;.....d,. Alsoif deD and
d*=id,, d,, ..., d4,}¢D* then d.d" is the sequence
id, d,. d,. ..., d_}. When using this notation we may
refer to sequences as sirings.

3334 SumlD,+D.+...4+D])

To PDF tria ver

Each member of [D, + D, + ... + D | corresponds to exactly one member
e of some D, The difference between the sum [D, + D, +... + D,) and the

umonof D, ., D, isthatif d isin the union and deD, and de D, (for some
wv i=j! then it does not make sense 1o ask if d comes from D, or Dy, Each
member of (D, + D, +...+ D] on the other hand is ‘flagged’ to indicale
which domain it comes fram, To make this clear we define

> 1D, + D, +...+ D 1={ld.il | deD, 0<i<n + 1|

O =i that if deD, and deD, then Id, i) represents d considered as a member

ol D, and [d, j) represents d considered as a member of D,
HD=[D,+D,+..+D0and drD then isD, d is trus il d correspornds

1o a member of D, and Talse otherwise. if IsD, d =true then outD, d is the

[/www .adultpdf.com
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General Concepts and Notation 3

member of D, corresponding to d. If diD, then InD.d, Is the member of D
correspondmg 1o d,. In summary:

D, +D,+...+DJ={id,, il | D, 0<i<n + 1)

trus if d is of the form (d,, i),
isD, d=
falsa otherwise.
d, if d is of the form (d,, I}
‘undefined’ otherwise
_-.-u— n-ﬂ HF._. ——

Comments il

isD, outD, and InD, can be thought of as functions
with types:

isD:[D, + D, +...+D_]=Bool
outD:ID, + D, + ...+ D, 1D,
inD:D~[D,+D, 4...4+D_]

(il

(iii)

If two summands of a8 sum have the same name then

this notation breaks down. For exampla if

D =Num+ Num + Bool then isMum d is not well da

fined. Wa shall always have summands with distinct

names—if one wanis to avoid this restriction then a

different notation must be used (for example is1, is2.

is3 etc as tests for the first, second and third sum-

mantdsl).

To ayoid having to chutter up expressians with inD, and

outD, we shall usually allow context to determine

whether an element is in D, or in D whare

D=[D, +D; +... + D). We thus adopt the following

conventions which are analogous to the “coercions’ of

programming languages.

lal If deD, occurs in 2 context requiring a8 member of
D=[D,+D,;+...4D] then we interpret the
occumrence of d, as inD, d,, For example if neNum,
Value=Num + Bool and f: Value—D lsome D)
then " n"' really means "f linNum n)"”
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The Denotational Description of Programming Languages
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4.1. l-notatlon

4.1.1. Baslc |des

rm:ﬂn.nam Elx] is some expression involving x such that whenever deD is
O ubstituted for x—and we shall denote the result of such a substitution by
4=—F|d] — the resulting expression (namely Eld]) denotes @ member of D .

Far example if both D and D' are Num then Elx] could be x+1 (so
CE(5| =5+ 1=6) or parhaps x % x (then EIS| =5x 5=25)_ For such expres-
Cions the notation:

DD ix. Elx]

Nuum_._ndmm the function f: D—D’ such that:
> for all deD: fd= Eld]

d_”nq example:

o I Ax.x+1denotes the successor function of typea Num—=Num.
+=)  (ii] ix.xx x denotes the squaring function of type Num—Num.
_ _ liil Ax.[x=0l—=true. falsa denotes the test-for-zero functions of type

D Num—Bool.

DI An expression of the form Ax . Elx] is called a L-expression, xis its bound
variahle and Elx| its body.

O This is the central idea of A-notation: the various elaborations described

T below are just to make the descriptions of complicated functions a bit
mote intelligible.

e N.B. The body of a l-expression always extends as far to the right as

wv possible, thusdx.x+ 1 Ax. (x + 1) not [x.xl + 1.

m 3.4.1.2. Elaborations

~ 3.4.1.2.1. Explicitly indicating source and/or target

Wmc:._mz.anm it iz not clear what the source (D =ay) or target (D say) E...__
function defined by a \-expression are— for example consider Ax.x—n
such cases one can, il necessary, indicate the desired information by

w writing :D—=D atter the l-expression. For example ix. x: Num—=Num,

ﬁ ix.x: Bool—=Bool, ix.x+ 1: Num—Num alc.

[/www .adultpdf.com
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Often the target but not the source is clear: in such cases ane can write
:D after the bound variable. Far example dx:Num.x, lx:Bool.x,
Ax:Num . x+ 1estc,
3.4.1.2.2. Mors than ons argument

If Elx,. ..., .1 is 8n expression having a value in D' when x,eD,,
x,£D0, then the notation

Ax,. ..., x).Elx,, ..., x]
is used to describe the function f: [D, x... x D_1=D" such that:
foralid,eD,, ....d.eD_:fld,, ..., d)=Eld,, .. d]|

Examples ara:

i} Mx,.x;). %, +x, the addition functionii type

[Num x Num]=Num
[} Alxyax;) . %, <x;—~@rror,x, —x,: the subtraction function of ype
[Num x Numl-~INum + [error}]

This :mE:E.. fot more than one argument can be combined with explicit
indication of source on target, for example

Ay, x50 %, 4+ x50 [[Num x Num)-=Numl]
or Alx,, x;): [Num x Num]. x, + X,

Functions like this can either be thought of as having many arguments ar,
perhaps more elegantly, as having just gne argument which is 5 tupie.

3.4.1.3. Applying J-expressions to arguments

Just as wa can form expressions like "1 to denote the application of f to
1 50 we can lrom expressions in which A-expressions are applied 1o
arguments, for exampla:

llx.x+1)2 =24+1=13
lxyl.x+yl123 =2+3 =5

When “evaluating’ {Ax. Elx|}a to Ela] ohe must only substitute a for those
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Tha Denotational Description of Programming Languages

livl Am, x,...x, .Elx,, x;, ... x| means
Axy o haey . ddag . Elxy, 25, o, 2 ])..). This notation can be ex-
tended to functions which take tuples as arguments, thus for
example dAx, (=, %, 0%, . Elx, x, %, %, means
Ay o (hloe, o) A, . Elx, %2, %, 1))

{vl Conventions li) and {iv) cooperate nicely together, Tor example
Ax,%;...%, . Elx,.x,,....x,}d,d;...d, =Eld, . d;.....d.] .

vil D,—~D,—~...~D, means [D,~[D,~[...ID,.,—~D.)...1Il1 (ses
33331

{vii} The body of 8 L-expressions always extends as far to the right as
possible, for example Ix . fxyzmeansix. (fxyz) notlix.flxyz

ersion, to remove this mat
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3.4.4. Currying
dﬂ:mﬁw- the two functions plus and plusec defined below:

S i} plus: [Num x Num]l—=Num

| =Aln,. m}.n+
= ,  plus (n.m)l.n+m

(i} plugse: Num=*Num-=Num , plusc=lnm.n+m

F:mmm functions are related in that plus (n, m)l=plusc n m. It will often
convenient 10 use higher order functions like plusc which take thelr argu-

O DI:%_:H ‘ona ata time’ instead of plus which takes a pair lor more genarally
an r-tuplel as an argument. The advantage of plusc is that it can be
Om_u__._ﬁ_.m_n to just one argument, For example plusc 1 15 a well formed ex-
T....:w.wm_.uﬂ denoting the function Aim.1+ m, plusc 2 denotes Im.2+m
eic, — plus 1, plus 2 do not make sense as 1, 2 are nol in the source
e_E:u_.. * Num] of plus. Another example i5 the semantic functions of

wfzﬁ. hecauss

m C: Com—State—|{State + |ermor}]

m

We can use CIC] 1o denote the denctation of C; if € had typs
[Com = Stata]-={Stata + |errori] this expression would not make sense
VJ__._n we would have touse 1s . CIC, =].

b_...::m:nz.__m of more than oneg argument which taka them “one at a time’
mﬁﬁ plusc and T are called curied lalter Mr. Curry). In gensaral if

f: |D,xD, x..xD_J-=+D then there is an equivalent curried function,
L%n:q:, . sayof type D, —~D,;—~...~D,—~D defined by

[Iwww.adultpdf.c
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curry F=Ax, »,. .. . Tix,. %, ... )
curry itself is a higher order function dafined by:

curry:[[D, =D, x ... x D 1-D]-=ID,—~D,~...~D,—D]
curry = A x,x;...x, . flx,, x,, .... %)
For example: curry plus=(if x,x, . fix,. x,)) plus
=(Af. U=, %, . flx,, x.}}) plus
=lx;x;.ples(x,, x,]
=AR, Xy . X, + ¥,
=plusc

There is an inverse to curry called uncurry defined by:

uncurry: [D,—~D,—~...~D,~D1-[ID, x D, x ... x D, ]—~D]
uncurry = Aflx,. x,. ... %00 Fx, ;.00

The reader might like to show that uncurry pluse = plus and thot for all f,
F of the appropriate types curry (uncurry fl = f and uncurry (curry f1 =1

3.4.5. Conditionals

A vary important standard function is the conditional cond defined by:
cond: [D x D]->Bool—=D [D arbitrary)
d, if b= trus
cond |d,.d,) b=
d, if b="false
We use the following notations:

il b—d,, d, means cond (d,, d,] b

qmmﬁ Eﬂl.i.nﬂ._._. w.ﬂll.nu.-. LR T ] FIH—I- 11._.._. -..-..B.m-u—m

HH._lrn._.._ ﬁ#.ﬂ*nun *-:..“_T:*l._._—_ .nj.._ ._”—1-WH. —.ﬁ Hu__ Ty E-_. .W“.ﬂ u_.-un_..._ﬂ—u—.m__.{.
exciusive we may omitd,, , andwrite b,~d,, ..., b.—~d.,.

Strictly speaking there is a conditional function, condD say, for each
domain D. Thus CondNum: [Num x Num}—=Bool=Num is different
frem condide: [lde x Ide]l-*Bool-+*lde etc. In practice when we write
b—d,. d, it should be clear from context which domain is intended.

An important property of conditionals is: |b—=f, g] x=b-+fx, gx heate
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The Denatational Deseription of Programming Languages

An equivalent {and sometimes more convenient] way of writing such
definitions is as

f=alx,.....%).Elx,, ... .x]
orf=dx,...x .Elx,, . .xl|

For example

plus = Mx, y).x+y
plusc = lxy.x+y

We shall often need to define functions recursively, for example we might
define fact: Num=Num thus:

fectn = In=01~1, n x fact [r-1]
orfact = In.{n= 01, nxfact (n-1)

We also sometimes need to daline several funclions by mutual recursion.
If we use 1-expressions (as in the second definition of fact above) than
the general form of mutually recursive definitions is:

f, = E,If,, ..., L]
.—.H w MM—.-._q LLE ﬁ.-.ﬂ

£ = Elf,, ... 10

Where the E,If,, ..., 1,] are l-expressions. For example if Elf] is
An, in=0}-+1, nx{in-1) then the second definition of fact above is:
fact= E{fact]l. We thus see fact is a "fixed point’ of the function if., E[f]

Le. (Af. Elf]) fact = fact. if. Elf] has type
[(Num—=Num]—=[Num—=Numl snd its “fixed point’ fact has type
[(Num-—Numl]. If we introduce a generic function fix of type [D—DI=D
defined Imuitively by:

fix f = the fixed point of §
Then the recursive definition of fact can be written non-recursively as
fact = fix (if n.In=0=1, nx f(n-1)

here fix i= used at the instance D=[Num--Num] of itz generic type
(D—+-DI—D.
The precise definition, and mathematical analysis, of the function fix

General Concepts and Notation 45

constitute the “theory of fixed points”, this was discussed in 3.2.1. We
shall not use fix but will define things recursively instead.
3.4.10. Cancelling out variablas

Consider the equation fx=gx if this holds for all x then it follows that
f=g. In general an equation like

Fxy.omog=1Ex,, . xlx,,..x,
can be simplified to
Fu,..x,=Elx;, . . xl
as __u_:m_ 25X, . .-, %, donot occwr In Elx,, ..., x]. A common example of
such simplifications is with definitions ke

fxy=px—gxy, hxy

using the facl that px—gxy, hxy=[px—+gx. hx} y we can reduce this
equation to

fxy = lpx—gx, hx) y
and then cancel y 1o get:
fa=px+gx . hx
MNow the definition:
Fx,..x, = [Ex,, . xlix,, ver X
is equivalent to
f=dx,..x,.(Ex,, .. xlhx....x,
and just as the first definition can be simplified to
Fo,...m = Elx,, ., x]
50 the second one can be simplified to
= Ax, oo Elx,. . oxl

In general Ax,..%..x..{Elx,, . =) x....x. can he simplified to
A%,...%.Elx,, .., xlaslongas x,,,, ., x donotocourin Eix,. .x]
For example Ixy . px—gxy, hxy can be simplified to lx . px—~gx, hx.
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n be simplified 1o
Cloutput El = E[E] # ivim. Lol .[(m,l,v.q)

gre we have case tb) with D, = D, = State, D, = Valus.
As a final example {again of casa |b) with D, = D, = State, D, =Valus)
mzm somantic clause [EG) in 2.4.4_2. can be written:

Ll Hﬁm__ == m.u_m = m—m._.”—_* F.‘._ . m—mh”—*h_ﬂ.ﬂ B. H:__ "t..u._. H”—

he reader is urged o ensure he lollows these examples by expanding the
* ‘5. We shall also use {# g when f cannot produce arror. Casa (8] then
Sn:ﬂma:&m tof & g=g=f, case (bl tof & g=g® [uncurry 1.

Finzally nole that:

an

(il * is associalive so expressions like fe«gah are unambiguous
{since f« (g hl =T+ g+ hl.

il Expressions like fegalx.hdk mean feg&ix. hk k)l —ses
3.4.3. lyi),

Created by Image To PDF tria ver

4. Denotational description of TINY

The purpose of the battery of abbreviatory conventions described in the
preced _=.m_. chapler is 1o provide a sst of notations which are both powerful
and num_nmm. We would like the expressions and definitions we write —
semantic clauses for example—to be both brief and readable. Un-
fortunately there is soms conflict between these two requiremenis—
commpact notations are often hard to understand, but, conversely, long
n.mmn:um_u:m often hide the really important facts in g confusing morass of
minor detail. Exactly how to trade off compactness versus axplicit detail is
still & matter of controversy and the reader must decide for himsalf
whether powerful abbreviations (like the sequencing operator & of
3.4.12.2. tor example) are a help or hinderanea to understanding.

In the rest of this chapter we describe TINY using the notations and con-
nmu_m presented in chapter 3. Wa give the new version of the semantics
E.:.E.E comment but indicating previous sections which explain various
nolations when they are first used. The new semantics is completaly

equivalent to the one given in chapter 2 and so the e :
apply here also. xplanations there

4.1, Abstract syntax [zee3.1.)

4.1.1. Syntactic domains

E ranges over the domain Exp of expressions
C ranges over the domain Com of commands

4.1.2. Syntactic clauses

m""uu_.__ﬂai_q!ut_-wunﬁ__:ﬂm_m4umu_m,+m-
n"uﬂ_"Hm_!-#u:ﬂm_-*m5uﬂﬂ4ﬂlﬁu_!_.Enmmaﬁ_n."nu

4.2. Semantics

49
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D
5. @:n_m:.n_ semantics

The M«wu:u: of TINY given in the |ast chapter was designed 1o illustrate
the deas and notations of denotational semantics. For real langu-
ages (StTTh as PASCAL or ALGOL 60) it is necessary to use rather more

sophisi(Qted denotations, in particular:

e
(il Instead of denotations transforming states ‘directly’ it is necessary

(Gf them to transform states indirectly via continuvations (ses 5.1,
@8ow!. This enables jumps to be handled.
[ii}" binding of identifiers to values needs to be split into two
rts: @ mapping from identifiers to “vanables’ and a mapping from
ﬁ_.ﬂm_uﬂmm. to values. This enables sharing or aliasing to be handled.

A mmﬂw_wnm based on (i} and (i} is called a standard semantics. If we
nmmn..nau:mcmmmm using fixed standard technigues then comparisons
berwesnmlanguages are made easier. The disadvantage is that for any
partic language the ‘fit' of the technigues may not be perfect. For
example when we come to discuss the "dynamic binding’ of LISP the two-

mﬁr_im of identifiers to values of {ii) is not completely appropriate —
%m.ﬁ:ﬁ distortion it involves is compensated for by being able to
@Eﬂﬁmﬁ« different languages (for example PASCAL and LISP) within a

Cyle Tramewark.

M th& :hapter we describe the central ideas and techniques of standard

d.mTr..n, in the next chapter we (llustrate these by giving a standard

angics of a slight extension of TINY called SMALL. Then in the rest of
o e apply standard technigues 1o describe many different kinds
co cts (including most of those occurring in FASCAL and
O

5% Comntinuations
(4

P n
wﬂ.imﬂ of continuations | Strachey and Wadswaorth]| was an im-
ta ance in the descriptive techniques of semantics. I led 1o:

_._@:H_Enm:.a: |¢u_=nn:nmﬂ_:m_m:n:n_m.mn:m_lmzimmmmn:.ﬁ__zn:

most constructs.

_%ﬁnﬁr descriptions of various constructs which, previously, were
| -
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impossible to handle {for example jumps back into already exited
procedures, co-routines and ‘state saving').

6.1.1. Modelling the ‘rest of the program’

Mast constructs can be thought of as transforming soms input into some
result— the exact type of these depending on the construct. In TINY the
inputs to both commands and expressions are states and the results ara
states {or error) is the case of commands and value/state pairs (or error)
15 the case of expressions.

In Em kind of semantics described so far each construct directly de-
notes its input/result transformation, and the transformation of a com-
plete program is got {roughly) by combining (with ) the transformations
of its components. This type of semantics is called a direct semantics and
it suffers from the probiem that there is no way & construct can avoid
passing its result to the rest of the program following it. If a construct
produces an abnormal result, say error, then the rest of the program has
to cope with this. Thus semantic clauses get cluttered up with tests for
abnormal values. Although these tests can be hidden in operators like
the checking involved is unnatural —intuitively when an error ocours the
rest of the program is simply ignored and the computation just stops.

In 8 continuation semantics we make the denaotations of constructs
n"mﬁ.m:n on the ‘rest of the program’— or continuation— following them.
The intuitive idea Is that each construct decides for itself wh ere {0 pass its
result. Usually it will pass it to the continuation corresponding to the
.__u_n__n__mh textually following it in the program — the normal continuation —
butin some cases this will be ignored and the result passed to some other
‘abnormal’ continuation, For example:

(il When an error occurs the normal continuation is ignored and
i cantrol passes to a continuation corresponding to an error stop.
[iil When a jump occurs the normal continuation is ignored and con-

trol passes to a continuation corresponding to the rest of the
program following the label jumped to,

This is all very vague and probably will not be fully cormprehensible until
we have explained the formal details. Continuations can, at first, be a bit
tricky and the reader should not worry if to start with evarything sesms
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56 <= The Denotational Description of Frogramming Languages

e

mxm@ In the case of jumps—commands of the form goto | say—the
semgMc clause will roughly be:

- ollcas = ¢'s where ¢’ is some continuation specified byl
le.g. bound tal in s) '

We shall discuss this kind of thing in detail later, howaver for the time
wmﬁ@ concentrate on explaining what a continuation semantics just
for looks like. We start with identifiers.

._.:m.m_.._..::m_:n: semantic clause for identifiers is:

CE'Mk(m,i.0) = {m1 = unbound)—~srror, kim l){m.i.ol

,__,::mﬁ final answer yielded by | when the 'rest of the program’ is k and
thes is {m,i.0l is error if | is unbound in m, and otherwise is the final
mﬂmﬁv_ﬁun:nmﬁ__ by k when it is passed m | and [m.},0} as intermediate
results. Notice how continuation semantics allows us to explicitly specify
final g@pwers—e.g. error—as well as intermediate results {e.g. m ). In
the case that m| is unbound we ignoe k and immediately stop with
m:nﬂw a direct semantics one can only specify the intermediate results
and gg error has to be an intermediate result with the consequence that

perators like « are then nesded to handie it. To ses this more
mm re is the semantic clause for C, ;C,:

O DI CIC,:Cilecs = CIC,lICIC,Ic)s

r_u.n:m p we evaluate C, with a continuation C'[C,] e (i.e. a rest of the
@ " comresponding to C, followed by ¢). Now if C, generates an
@Eauw_._ it can simply ignore its continuation CIC.l ¢ and "stop’ with
Hithal er error. In a direct semantics denotations cannot choose 1o nat
—=gnd gintermediate result to the ‘rest of the program’. One way of think-

oCOirect semantics is as a special kind of continuation semantics in
%mnmm is always forced to send some intermediate result to the normal
Wﬂ Textuall continuation. This follows from the fact that one can prove

H. TP that:

L for all EeExp, keEcont: E{El k = E[E] % k

forall CeCom, ecCont: C'ICle = CICl % ¢
T. this actually defines E' and C’', but normally one has to write out
a
O

o
@. clauses for continuation semantic functions directly since there
e
-’
L

bR A,

Standard Semantics 57

may be no direct semantics available. For example it is rather hard (though
not impossible! to define Clgoto 1] and to extend % so that:

Clgoto llc = Clgoto Il * c. The meaning of # (at least as defined in
3.4.12.2.) implies that if Clgoto Il s is not error then

Clgoto Il ¢ = ¢ (Clgoto I1) so there is no way to avoid c gelting some
intermediate result passed to it. In other words

Clgotolle = Clgoto Il # ¢ is incompatible with C'lgoto Il e ignoring c.
By complicating # it is possibla 10 get round this and to obtain 3 direct
semantics of goto | (i.e. to concoct a definition of Clgoto i that works)
but the details are messy and only of technical interest (see |Bjorner &
Jones|). For languages in which the flow of cantrol may fail to follow the
textual structure of programs the most natural description is 8 continua-
tion semantics. From now on all our semantics will usa continuations and
we shall drop the primes on continuation semantic functions.

5.1.3. Continuation semantics of TINY

In this section wa illustrate the ideas just described by giving a continua-
tion semantics of TINY.

9.1.3.1. Samantic domains and functions

Domains:
State = Memory x Input x Output
Memory = Ide—~[Value + {unbound}]
Input = Valua*
Output = Value*
Value = Num + Bool
Cont = State—[State + {arror]]
Econt = Value—Cont

Functions:

E:Exp-+Econt—=Cont
C:Com—Cont—Cont

(we no longer use E and C'
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5.1.4. ﬂ_mn:!am: and output

In this mmnﬁb: we point out, and cormrect, three inaccuracies which have
crept mzﬂnw spmantics. These are:
5.1.4.1. m__ answers ara not states

In defini ontinuations we took the domain of final answers to be
|State + [@rror]l. This is unnatural—in practice the result of running a
program i€ Dat thought of as the whole state but just the output {together
with an intfdation of whether the program halted normally or via an error.

5.1.4.2. ut ia not part of the state
By definingState = Memory x Input x Qutput we made the output file
just as sible to pragrams as the memory and input. Usually informa-

tion whichihas been oulput cannat be retrisved — the cormmand output E
should Eﬁ. s value directly on to the final answer rather than pass it to
the rest of the program embedded in the state.

e

m.._.___.u..w:.:.. can be infinite

The defifitthn Output = Value® assumes that the output of programs can
be reprdsknted by a finite string of values. This is incorrect for non-
_mqmm.u_, programs like: x: =0; while true do loutput x; w=x+1)
W m: is infinite [namely0.1.2.3.. ).

th cocuracies of the last three sections can be corrected if we re-
move ouf@yt from the state and change the type of continuations. The

Eﬁﬁ—hﬁﬁ_: equations are;

Q. Q State = Memory x Input
= Memory = Ide—[Valua+ {unbound}]
= wv Input = Value®
w m Valus = Num + Bool
Cont = State—*Ans
= =  Econt = Value—=Cont
> Ans = |error, stop] + [Valua x Ans]
Th oamr Ans of final answers is defined recursively (see 3.2.2. and
3.

._-@_m_ answer is either error, stop or a value paired with another

O

Il

http

Standard Semantics G

m..__mﬁ.mqlnm_:f._____:.n:._m_ this we see an answer is either a finire string ol
values ending with error or stop or an infinite string of values. Becausne

output is no longer part of the state we must change the i
for outpart E to: a semantic clause

Cloutput El ¢ = E[Elivs. (v, cs)

..:.__._m E is evaluated to get a value v and state s and then the final answer
sV followed by whatever the ‘rest of the program’ e yields when given m.
This equation models output as like a "system call’ to an output device :.
___m-ﬂ:am_.mi ‘crashes’ after outputting then the values output will alreacy
be in the final answer (e.g. ‘printed on the line printer'). For example il
c=J4s, error a continuation representing a ‘rest of the program’ that
generates an error for all states, then:

Cloutput 0l c = E[0livs. (v, cs)
= El0lAvs. lv, error)
= (Avs. (v, error)l 0
= ls.{0, arror)

...__...__sw_ the _u__.n_ seman :nm.__i:r output in the state) outputting is like writing
an 'in core’ file and so if a 'erash’ occurs all previous output will be lost.

For example recall {C2) in 5.1.3.2. —with that definiti
e gfiniticn of Cloutput E]

Cloutput 0l ¢ = El0livim,i.0).clm.l.v. o)
= E[0livim,|l.0). error
= El0liv s, error
= (Avs. error)0
= is.@rror

Using the new continuations with Ans we can also express the fact that
u...___._m_._ a pragram has finished it should stop. I C is a command represent
ing some program to be run then the answer it produces with initial state s
is _:.m__._ CICllAs. stopls — the "rest of the program’ represented by the
continuation ls. stop just outputs stop and stops. If C were to run on
forever 1s. stop would never be reached.

In general the domain Ans of final answers is language dependent — far
some ,_m.:mzmmmu le.g. machine codel it might include the whole state (25
we initially had thingsl or even the sequence of states gone through
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= The Denotational Description of Programming Languages

“”Ww_ﬁnmﬂ m_._ﬁ:m stores with locations 1, | 2. o, @nd where new g is the
Mused i, lor error if all the 1's are in u - ;

t : : sel. Clearly for this particut
:mgm iIsLoclnew s) = true then slnew s} = unused. When hunm_:.”“

im i it T
enlations it is necessary to specify details of slorage allpcation and

50 ticular new’'s must be d Y
efined; however for our pur S
1 d O5es c
nesassary. Finally note that we shatl yse 5. s, purp this is un

S; elc. loran
: i) 3 Qe over sto
EG. ..... Vo l1y e, to denate the little” store defined by: -
o
_ LTI ¥ I — h=Arit =1 ~~y,,
- =1,
. I = i,—™v_, unused
._.:_E: v v,/ i
veesns Moy ety the only locations i
-l i aod V USEe are iy, .1, and these

m.m.w Environments

.ﬂuﬂam- the bindin :
1| of identifiors we use the concept -
F i ! of an
Thedomain Env of environ ments is defined by: ? swanment.

G
LL Env = Ide—~[Dv +{unbound|]
s .wm“____ Wm_—_w_.“m;n:mmm dependent domain of denotable valies. If the
ntifiers ca I i .
" n be bound to is locations then Dy = Loe; how-

most languages identifiers can denote other

a:ﬂﬁnq example constanis | .9. numbers), arrays
tcy exactly what the denotahle values are .

b ta _m,_:m:mmm and, like the starable
sldation. We shall use Fr,
{1 two notations:

u _._
..,__.:. ..._nq_m_u__.__m:u__.._:..__nm__._m: n:.a...rh:.
nvironment defined by

things besides loga-
: records, procedures
IS 8n important question to ask
values, forms a dimension for
F1o T2 €IC o range over Env and also the

ol 15 the "linle’

Ayt ol = A1) = |, ~d

I =1,—~d.. unbound

Standard Semantics E5

lii) Wr,, ryeEnv then r,[r,leEnv is defined by:
ryirs] = il. r,l = unbound-=r |, r,;l
If we put |il and (i) together we get
Ady..od/ e ]l = AL = 1,~d,,

l=1,—~d,rl

which is consistent with the notation described in 3.4.7.

5.3. Standard domains of valuas

In TINY we had just one domain of values, namely Value. In general one
needs to distinguish several value domains, amongst the most important
are:

[i} Storable values Sv—the values which can be stored in locations in
the store, we Lse v, v, v,, v; elc. 1o range over Sv.

liil Denotable values Dwv—the values which can be bound to lor
“denoted by”') identifiers in the environment. Weused. d . d,. d;
glc. to range over Dv.

liill Expressible values Ev—the values expressions can produce as
resuits. Weuse s, &, 8,, 8, etc. to range over Ev.

Although these domains usually intersect they are conceptually distinct
and are not normally the same. For example in PASCAL constants such
as numbers and truth values are denotable but in ALGOL 80 they are not.
In PASCAL locations are storable but in ALGOL 60 they are not. Other
domains of values besides Sv, Dv and Ev may also be needed for particu-
lar languages. For example one may need to explicitly distinguish and
define the ‘outputable values’ or the values that can ba passed to pro-
cedures. Another general purpose value domain which we discuss later {in
5.8.) is Av the domain of A-values—this is the domain of "dereferenced’
expression values |called “R-values” because they are extracted on the
right of assignments).

5.4. Blocks, daclarations and scope
In languages like ALGOL 60 and PASCAL commands change the
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m The Denotational Description of Progra mming Languages

5t | = E generates a/l where a iz E’
rates o/l where 1 is 3 new lecation upd
onment is then passed, together with
est of the program f ollowing the declara

s value, whereas var | = E
ated with E's value, This little

g possibly changed store, 1o
tion.

B

5%~ Standard domains of continuations

| ndard semantics th ree main kinds of continuation are used,

m.m. Command continuations

m@ commands pasg m.m_nqm o the rest of the program following them
wiffine Ce—the domain of command continuations — by:
Nu nnnmﬂnqnlhzu

_______.__Wm Ans is the domain of final
! ge dependent; all we shall
meliLerror. Weshalluse ¢, o, ¢,
. ;
557 Expression contlnuations

B expressions pass their valy .
£5, logett i
< to the rest ogether with a possibly changed

nq.:m.ﬁ..dm:m:.. qn__aim:nﬂrﬂjimn
_ > afi —
n@ﬁ of expression continuations — by ne Ec—the

answers. The exact structure of Ans is

assume is that it cantaing an error gle-
€z Blic. 1o range over Cc.

com

- O Eec = Ev—Store—~Ans

r ___._l_u:m neatly:

ultpgf

e Ec = Ev—+Cc
@r. k', ky, k; etc tg range over Ec.

ad

o
5.

n

aclaration continuations

eclarations pass an Environment, together with a possibly
slore, ta the rest of the program foll

. owing them we define De —
omain of declaration conlinuations— by:

Dc = Eny— Store=Ans

ey
Createdsiay

http

Standard Semantics g9

or more neatly:
De = Env—=Cc

Weuseu, u, u,, u,; etc. torange over De,

5.6. Standard semantic functions

In a standard semantics we use semantic functions with the following
types:

E:Exp—~Env—Ec—~Store—Ans
C:Com—Env—=Cc—Stora—~Ans
:Dec—+Env—=Dc-=Store—~Ans

When no errors, jumps etc, oceur the intuitive meanings of these func
tions are:

ElElrks = kes' whereesis E'svaluein environment r and store s and
s is the store after E's evaluation.

CiClres = cs' where 8 is the store resulting from executing € in
environment rand store s.

DIDlrus = ur's’ where r is the environment consisting of the ‘bind.
'+ ings' specified in D {when avaluated with respect to

rand sl and 8 the store resulting from D's evalua.
A i tion.,

L]

Thus each semantic function passes the appropriate intermediate results
to its continuation. Examples of typical semantic clauses for SMALL are

{E1)] Eldlrks = kDs
0’s value 0 is passed. together with an unchanged store, ta k.
|(C7) CIC,:C;lres = CIC,Irlds .CIC,lrcs')s

C, s executed in environment r and store s to get a store 8 which is
passed to the continuation ds . CIC,Ire s which executes C, in the same
environment but in store 8" and then finally sends the resulting store on to
c. Natice that since commands don’t change the environment r is passed
to both C, and C;. Note also that the semantic clause can be simplified to
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Farm HWQE crintion

gramming Languages

0,

update = licas.isSy e—~clsiea/il), arrar

57.3 F:Ec—Ec

ISt description

raf k Dm_m"m an unusad #.n.uﬂn.._ from s, updates it with & and then passes

it, andThe updated store, to g’ Ifs h ]
h . : as no unused locations availabl
refk ﬁ,u arror. .w. RREENED

Farmdl Description

ref ugmm. News = error—~arror, update (new sl{kinew slie s

2.7.4. Usref-Ec—Ec
informat deseription

deref s tests whether 8 is a location and if so passes its contents in s
toget ith s, to k. If & is not a location then & and s are passed to k. :

F uw:._.n mmnﬁv Hion
m D deref = lkes.isloc g *contkes kas

.,__EEH. escription
ts the error continuation.
H.:m ription

-

m BIT = ls. error
mlm.Wm_. . amain checks: D?:Ec—Ec

IFarmal¥sseription

f m.ﬂﬂm:i.ﬁm:a D of Ev we define a function D? which checks

f. :..w mum..q:.m:dmmm_._ﬁm:;ﬁﬁnn:nﬂm:m:ai_:u_.D..,.rmm ﬂmmmmmu
s 10)if e isin D and is error otherwise.

O

/

http

Standard Semantics 73

Formal description
D? = lke.lsDe=ka. arr

Examples

IFEv = Num + Bool +... then
Num? = lke.isNume—=ka, arr
Bool? = lke.isBoola—~ka, arr

5 8. Assignmentand L and R values

The meaning of an assignment | : = E in TINY is the function which takes
a state and then updates the memory component at | with E's value. In
standard semantics— where instead of states we have environments and
stores— E is evaluated and its value stored in the location, 1 say, denoted
by | in the environment (if | does not denote a location then an eror
results). The assignment only changes the contents of 1 in the store; the
binding of | to 1 in the environment is unaffected.

Suppose |, and |, denote locations 1, and 1, in the environment than
what is the effect of |, : = 1,7 There are two obvious possibilities:

lil Location i, is stored in location, .
[ii} The contents of location 1, is stored in location,

In both ALGOL 60 and PASCAL (il describes what happens [in PASCAL
the effect of (i) can be obtained using pointers—ses 9.1.).

Thus in standard semantics we shall assume that expressions occurning
on the right of assignments have their values dereferenced—i.e. have
their value looked up in the store if they are locations.

On the feft of assignments, however, we need a location, not ils
contents, since it is a8 location we update. The dereferencing that is neces-
sary on the right hand side can be done with the function deref defined in
5.7.4. It k is a continuation expecting a dereferenced value (e.g. the 'rest
of the program’ following an expression on the right of an assignment)
then daref k is 2 continuation which when sent an undereferenced value
will first dereference it and then send the result 1o k. The standard
semantics of | : = Eis thus:
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The Denotational Description of Programming Languages

b this ma

wantics and merits of different kinds of binding are discussed in detail in
. for the time being we stick to static binding since it is the one used in
AWZOl 60 and PASCAL. The expression E in a call I(E} is called the actual
‘efer—thus when a procedure is called the actual parameter value is

d 1o the formal parameter. The semantics of a procedure déclaration

_u“ﬂa some ‘procedure value' (o the procedure name in the environ-
,_,.m..

z

tQ

Diproc I, ):Clru = uip/l)

where p is a procedure valye madelling a

procedure with formal parameter I, and
body C

_u.mwﬁ_:_m values are members of the domain Proc defined by

Proc = Cc—~Ev-+Store— Ans

S10n,

se p, _..._..P.Fmﬂn-_c range over Proc. The definition of Proe can
plified to: z

Proc = Cc—Ec
A—EHI:E_:E idea is that if peProc then:

m D Pces =cs wheore s ig the store resulting from executing p's
(@) DI body with actual parameter e and slore s.

. ;_ﬁc: .mnr_m_:_m_j nummmma_nﬁ.cnmn:-m,..m“:mmmm m:ﬂum_m:m:u_:mqm:::
fmu (555 In-an implementation — it enables the procedure to return to the
mu.. t of the pragram following its call when execution of its body has
p.:mwvi. The complete semantic clause for procedure declarations can

Iﬂnm wv gven:

m

Notice that the envirenment ria/l,]
dler

tr

Diproe I, ;:Clru = ulp/1)
wharep = lce.CIClde/l,lc

: ; in which the body C is evaluated is
from the declaration time environment r—i.e. we have static

- Notice also that for this equation to make sense p's must be de-
values—ie. Dv = ... + Proc+ .__

semantics of a procedure call is given by

Creatéd bysIm

~—
™
(@h
)
)
i

Standard Semantics 77

CIl{E}lrcs =
Eill rile, &, . IsProce,—~ElElrlla, s, . 8, c8,ls,, errorls

We evaluate | to get e, and s, and check that e, is a procedure value. IT it
is not then an error occurs. If it is we evaluate E in 5, to gel e, and s, and
then apply &, to ‘return address’ ¢ and actual paramster value e;. This
gquation can be written more compactly as:

CINEN re = Elllr;Proc? Ap.ElElripe

which can be ‘read’ as: "evaluate |, check the result is in Proc, if so call
the result p and evaluate E and pass its value top "’

5.9.2. Functions

In many languages one can declare ‘functions’ which, when called, return
a value as a result of the call. For example if fact is such a function then
factin) is an expression and things fike output factin) make sense. Note
that these ‘functions’ must be carefully distinguished from the mathe-
matical functions they denote. In both ALGOL 60 and PASCAL the result
of a function is the last value assigned to the function name in its body,
For example in PASCAL a function to square an integer n would be
declared thus:

function sguare (n:intager):integer;squara : = nxn

Since function calls are expressions the continuation passed to a funetion
value must be an expression continuation. Thus we define the domain
Fun of function values by:

Fun = Ec—~Ec

We use f, f, f,, f, etc. to range over Fun. The semantics of function
calls is:

EMEN rk = ED) r;Fun? Af. E[EI r:f k

which can be understood by analogy with the clause for procedure calls
which it closely resembles. Note that for this to make sense f's must be
denotable.

in SMALL Ises next chapter) function declarations are of the form
fun I{I,);E. Thus the body of a function is an expression which, when
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Thalanguage SMALL described in this chapter has two roles:

@._.n_ ilustrate the main ideas
L : of standard semanti
¥ To provide a 'kernel langua S

i ge’ which we st i
n...:m e all extend as we discuss

vanous constructs in later chapters,

m-d..nwésn of SMALL
)

m.._.dum.__‘:.:_ ctic domains
,_.__mv___....&m._ﬁ syntactic domains of SMALL are:

Ida The domain of identifiers |
_“Bas The domain of basic constants B
trn.__u__. The domain of binary operators O

Werdo not further specif et
y these primitive domains. Bas ¢
. ould g
m:.__ bei0.1.2,...) and Oprcould be|+,-, x,/,<,>. .. | e s
o ompaund syntactic domains of SMALL are; T
(&) Dl_u-.u

The domain of programs P
- CExp The domain of expressions E

(-
d TM“_.: The _n_u:__m.m.._ of commands C
p e C The domain of declarations D

1 mai i
m_ mwma ains are defined by the following syntactic clauses:

._.mm.___:nnn:n clauses
= Pii= program C

E: 28 | true | false | read | | | E,[E,)
|2 then E, slss E, | E,O E,

ﬁmmd "umq_EEEm_m_m_:
m:._.n
_ Ie Edo C | begin E"ﬂLﬁLnﬁl 5 ot

=D "L%nn:ﬁ___ = E|varl = E|proci(l,);C | fun I, E|D,;D,

O o

ael

[IWww

http

A Second Examptle: The Languags SMALL 81

We have procedure (and function) calls of the form E, {E, ) rather than just
I(E] to permit calls like (i E, then |, slss I,](E;) in which either the pro-
cedure [ar function) denated by 1, or the one denoted by 1, is applied to
E, depending on the value of E;. Similarly we permit assignments of the
form (i E, then |, alsa 1,) : = E, or even IE,} : = E, lin which the loca-
tion assigned ta is the result of the function call IlE, )1

6.2. Semantics of SMALL

6.2.1. Semantic domains

The primitive semantic domains of SMALL are:

Num The damain of numbers n.
Bool The domain of bodeans b.
Loc The domain of locations 1.
Bv The domain of basic values e.

Basic values are the denotations of basic constants. If Bas = {0.1, 2, ...}
then Bv = [0, 1, 2, ...| — however for simplicity we shall not specify any
particular choice of basic values or constants.

The compound semantic domains are defined by the following domain
equations:

Dv = Loc+Rwv+ Proc+Fun —denotable values d

Sv = Fila+Rv —storable values v

Ev = Dv —eaxpressible values e

Rv = Bool+Bv —R-values

Fila = Rv* —files |

Env = lde=[Dv+ {unbound]] — gnvironments r

Store = Loc—=[Sv+ |unused|] —slores s

Ce = Store—Ans - command continuations ¢
Ec = Ev—=Cc — expression continuations k
Dc = Env—+Ce — declaration continuations u
Proc = Cc—~Ec —procedure values p

Fun = Ec—~Ee — function values f

Ans = |error, stop}+[Rvx Ans] —finalanswersa

We assume Loc contains a location Input which holds the input file. We
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me evaluated for its L-value,
isAlen stored in | and the re
D am c.

[ Cloutput Elre =
RiElrles. le. cs)

E Tm evaluated for its B-value e and new store s, then
ird@d of the answer produced when the rest
)

[C3) . CIE,IE,)lre =
C  FEIE,] riProc?lp. ElE,lr:pic

mu%”m_:m.mu and its value checked to ensure it is g procedure p, E, is
th

aluated and its value passed to p and finally the store resulting
fro Is passed to the rest of the _Hnm.qm_.:n.

(C4I> Clif E then C, elss C,lrec =
d RIE] r.Bool?;cond(CIC,1r c.CIC,]Ire)

E .i=2valuated for its H-value which is then checked to snsure

gﬁ:_ then C, ar C, are evaluated d
was true or false.

m__n Clwhile E do Clre =
RIElr:Bool?: cond|CIC] r;Clwhile Edo Clre ., c
oNal

Q.mn..,m__:m.mn:u..:mm&mfm which is then checked to ensure it is a
r_l._ucn@:, then if E's value is true C js evaluated and the resultimg store

dumTﬂ_ ta the beginning of whils E do C again. If E's valye Is false then
p:m qu“ of the program is immediately done.

I cet Wyibegin D:Cendlre = DID]rir . CICHrir] ¢

_.mtm_:m.ﬂ_ Eum.m:Emm:i.d:ﬂmz:...H:munﬁ evaluated in r up-
at ith v’ and then the rest of the Eam.m_.:n_.mn_n:?

C7 me_n:nu_ re = CIC,1nCIC,Ir;c

@ is put onta the
of the program ¢ is passad s,

it is a
epending on whether E's valus

 i{Gbne, then C, is done and then the rest of the program ¢ is done.

2, Declarations

ﬂo:ﬁﬁﬂﬁ_ = Elru = RIEl tls.. ule/I)
O
s i

0

then E, is avaluated for jis R-value which
sulling store passed to the rest of the

é-

A Second Exarmple: The Languagae SMALL 85

E is evaluated for its R-velue a and then the little environment e/l is
is
passed to the rest of the program u.

(02) Divarl = Elru = RIEIr;ref i uli/1)

. . and
E is evaluated for its R-value which is then =tored in a new location 1 an
the little enviranment /| passed to the rest of the program u.

031 Diproc If1,1;Clru = ullice.CIClre/l,1cl/)

I,1leis
A little environment in which the procedure value hﬂﬂ m__...__u__m___mq"._w“ nm_mn_Em
u.
is passed to tha rest of the n____deq: .
nﬂﬂﬂﬂhﬂ:ﬂnﬂﬂ:m.vnﬂ{ C i5s evaluated in an environment got _H,H, ”““M
Mmmn_mi:ﬂ: time environment r by binding the actual parameter
formal parameter |, .

(D4) Difun 1(1,):Elru = uliik a. E[EIrle/1,1k)/1)

A little environment in which the function value ik e. E[E] rla/l, 1k is
bound to | is passed to the rest of the program u.

(05] DID,:D,lru = DID,Irkr, . DID drir,Ur, . ulr, r:])

. . =
D. is evaluated in r 1o get a little _m:s_n::.._ﬂ_:_ . “Hm:u__u_...w “J_”ch_“““ﬂ “,, -
.- - . - o :
the bindings in r,) 10 get ;
. indi : pdated with those
bindings from D, upda

t r, and then finally r,lr,] (the , . hiss
““.ﬂ ] w:.. passed to the rest of the program u. Notice .:mw n.ﬁ:ﬁﬂmq“ _“w .
in m:u_m_._i__.n_.,ﬂm__._. which contains the effects of D, and 1 m. ! r 5 _:Hn
cantain declarations of the same identifier then the result o s w._.,:nuu o
result of D, . For example const x = L;constx = x+ Twould Di A

6.3. A worked example

it
To illustrate how the semantics of SMALL works we show how 1o use |

| = 1.2.3...). We show as expected that

= }
x = raad:output x and] | = (1, stop
e Mﬂﬂﬂnﬂﬁuiﬁqn:ﬁ x and]l )iz . stoplli/input] =
a (1, stop)
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xH Preface

this mat

and the imMmentation of an example system iz presenied 1n Chaple: 11
Good introd@ctions to the recent developments in vetification theoey are
the books sties [26] and Dackhouse 13]. .

The A-cadaulus is a theory of higher-order functiony, 1e. _mnunw...._:m m_."m__.
take funcligfm as arguments or return functions as results. 1t has inspired
the design @l functional programming languages Enr_m_u.m LISP _mﬂ_ ML
[55], Mira [70] and Ponder [17]. These languages provide notations —_.u;
defining fuledions that are based directly on the A-ealculus: they differ in
the ‘mathematical purity” of Lthe other features pravided, Closely related to
the A-calcipes is the theary of combinators. This provides an mm__..m_u.m_-._.:ﬁ.
chine codermgto which functional languages can be campiled and which is
simple to ifeerpret by firmware or hardware. It is straightforward to prove
the ﬂu:.nngﬂ of the algotithm for compiling functional prograims to com-
binators (SweSection 8.2); proving the correctness of compiling algorithms
for imper languages is usually extremely difficult Tm.m”_.mu_ -

Although Tunctional programs execute more slowly Lhan imperafive ones
on curre puters, it is possible that this situation will he _.__.ém.mmmﬁ_ in the
fulure, Hﬂw_ﬂ.:ﬁ_ languages are well suited to exploit the multiprocessor
architectuges that are heginning to emerge from research laharatories.

Both ™ A-calculus 2nd the theory of combinators were ariginally .mm.
veloped 4s[foundations for mathematics before digital __“an...ﬁ__.:__.mqn were in-
veried . v languished as obscure branches of mathematical logic until
re ¥ by compuler scientists 1L is remarkable that & theory devel
opady lagizinns hns inspired thedesign of _WE:_ ...._:. hardwrre and software

for Wnewsgeneration of computers. There 15 an important lesson here for
P madvocate reduring support for 'puce’ research: Llse pure ressarch
nﬁm whines the applied research of tomorrow.

pﬂﬂe forced to use an imperative language {as most PrOETAMUTEDS

a Lthe yd-Hoare logic provides a tool fo establishing program cor-
_%mnnq. many people feel that imperalive programs are intrinsi-

.._.n: ﬁ_.w. i L to reason about and that functional _.,E.n.qu.qn._um:m i5 4 .?m.:_.nq
rﬂﬂwnw.ma Al correctness analysis [6]. One reason for thisis that functions
are well T erstood mathematical objects and :.:.u ..E :n_m call for ¢mv¢ﬁﬁ_
logs;, ordipagy mathematics suffices. However, this view s not universally

(@pg i implicity of 1 Live pro-
hells an uent rase for the mathematical m..:._q____ﬁ:u of impera e
graemtiming can be found in recent wark by Dikstra [18], Hehner [27] and

Hexge | Furthermore, the functions arising in functional programming

traglie like teaditional mathematical functions, and special logics, &g,
Hdu.l.ﬁm . have had to be devised for reasoning about them.

(@1 view is that both imperative and functional _u:...mqw.ﬂ_a__m have
#ﬁ plics, bul that it likely that functional um_.__mm..amﬂ will qu.m_:mE_.
Eﬁn@n;mqn ones for general purpose use. This is already beginming

Preface i

to happen; for example, ML replaced Pascal in 1987 as the first languag

Lhal computer science students are tanght at Cambridge University. Ther
iz growing evidence that

(i) programmers can solve problems more quickly if they use a Tunctiona
language, and

(ii) the resulting solutions are more likely to be correct,

Because of (ii), and the relative ease of verifying the correctness of com
pilera for functional languages, functional programming is likely to hav
importance in safety-critical applications

Parte [ and I of this book provide an introduction to the theary unde;
lying both imperative and funclionsl programming. Part 111 contains som
working programs which illustrate the matlerial described in the firsl tw
parts. Floyd-Heare logic is illustrated by an implementation of a complat
program verifier. This consists of a verification condition generalor an
a simple theorem prover. The A-ealculus and combinators are illustrate
by a toolkit for experimenting with the interpretation and compilation ¢
functional programs. The example systems in Part 111 are implemented i
LISP and are shorl enough that the reader can easily Lyps them in and ru
them, A tutorial on the subset of LISP used is given in Chapter 9.

This book has evolved from the lecture notes for two undergradual
courses al Cambridge University which 1 have taught for the last few yean
It should be possible Lo cover all the material in about thirty hours. Thet
are no mathematical prerequisites besides school algebra. Famibiarity wit
simple imperative programming (e.g. a frst course in Pascal) would b
uzeful, but ia nol eseantial

I am indebted Lo Lhe various studenls and colleagues at Cambridge wh
have provided me wilh feedback on the courses mentioned above, and |
Graham Birtwistle of the University of Calgary and Elsa Gunter of the Un
versity of Pennsylvania, who pointed oul errors in the notes and gave muc
advice and help on revising them into book form In addition, Graha
Birtwistle provided detailed and penetrating comments on the final dra
of the manuseript, as did Jan van Eijck of SRI International, Mike Fourma
of Brune] University and Avra Cohn of Cambridge University, These foi
people discovered various errors and made many helplul suggestions. Ma
tin Hyland of Cambridge University explained to me a number of subt
poinls concerning the relationship between the A-calculus and the theor
of combinators.

The preparation of camera-ready copy was completed with the suppo
of a Royal Socielty/SERC Industrial Fellowship at the Cambridge Con
puter Science RHesearch Center of SRI International. The typesetting w:
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Chapter 1

Program Specification

A mmple programming language conigining assignmenis, con-
dilvenals, blocks, VAILE-commands and FOR-commands 1z infro-
duced. This language i3 then used to sllustrate Hoare's nofation
Jor specifinng the parfial correctness of programs. Hoare's nota-
tion uses predicate calowlus o express conditions on the values
of program variables. A fragment of predicate caleulus is infro-
duced and illustrafed with examples.

1.1 Introduction

In order Lo prove mathematically the correciness of & program one must
firsl specify what it means for it to be correct. Tn this chapter a notation
for specilying the desired behaviour of impertive programs is described
This nolation is due to C A.R. Hoarte,

Executing an imperative program has the effect of changing the sfate,
ie. the values of program variables!. To use such a program, ane first
establishes an initial siate by setting the values of some variables Lo values
of interest. One then executes the program. This transforms the initial
state into 2 final one. One then inspecis (using print commands etc.) the
values of variables in the final state Lo get the desired tesults. For example,
to compute Lhe result of dividing 5 inlo x one might load x and y into
program variables X and Y, respectively. One might then execute a suitable
program (ece Example 7 in Section 1.4} Lo transform Lthe initial state inlo
a final state in which the variables QUOT and REM hold the quotient and
remainder, respectivaly

The programming language used in this book is described in the next
section.

[/www .adultpdf.com
Created by Image To PDF trial version, to remove this mai

! For languages more comples than those descrilied in this book, the siate may consist
of other things besides the values of variables [23].
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Chapter 1 Program Specification

his mat

d
1.2.6 Q.E LE-commmands
m...._.__;uv__.mﬁn.m SooC

O

Semmi@ics: If Lthe stateiment 5 j8 true in the cyreent sfate, then © j=

execul nd the VHTLE command is then tepeated If § is false, then
nothingse=dione Thus ¢ is repeatedly executed until the vahie of S becomes
Lrue. 1 never becomes true, then the execution of the commian never
Lermin :

Huu:.:_.m WHILE —(X=0) DO X:= XI-3

:s value of X is non-zero, Lhen ite value ia deereassd by 2 and
thPmRprocess is repeated. This VHILE-command will terminate
( X having value 0) if the value of X is an even non-negalive
m f. In all ollier states it will not terminate

—

1.2.7* CFOR-commands

-
mw_.eaﬂ"_m.nm V:=E, UNTIL £, DO

mmu_.Dq If the valuas of terms £y and E; are pesitive numbers £
u_en... Pnnn?luﬁ and if g < 23, then € is execuled [e2—-ey)+1 Limes
wll) the xarinhie 1/ tnking on the sequonce of values e, er+l, ..., &3 In
Eﬁhmﬁ_ any other values, the FOR-command has na effect. A more

PigLyee Tﬂﬂiu:a# of this semantics is given in Section 2.1.11

S
.rwﬂ; ¥:=1 UNTIL M DO X:=X+N

alue of the variahle Mis m and m > |, then the command
15 repealedly executed with B taking Lhe sequenre of
188 1, ..., m. fm < 1 then the FOR-command dees nothing.

adu

ire
.H"n
vall

by

mmary of syntax

I—'I. =)
s

a2

=] I

of otr lithle language can be summarized with the follawing
in ANF notation?

p3
et

for Backus-Naur farm; it is a well known notatian for sperilying syninx,

hig
Ci6

I 3 Heoare's notation 7
< cormmand >
= <varighle> =< terms
|  <commands; ... :<command>
BEGIN VAR <variahlem: .. VAR <variable>: <command> E

_
| IF <statement> THEN <commands

| IF <statement> THEN <command> ELSE <command >

| WHILE <statement> DO < command=

| FOR <variable>:=<term> UNTIL <term> DO <command>

MNote that:
» Variables, terms and statements are as described in Section |.5

* Only declarations of the form ‘VAR <variable>" are peeded. The
Lypes of variables need not be declared (onlike in Pascal).

* Sequences C; ... O are valid commands; they are equivalent 1o
BEGIN Cy; ... C, END (i.e. blocks without any local variables).

» The BNF syntax is ambiguous: it does nol specily, for exampls,
whether IF 5, THER IF 5, THEW Cy ELSE C means

IF 5, THEN (IF 5; THEN C, ELSE )
0F
IF 5, THEN (IF S; THER C}) ELSE €

We will clarify, whenever necessary, using brackets.

1.3 Hoare’s notation

In a serninal paper [32] C.A.R. Hoare introduced the following notation for
specifying what a program does™:

{P1C Q)
where:

= C iz a program from the programming language whose programs are
heing specified (the language in Section 1.2 in eur case)

 Actually, Hoare's original notation was P {C) Q not {F) € {Q}. hut the Intter form
in now more widely waed.
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0 Chapter I Program Specificabion
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th

This say¥hat whenever € halts, @ holde.

6. {P} }

This spe€Mcation is true for every condition /* and every comrmand C

Qve

{becau &5 always Lrue).
TAT) o ,
BEGI
R
Q-*0; v
Y<R DO
IR R:=R-Y: Q:=0Q+1 EKD
END, |

(RO 1=R+(¥x0))

This s g C{R< ¥ A X=R+ (¥ x0)) where C is the conmmand indi.
cated b # braces above. The specification is Lrue if whenever the exe
eution of - halts, then O is quotient and & s the remainder resulling from
&5%:3#5 X It is true (even il X is initially negative!)

In thiscrxample a program varighle @ 15 used. This should not be con-
fusad ﬂ.ﬁ:_n ¢ used in 5 above. The program variable @ (notice the
font) ranges over numbers, whereas the posteondition @ (notice the fant)

TANErS statementa. In general, we use typawriter font for particular
p riables and italic font for variables ranging over statements. Al-
=71} subtle use of fonts might appear confusing at first, once you gat

things the difference between the two kinds of 'Q" will be clear
(in .nm@: ahould be able to disambiguate things from context without
M hgving to look at the font)

) _

—

ci
w m.m‘mn Example 7 above Find a eondition P such that:
-

(

[FlecrR<taX=R+(Txq)

AN %_ﬁ [T] true? O

VeEile etial corréctness specification which is true il and only 1 the
c :.n.m hae the effect of multiplying the values of X and ¥ and storing
n X O

rc
ﬁ agperification whiclt is Lewe if the execulion of © always halts when
m.:.. nYye started in a state satisfymg P O

1.5 Terma and statements

1.5 Terms and statements

The notation used here for expressing pre- and postconditions is base
a language called firsi-erder logic invented by logicians around the tu

this century. For simplicity, only a fragment of Lhis language will be u
Things like:

T, F, I=1, <Y, T="R+(Tx0Q)

are examples of alomic statements. Stlalemenls are either true or [
The stalement T is always teue and the statement F is always false,
statement X = 1 is true i the value of I is equal to 1. The stater
R < ¥ s true il the value of R 15 less than the value of Y. The stater

I = R+(YxQ) is true if the value of X is equal to the sum of the value
with the producl of ¥ and g.

Statemenls are built out of fterms like:

X, 1, R, Y, R+{¥YxQ), =0

Terms denole values such as numbers and strings, unlike statements w
are either true or false. Some Lerms, like 1 and 4+ B, denote & fixed va
whilst other terms contain variables like I, 7, 2 ete. whose value can

We will use conventional mathematical notation for terms, as illustrate:
the examples below:

= ={X+1), (IxY)+Z,

V45, X!, =in(X), rea(X,¥)

T and F are atomic statements that are always true and false respecti

Other atomic slalements are built from terms using predicates. lere
some more examples:

oDD(X), PRINE(3), I=1, (x+1)? > 12
OO0 and PRIME are examples of predicates and = and > are example

imfired predicates. The expressions I, 1, 3, T+#1, {(X41)7, 12 are exam;
of terms,

Compound stalements are built up from atomic statements using
following logical operators:
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Chapter 2 Floyd-leare Log.-
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fa

we this mal

rule Bnference (like the substitution of equals for equals). The m_.m.:m..:_..,:ﬁ
aceu@z on Lhe last line of a proof is the slatement proved by it (thus
(x4 — 17 4 2 % X4 1 is proved by the proof above), . | .
TSsnnstruct formal proofls of partial correciness specificalions axioms
i of inference are needed. This i= what Floyd-Tloare logic provides.
The Tormulation of the deduclive system iz due to Hoare [32]. but some of
the @erlying ideas originated with Floyd j18]. .
.&.ﬂyn_u_u:m Floyd-leare logic is a sequence of hnes, each of E_..._n_... is either
an amgin of the logic or follows from earlier lines by a rule of inference of

Lhe .
reason for constructing formal proofs is Lo try lo ensure that only

ua:.._ﬂ...ﬁ__._..ﬂn_m of deduction are used. With sound axioms and rules af
infe®-e, one can he confident that the conclusions are true. On the __uﬁ,_._m.
han any axioms ot rules ol inference are unsound then it may be possible
ter deffuce false conclusions; for example®

Vis §

Y=1x =1 =v-=1x-=1 Refevivily ol =.
cepm TR =T = (=T} % (/=T) Distributive law ol /& over .
.H V=Ix =1  =[v-1)* Definition of (32
; I | = =1 d=linitinn ol v
_Iml VT = —1 As -1 ¥ —-1=1.
m D 1 = —1 An i =1,

O BL.EJE_ pronf makes explicit what axioms and rules of mference are
O\ cedto arrive al a conclusion. It is quile easy to come up with plausi-
..._I._“.__ sz for reasoning aboul programs that are actually unsound (some
dmu_ﬂﬂﬂ_mm for FOR commands can be found in mmﬁ:._E._ 2 1.11). Proofs of cor-
pnﬁ“w_m of computer programs are often very intricate and formal methods
i regmnyled to ensure that they are valid, It 15 thus _H_.:.E.q.,.:_..ﬁ to make fully
UH%—_HH. reasoning principles being used, so that their soundness can be

n d.

wascise 6
m..._zw”:_ flaw in Uhe 'prool’ of 1 = —1 ahove. O

“E2r some applicalions, correctness is especially important. Examples
inedeade life-critical syetems such as nuelear reactor controllers, car break-

s nefastems: flv-by-wire aircraft and software controlled medical equipment.

”} time of writing, there is a legal action in progress resulting from the
WMF of several people due to radiation overdoses by a cancer treatment
4maline that had a software bug [38]. Formal proof of correctness pro-

t_._.imniuwamnm_h_u__..m_::m:_mﬂw_mq_ﬁnn:uzmmi_ﬁ__au:mnm_..?_m.ﬁm__...nw mm
L mqv_ﬂﬁp«?_n (as il almost always is).

‘his example was shown to m= by Sylva Ol

2.1  Axioms and rules of Floyd-loare logic 15

The Floyd-Hoare deductive system fer reasoning about programs will be
explained and illustrated, but the mathematical analysis of the soundness
and completeness of the system is beyond the scope of this book (however,
there is a bnefl discussion of what is involved in Section 2.2)

2.1 Axioms and rules of Floyd-Hoare logic

As discussed at the beginning of this chapter, a formal preef of a statement
15 & sequence of lines ending with the statement and such that each line
is either an instance of an axiom er fellows from previous lines by a rule
of inference. If 5 is a statement (of either ordinary mathematics or Floyd-
Hoare logic) then we wrile F S to mean thal S has a proof. The stalements
that have proofs are called theorems. Ae discugesd earlier, in this hook only
the axioms and rules of inference for Floyd-Hoare logic are described; we will
thus simply assert = S il S is a theorem of mathematics withoul giving any
formal justification. OF course, to achieve camplete rigour such asserlions
must be proved, but for details of this the reader will have lo consultl a
book (such as [10,47,49]) on formal logic.

I'he axioms of Floyd-Hoare logic are specified below by schemas which
can be instantiaied to gel particular partial correctness specifications. The

inference rules of Floyd-Hoare logic will be specified with a notation of the
form:

B e S
-}

This means the conclusion & 5 may be deduced from the Aypotheses
k5, ...k 8, The hypotheses can either all be theorems of Floyd-Iloare
logic (as in Lthe sequencing rule below), or a mixture of theorems of Floyd-
Hoare logic and Lheorems of mathemalics (as in the rule of preconditioning
strengthening described in Section 2.1.2).

2.1.1 The assignment axiom

The assignment axiom represents the fact that the value of a variable V' after
executing an assignment cominand V :=F equals the value of the expression
E in the state before executing it To formalize this, observe that il a
slatement P 18 to be true afier the assignment, then the statement obtained
by substituting E for ¥V in P must be true before executing it.

In order to say this formally, define PLE/V] to mean the resull of
replacing all occurrences of V in P by E. Read P[E/VIr ‘P with E for
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e this mat

Examples

—.—.._n_:__.__n mu_mﬂﬁ:n ?nnTu:uﬂ:uuHuP#:.ﬁunu ﬂ.#m...ﬁm:_.__u__ﬁc.ﬁ
by precondilions rengthening that

F{k=n} 2:=%+1 [x=n41)

The variable aMaan example of an auziliary (or ghost) variable. As de
scribed earlier page 91, auxiliary variables are variables occurring in
a partial 3:@ specification {P] C [Q) which do not occur in the
command €. Such variables are used to relate values in Lhe state hefope
and afler C i= maiﬁ_- For example, the specification above gavs Lhat il

the value of X Q then after executing the assignment T:=X+1 ils value
will be n+{.

2. From the
deduce?:

ical truth F T == (E=£), and 2 on page 18 ane can

> EAT) 2:=E [x=FE]
O
©

2.1.3 Posisendition weakening
Jd

Just as Lhe previous rule allows the precondition of a partial correctness

specificaljen t strengthened. the following ane allows us to weaken the
LR

4
2
g
Cu

Posteondition weakening

FPICIQ), F @'=q
F AP C(Q)

ultpdf.co

o
—
Q
ol

Hhmd:_.._m&hﬁmm littls formal praal

R=RA 0=0] Q:=0 [R=% A Q=0)
=X R=X A 0=0
= E=0 {R=X A Q=0)

= =0 = BR=X+(Yx Q)
“&uuu {R=X*(¥ » 0))

©

W

U0 it i fabdobvigus that & T =3 (E=F) ja a logieal truth, then yrcn should read ap
._..T..-_..:_!...._.Iniﬁ* u... to farmal loge, 5. [10.15,47 49]

e

By the assignment axiom

By pure logic,

By precondition strengthening
By laws ol arithmetic

iy posteondition weakening

B e Ed BRI =
/En‘ip E'SHT[
i

P

el

4.1 Axioms and rules of Floyd-Hoare logic 19

The rules precondition strengthening and pesteondition weakening are
somelimes called the ruler of consequence
2.1.4 Specification conjunction and disjunction

The following two rules provide a method of combining different specifica-
tions aboul the zame command.

Specification conjunction

F {A)C{a], F {P:) € [Q4])
F {PiAPR) C{QAQs)

Specification disjunction

FiAIC (@), F {P] C(Qs)
F{AvRA]C{Qiva)

These rules are useful for splitting a proof into independent bils. For
example, they enablet {P] © {0, AQ;]} to be proved by proving separately
that both - {P) c {0} and + {P} € {Gi).

The rest of the rules allow the deduction of prope-ties of compound
commands [rom properties of their componenta.

2,1.5 The sequencing rule

The next rule enables a partial correctness specification for a sequence
Cy:Cy Lo be derived from specifications for € and .

The sequencing rule

H {P) & (@), F {Q} C; {R}
F AP} iy (R}

Exanmple: By Lhe assignment axiom:
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2.8 The derived block rule

e

Fro e derived sequencing rule and the black rule the [ollowing rule for
blocf®yan he derived. .

The derived bhlock rule

torem

F P _—...__H
FAR)C (] F Q=P
FAR}Ci (@) F Q=P

F (Pa) Ca (@) F Qa0
F {P} BEGIN VAR Vi; ... VAR V,5C; .. ; Ca Q)

VEersion

i_ﬁnaﬂm of the variables Vi, .., V., occurin P or Q.

tr

Fm _._..an_n_znnn_unn_mnE..n_..u_.:n:nin__“._.hn__ﬂ _n.n_;..:p.._nu.“:m:h___an
mﬁa that:

S+

=x AY=y} BEGIN VAR R; R:=X; I:=Y; Y:=R END [¥=zA X=y}

mnﬁm 8

._@_ué?uu A Y=y} R:=K¥; ¥:=X-¥; X1:=1-Y (Y=x A X=y)

o)

0,

.?Qul
it:

I=R+(¥xQ)] BEGIN R:=R-Y; Q:=0+1 END {X=R+(¥xQ))

The conditional rules

VAV

two kinds of conditional commands: one-armed condilionals and
d conditionals: ‘There are thus two rules for condilionals,

/i
Created b

http

2.1 Axioms and riles aof Floyd-Hoace logic 23

The conditional rules

F {PAS)C|{Q}, F PA-S=>0Q
F (P} IF 5 THEN C (Q)

k {PAS) C, {Q), F {PA-S) G {Q)
 {F} IF 5 TEEN C; ELSE C3 {Q)

Example: Suppose we are given Lhal
(i) F X2Y = max(X,¥)=X
(i) + ¥>1 = max(X, 1)=Y
Then by the conditional rules (and others) it follows that
F {T} IF X>Y THEN MAX:=I ELSE MAX:=Y [MAX=max(X,Y))
)

Exercise 10

Give a delailed formal prool that the specification in the previous example
follows from hypoltheses (i) and (). O

Exercise 11

Devise an axiom and/or rule of inference for a command SKIP thal has no
effect. Show that if IF 5 THEN C is regarded as an abbreviation for IF 5
THEN C ELSE SKIP, then the rule for one-zrmed conditionals is derivable
fram the rule for two-armed conditionals and your axiom/rule for SWAP. O

Exercise 12
Suppose we add to our little programming language commands of the form:

CASE K OF BEGIK ; ... ; C, END
These are svaluated as follows:

{i) First E is evaluated to get a value z.

(ii}) IT = is not a munber between | and n, then the CASE-command has
no effect.
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Chapter 2 Floyd-Tcare Logic

tmsma

e WHILE-rule were Lrue for total correctness, then the proof above
wouMgshow Lhal:

F [T} VEILE T D0 X:=0 {TA -T]

4(0)

but is clearly false since WEILE T DO X:=0 does not terminate, and
evemd¥it did then TA =T could not hold in the resulting state.

mw_._.__.numm:m Floyd-Hoare logic to deal with termination is quite tricky.
One@pPproach can be found in Dijkstra [186].

4

u.Hm The FOR-rule
It isCgite hard to capture accurately the intended semantics of FOR-

co ds in Floyd-Hoare logic. Axioms and rules are given here that
appegrta be sound, but they are not necessarily complete (see Section 2.2).
An reference on Lhe logic of FOR-commands is Hoare's 1972 paper [33];

& compyehensive treatment can be found in Reynolds [53].

e inlention here in presenting the FOR-rule is Lo show that Floyd-
HodTgrogic can get very tricky. All the other axioms and rules were quite
straighiforward and may have given a false sepse of simplicity: it is Very
n_m_mﬂ to give adequate rules for anything other than very simple program-
ring constructs. This is an important incentive for using simple languages.

problem with FOR-commanda is that there are many subtly differ-

L ions of them. Thus hefore describing the FOR-rule, the intended
of FOR-commands must be described carefully, In this bock, the
s of

FOR V:=F, UNTIL E, b0 C

- O
r_m mE__...Em_

([@Xi)] (@e expressions E; and E; are evaluated once lo gel values e; and

S %ﬂﬂmﬁuﬂ?lﬁ.
u_”E ither g) or £; is not 2 numbeér, or if ) = €5, then nothing is dene.

:;m.: < &3 the FOR-conunand is equivalent to:

BEGIN VAR V'
Fi=gs O Vi=£i415C 5 ... 7 Vises: €
END

- C is executed (e3—e; )41 timies with V taking on the sequence
values ey, ey 41, ..., ey in succession Note that this deseription
Wnet rigorous: 'ey’ and 'es’ have been used both as numbers and

expressions of our little language; the semantics of FOR-commands
uld be clear despite this,

[lwww.ad
eated by

http

Cr

2.1 Axioms and rules of Floyd-Hoare logic 27

FOR-rules i different languages can differ i subtle ways from the one
here. For example, the expressions Ey and E; could be evaluated at each
iteration and the controlled variable V' could be treated as global rather
than local. MNole that with the semantics presented here, FOR-commands

cannot go into infinite loops (unless, of course, Lhey contain non-terminating
WHILE:commands).
To see how Lthe FOR-Tule !ﬂq.—.ﬁu suppose that

b P} C {PIV+1/V1)

Suppose also that C does not contain any assignments to the variable V.
If this is the case, Lhen it is inluitively elear (and can be rigorously proved)
that

F ((V=v)}C{(V=y))

hence by specification conjunction
F AP AV =w)) C {PIVH1/V]I A(V = 1))
Mow consider & sequence Vi=v; €. By Example 2 on page 18,
F [{PlvfV]] V:i=v {PA(V =v))
Hence by the sequencing rule
F {PIV/el) Vi=e; C [PIV4H1I/V] AV = 1))
Now it is a truth of logic alone that
F PIVHI/VIA(V=v) = Plv+1fV]
hence by postcondition weakening
F {Plv/V]]) Vi=v; C{PLv+1/V]]

Taking v to be «;, e341, ..., £3 and using the derived sequencing rule we
can thus deduce

{PleyfV1) Vizey; €; Visej41; .. Vises; C{Pley/V)
This suggests that a FOR-rule could be:

F{P) C [PLV+1)V])
F {PLE,/V]) FOR V:=E,; UNTIL E; D0 C (PLE2#1/V1)
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Chapler 2 Floyd-Hoare Logic

hls mat

d
The @thmEE
Ta nn.w the case when E3 < E;, we need the FOR-axiom below.

O

The FOR-axiom

S {PAL{E; < Ey}} FOR V = E, UNTIL Ey DO  { P}

@)

=
This umn that when Ey is less than E; the FOR-command has no effect,

Exanfp)e: By the assignment axtom and precondition strengthening
"D x = ((3-1)x¥) DIV 2) X:=X+W [X=(Hx(N+1)) DIV 2)

Stren ning Lhe precondition of this again yields

k Hﬂa::__x: DIV 2)A(L<NIA(N<M] X:i=X+N (I=(Ex(N+1)) DIV 2}
Henca by the FOR-rule

_“._Iﬁ:u: 1-1)x1) DIV 2)A(1<N))

R B:=1 UNTIL M DO X:=1+K
I=(Mx(mM+1)) DIV 2}

- =

X=0)A(1<H] FOR R:=1 UNTIL X 0O X:=X+§ [X=(Mx(M+¢1)) DIV 2]
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recondition strengthening one can infer

F (PAIE S V)ALV < Ey)| € [PIV#1/V])
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2.1 Axioms and rules of Floyd-Hoare logic a1

Exercise 15
Show Lhat

F {u=1)
BEGIN
L:=0;
FOR H:=1 UNTIL M DO X:=X+¥
ERD
{Z={Mx(M+1)) DIV 2}

2.1.12 Arrays

Floyd-Hoare logic can be extended to cope with arrays so that, for example,
the correctness of inplace sorting programs can be verified. However, it is
nol as straightforward as one might expect to do this. ‘The main problem is
that the assignment axiom does not apply to array assignments of the form
A(E} ):=E3 (where A is an array variable and Ey and £; are expressions).

One might think that the axiom in Section 2.1.1 could be generalized
to

F {PLEZ/A(E\)]) AEy)i=E; (P}

where "PLE; fA(Ey)]" denotes the result of substituting Es for all occur-
rences of A(E;) throvghout P. Alas, this does not work. Consider the
following case:

1]
P
.

P =a(v)=0’, K . By =

Since A(X) does not occur in P, it follows that P[1/4(X)] = £, and hence
the generalized axiom yields

B {Al¥)=0] A(X):=1 {a(¥)=0}

This specification s clearly false if X=Y. To avoid this, the array assighment
axicmn must take into account the possibility that changes to ATX) may also
change A(Y), ACZ), ... (since X might equal ¥, 2, ...).

We will not go into details of Lhe Floyd-Hoare logic of arrays here, but a
tharough trealment can be found in more advanced books (e.g [63,1,26]),
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e 18 Exercizse 21

Prove the following mvariant property.

{8 = (zxy)-(XxY)]
WHILE —0DD(X) DO

BEGIN Y:=2xY; X:=X DIV 2 END F {S = (=—X)xy)

O rema

(8 = (xxy)-(Xx¥) A 0ODD(X)) BEGIN
H VAR R:
R:=0;
g =2 S
,_uﬂmm.. I:=I-1
@) {5 = (zxy)-{XxY¥)) ERD

' . WEILE =(X=0) DO
BEGIN
VHILE -0DR{X} DO
BEGIN Y:=2xY; X:=X DIV 2 END;

s = (x-%)=y]

Fini: Show that 5 = (x~X)xy + Risan invariant for S:=S+1; R:=R+1. 0O

9
O
>

S:=E+Y:
L:=Xk-1
o Exercise 22
(8 = xxy] Deduce:
O
. e 20 F {x=x A Y=y}
BEGIN
S5:=0;
A=x A Y= '
.C_. Mmﬂ.-..nn ..q_ EBILE —{I=0) DO
I — s:=0; BEGIN
o WHILE —~(X=0) DO “J._u _w."
o B e L (8=¥) DO
— VEILE —0DD(X) DO (K=
u wv BEGIN Y:=2xY; X:=X DIV 2 END: .mm_m: S:=5+1: R:=H+1 END:
w m S:=5+Y; X:=X-1
X:sX=-1 END
ymuﬂ_ {5 = xxy)
O {5 = zxy}
=3 °
S~
~~
o ﬁ Exercise 23
ﬂ Ll Using (Px n_.-u.unu A =(XI=0) A (¥>0) as an invarianl, deduoce:
= 0O
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th

P

&

BS((a>0) A (B>0) A (ged(A,B)=ged(X,Y)))
(sHILE 4>B DO A:=4-8;

HILE B>A DO B:=B-A

{Co<B) A (B<A) A (gcd(A,B)=gecd(X,¥))]

1idmee, or ntherwise, use your rule for REPEAT commmands Lo prove:

OT-- A B=b)
Fu._.m:.
n WHILE A»B DO A: ._-m.
WHILE 8»A DO B:=
. —UNTIL A=B
S—.—.nm N h=gedia,b)]

o @

Exertize 30

_.-qnd
d—{¥>1)
Umﬂ.

PROD=0;
FOR X:=1 UNTIL ¥ DO PROD := PROD#M

()ero

?Eu Hx )

if.eom
.-ET()

age
i3

2
é-.

2
i

Hu A T>0)

FOR I:=1 UNTIL I DO
FOR J1:=1I UNTIL ¥ DO
5:=5+1

y Im

ey - [T}
“ 3
1]

IxY})
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Chapter 3

Mechanizing Program
Verification

The archifecture of a simple program verifier 1 descrbed. [is
operafion 15 justified with respect fo the rules of Flogd-Hoare
logic.

After doing only & few exercises, the following two things will be painfully
clear:

(i) Prools are typically long and boring (even if the program heing ver-
fied is quite simple),

(it} There are lots of fiddly little details Lo gel right, many of which are
trivial (e.z. proving - (R=X A Q=0) = (I=H8+ Yx0)).

Many attempls have been made (and are still being made) to automate
proof of correciness by designing systems to do the boring and tricky bits
of generating formal proofs in Floyd-Hoare logic. Unfortunately logicians
have shown that it is impossible in principle to design a decision procedure
to decide aptomatically the truth ar falseshood of an arbitrary mathemat-
ical statement [58], However, this does nol mean that one cannot have
procedures that will prove many useful theorems. The non-existence of a
general decision procedure merely shows that ene cannot hope Lo prove
everyihing automatically. In practice, il is quite possible to buikl a system
that will mechanize many of the boring and routine sspects of verification
This chapter describes one commonly taken approach to doing this.

Although it is impossible to decide automatically the truth or falsity af
arbitrary statements, it ts possible to check whether an arbitrary formal
proofl is valid, This consists in checking that the results occurring on each
line of the prool are indeed either axioms or consequences of previous lines
Since proofs of correctness of programs are typically very long and bornng,

39
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42 N Chapter 3 Mechanzing Program Verification
L
achieved by- ._le.
o reducing w number and complexity of the annotations required, and
® increasi = power of Lhe theorem prover

The next sbelion explains how verification conditions work, In Sec-
tion 3.5 their 15 justified in Lerms of Lhe axions and rules of Floyd-
Hoare logic. es being Lhe basis for mechanical verification systems,
verification condigions are a useful way of doing proofa by hand,

C
O -
3.2 ﬁm-.ﬂﬂ&ﬂn: conditions

The following ..Hn_:- describe how a goal oriented proof style can be for-

Eu_munn.-ﬁn _u_..Vu goal {P1C{Q], three things must be done. These will
be explained 1 tail later, but here is a quick overvisw:

(i) The prog@® C is annofated by inserting into it statements (often
called asgasdions) expressing conditions that are meant to hold at
various igtermediate points. This step is tricky and needs intelligence
1:Mﬁ=ﬁ_na__m=n?m of how the program works. Automaling it
is o
@

of artificial intelligence.

(i} b mn_-u...._. _Mm.mﬁu_n.ﬂmﬂa called versficafion conditions (ve's for short)
13 hen ated from the annotaled specification, This process is
pUTETy _._”.q_._..w:_.nnw and easily done by a program

Q

(iii) Thi=rer n conditions are proved  Automating this is also a
_._E_E.: ificial intelligence.

It !m@ mrm that if one can prove all the verification conditions Een-
crated from={ PP Q] (where C is suitably annotated), then & {PIC{Q]}.

. Since mnwv.a conditions are just mathematical slatamente, one ean
think of 2 {BYve as the ‘compilation’, or translation, &f a verification
problem g8 a_conventional mathematical problem.

The [Mgwingetxample will give a preliminary feel for the use of verif-

calion comdiliond
mﬂ.ﬁﬁy#m is to prove (see the example on page 25)

O

htt

1.2 Verification conditiona

(1)
BEGIN

B:=1;

Q:=0;

WHILE Y<R DO

BEGIN R:=R-Y; Q:=0+1 END

EXD
{x = R+TXQ A R<Y])

This first etep (1 above) is to insert annotations. A suitable annotated
specification is:

{7}
BEGIN
Re=X;
Q:=0; {R=X A Q=0] —P
WHILE Y<R DO (X = R+¥xQ} —P;
BEGIN R:=R-Y; Q:=0+1 END
END
(X = R+¥=Q A ReY)

The annotations Py and Py state conditions which are intended to hold
whenerer control reaches them. Control only reaches the point at which Py
is placed onee, but it reaches Py each time the WHILE bady is execuled and
whenever this happens P; (i.e. I=R+¥x0Q) holds, even though the values of
R and O vary. P; is an mvariani of the ¥VEILEcommand.

The second step (2 above), which has yet to be explained, will generate
Lhe following four verification conditions:

(i) T = (X=X A 0=0)

. i) (R=X A Q=0) = (X = R+{¥YxQ)})

(iii) (X = R+(¥xQ)) A Y<R) = (X = (R-¥)+(¥x(Q+1)))

(iv) (X = R+(¥=Q)) A —(¥Y<R) = (X = R+(Y¥YxQ) A R<Y)

Motice Lhat tliese are statements ol arithmetic; the constructs of our
programiming language have been 'compiled away’

The third step (3 above) consists in proving these four verification condi-
tions. They are all easy and are proved automatically by the theorem prover
described in Chapter 11 (see page 212). The steps are now explained in
detail
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A (X<0) = -X>0

L
=5
e'-'l

= are equivalent to X220 = 1>0 and X<0 = =I>0, respectively,

whicl=sre both clearly true. O

0018

Two-armed conditional

fO I'q

rification conditions genetated fram

[P} IF S THEN C; ELSE C5 {Q)

)
-

S0,

Hdrn verification conditions generated by

V

(£ s 5] 6 {Q)
_“ad_ﬁ verifications generated hy

*.ﬁ_ iy J.m..”_ ._H.._ ._n.-.._.;

e 32
e the verification conditions for the following specification?

.GOM
PDF tr

1o

T} IF X>Y THEF MAX:=X ELSE MAX:=Y (MAX=max(X,Y))

follow from the assumptions about max{X,¥) given in the example
37 0

adultpdf
mage

i

i o-- 3% 15 properly annotated, then (see page 44) it must be of
e Lwo formas:

1 Ca=1 3 {R)C, or
veplapayEWies

both cases, ©y; ... :(,_ s a properly annotated command,

P:

i/ yww
Crested by

htt

4.4 Verification condition generalion 11

mmﬁﬂmu.. Ceg

1. The verification conditions generated by
[P] Ci:...;Cn-1i {R) Cn (Q]

(where ', iz not an assignment) are:

(a) the verification conditions generated by
{P) C1; ... iCamy {R]
(b) the verifications generated by
(R} Cn (Q)
2. The venfication conditions generated by
[P} Ci:...iCroili=E {Q)
are the verification conditions generated by

[P} Cii oo iCanr {QLE/VI)

Example: The verification conditions generated from
{X=x A Y¥=y) R:=X; X:=Y; Y:=R {I=y A Y=z}
are those generated by
[X=x A Y=y} R:=X; T:=Y {(XZ=g A Y=x)[RSY]]
which, after doing the substitution, simplifies to
[X=x A Y=y} Ri=X; X:=Y {X=y A R=x}
The verification conditions generated by this are Lhose generated by
{x1=x A ¥=y] R:=X {(X=y A R=x)[Y¥/X1}
which, after doing the substitution, simplifies to

_.HHH A Y=y] R:=X .n.___uu_ A R=x}.
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Chapter 3 Mechanizing Program Verification

his mat

I’
E:mnr&n Exercise 33) consists of the single condition

\Y

(i) x =@ (rxQ) A (Y<R) = X = (R-V)+(¥x(+1))

The WHI

and

com
To PDf trial version

ulntpdf
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Createtl

http
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mmand specification is thus teue if (i), (i) and (iii) hold, ie.

,tor

Enage

3

qu

b

b {R=X A G=0}
WHILE Y<R DO .
BEGIN R:=R-¥; Q:=Q+1 END
{x = RefYxQ) A ReY)

F R=X A Q=0 = (X = R+{¥YxQ))

A+(YxQ) A —~(Y<R) = (X = R+(¥xQ) A R<Y)

Re{¥xQ) A (Y<R) = X = (R-Y)+{¥x(Q+1))

verification conditions generated by the annotated program
n! (the factorial of a) given in the example on page 447 O

y annolated specification ef a FOR-command has the form

n.,.-.-_”“ FOR ._.."".m“_. UNTIL un__.u B0 ﬁ..m.m.u © T..M.i

9.4 Verification condition generation 51

FOR-commands

The verification conditions generated from

(P) FOR V:=E; UNTIL E; DO {R] € {Q)

are

(i} P = RIEV]
(i) R[IE;+1/V] = Q
(iiil) P A Es<E = Q

(iv) the verification conditions generated by

P

(RAE SV AV<E)C{RIV+1V])

(v) the syntactic condition that neither V', nor any variahle occurring
in Ey or Fy, is assigned Lo inside C

Example: The verification conditions generated by

{x=0 A 1<K}
FOR N:=1 UNTIL M DO {X=((N-1)xN) DIV 2] X:=I+M
[X = (Mx(M+1)) DIV 2}

are
(i) =0 A 1<M = X=((1-1)x1) DIV 2
(i) X = (((E+1)-1)x(M+1}) DIV 2 = X = (Mx(M+1)) DIV 2
(iii) T=0 A 1<H A Mci = X = (Mx(M+1)) DIV 2
(iv) The verification condition generated by
{x = ((N-1)xN) DIV 2 A 1<N A N<N)

L:=1+H
{x = (((N+1)-1)x(N+1)) DIV 2|

which, after some simplificalion, is

E=((N-1)xH)DIVZ A 1 €N
==
N<M = X+N=(Nx(N+1)) DIV 2
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e
(i) T8e verification conditions for (£} €; .. Ca iV = £ Q) are

p ble, then it must be the case that the verification conditions for

[RBCr - iChoy {QLE/VY) are also provable and hence by induc-

tigm we have [P} Cyi...iChy {QLEJV). Tt then follows by

| ignment axiom that b {QLE/I1} V := E [Q), hence by the
ncing rule b {P} Cy; ... ;Chuy;V 1= E{Q).

| -
Blocks

Q

If the weesfication conditions for (}EEGIN VAR Vi; .. .;VAR V,;C END (@)
are provakle, then the verification conditions for {P) € [Q} are provable
and 15, C, V, do not occur in P or Q. By induction + {P} € {Q] hence
by the @r rule (page 20) - {P)} BEGIN VAR Vj: ...:VAR V,:C END {qQ}.

D
nmn.m..ﬂun.an:ﬁ__._

If the v&fication conditions for { /] WAILE S 00 (R} € [Q] are provable,
then - P = R - (R A =5) = € and the verificalion conditions for
R A ﬂu {R} are provable. By inductiont {R A S} € [R}, hence by
the WEILE-rule (page 24) - (R} WRILE S DO €' {R A —8), hence by the
conseqffffe rules (see page 19) - (P} WHILE 5 DO C {Q}.

LL
wmﬂuu._m:n—u

ﬂ@:up;n verificalion conditions for

QO (P} ForRV = E uNTIL £, DO {R) C [Q)]

¥ ble, then

D .
- RLE,/V]
Tmm__:ﬁ._ = Q

Nk e A, ..n“.u__nn.._..l.___Hu.h-._

X

i

] T rification conditions for

m {RAE SV AVSCE)C{RIV41/V])
M

http://

vable.
_w“ V. nor any variable in B or £, is assigned to in C.
| —

LB iy

B ol ——

R S VR

3.5 Justiication of verification canditions AR

By inductionF (R A E; <V A V £ B3} C {RIV+1/V]), hence by
the FOR-rule

F {RLE/V] A E, < E;} FOR V := E) USTIL E; D0 C (RLE; + 1/V1])
hence by (1), (n) and the conssquence rules ,
(vi) F {P A E; < E;) FOR V := E; UNTIL E5 DO € {Q).
Now by the FOR-axiom (page 30)
F{(PAB<E)AE}FORV =E UNTILE; D0 C {P A By < E},
hence by Lhe consequence rules and (iii)

F {P A E; < E\} FOR V := E; UNTIL E; D0 C {Q].

Combining this last specification with (vi) using specification disjunction
(page 19) vields

F{PAE; < E\)V(PAE, < E;)) FORV := E, UNTIL E; DO C {Q v Q)
Nowhk Q VvV Q = Q and
F(PAE<E)V(PAECE)= PA(E<E Vv E <E)
but - Es < Ey v E; < E5, hence
F(PAE<E)V (P AE <E)

and so one can conclude:

F {P} FOR V := E, UNTIL E; D0 C {Q)
Thus the verification conditions for the FOR-command are sufficient.

Exercise 37
Annotate the specifications in Exercises 17 to 25 (they start on page 33 )
and then generate the corcesponding verification conditions. O

Exercise 38
Devise verification conditions for commands of the form

REPEAT C UNTIL 5
(See Exercise 26, page 37.) O

Exercise 39
Do Exercises 27-31 using verification conditions, O

Exercise 40
Show that if no variable cceurring in P |5 assigned to in €, then b
[P} C{P). Hint: Use induction on Lhe structure of €, see page 52. O
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&0 Chapler 4 lntrodoction Lo the Acaleulis

th|s mal

A-calculus the parallel evaluation of programs. During the 1980s sev-
eral rese groups took up Henderson's and Turner's ideas and started
working osnaking functional programming practical by designing special
architectudes to support il, some of themn with many processors.

We thpe=see that an obscure branch of mathematical logic underlies
importantA&velopments in programming language theory, such as:

(i) _H._unwm_mw of fundamental uestions of computation.
(i) .ﬂwﬂmmmu of programming languages.

{iii) .H_rnn.w_ﬂ-_:nu of programming languages.

(iv) The@hitecture of cémpulers.
D
4.1 mq—wuun and semantics of the A-calculus

The ._.-nm._y.ﬁ is a notation for defining functions. The expressions of
the notatimeare called A.exrpressions and each such expression denctes a
function. NMvill be seen later how [unctions can be used to represent a wide
variety of Hala and data-structures including numbers, pairs, lists elc. For
example, W Will be demonstrated haw an arbitrary pair of nuinbers (z,v)
can be reftfsented as a A-expression. Asa notational convention, mnemanic
nanfss ighed in bold or underlined to particular M-expressions; for
exa ”mum._n A-expression [defined in Section 5.3) which is used to
nmﬂ__“m= number one.

fiat e G.T.E_ three kinds of A-expressions:
ih!r_mm" z, ¥, ¢ ete. The lunctions denoted by variables are de-
rmj by what the variables are bound to in the environment.
in is done by abatractions (see 3 below). We use ¥V, V3, V5 ele.

ary variahles,

=
( on applications or combinations: if E, and E; are A-
muﬂ wons, then so is (Ey £y). il denotes the result of applying
the Tunction denoted by E, to the funclion denoted by E;. Ej is
lleMye rator (from ‘operator’) and Ey is called the rand (from
pefed’). For example, if (m, n} denotes a function representing
egay of numbers m and n {see Section 5.2) and sum denotes the
ddi function ! A-calculus (see Section 5.5), then the applicalion

ﬂ?: .a)) denotes m+n.

[ ] [ ] r
¥ pﬁr&.i is & A-expressinn, wheress + is 8 math=matical symbal in the *met-
slanguake” (Le. English) that we are using for talking about the d-calculus,

< O

(e R

— T e —— ————

41 Syntax and semantics of the A-caleulus (i}

(111} Abstractions: if V is a variable and E is a A-expression, then AV, E
is an abstraction with dound variable V and body E. Such sn ab-
straction denotes the function that takes an argument o and returns
as result the function denoted by E in an environment in which the
bound variable V' denotes a. More specifically, the abstraction AV, E
denotes a function which takes an argument £ and transforms it into
the thing denoted by ETE'/V] (the result of substituting E' for V in
E, see Section 4.8), Forexample, Az sum(z, ]) denotes the add-one
function.

Using BNF, the syntox of A-expressions is just:

u= <variable>
| (< A-expression> < A-expression>)
| (A <variable> . < M-expression>)

< A-expression>

If V ranges over the syntax class < varisble > and E, E,, F;, ... etc. range
over the syntax class < A-expression >, then the BNF sunplifics to:

E =V |(Ey E3) _mf_q.m..

| r{_ |
variables abétractions
applications
[combinations)

The description of the meaning of A-expressions just given above is vague
and intuitive. It took about 40 years for logicians (Dana Scott, in fact [65])
to make it rigorous in a useful way. We shall not be going into details of
this.

Example: {Az. =) denotes the ‘identity function’; ((Az. 2V EY=E. O

Example: (Az. (Af.(f z))) denotes the function which when applied Lo E
yields (Af. (f £))LE/z], ie. (Af. (f E)). This is the function which when
applied to £ yields (f EV[E'/f] ie. (E'E). Thus

((A=- (AS. (f 2))) E)= (A (/ E))

and

((AS. (f E)) E') = (E' E)
o

Exercise 41
Describe the function denoted by (Az. (Ay. y)). D
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h

The rules of M-conversion

COnvVersion

Any abstraction of the form AV, E can be converted to
AVEL EIV' V] provided the substitution of V' for V in
o  FE i3 walid.

..@n_.__ﬂ.d_m..wmn:.
) Any application of the form (AV, E;) E; ean be con-
- verted to E) [E5/V], provided the substitution of Ey
- for V in E; is valid.

[ ] .ﬂu..-.f...ﬂ.ﬂﬂ..mﬁw—..—..

Any abstraction of the form AV. (E V) in which V has
Nu no free occurrence in E ean be reduced to £

>

The fogwing notation will be used:
. ﬂl E; means E) a-converts to £y,

emeve’

. Elﬂl E3 means £, f-converts to £,

m- mlq._ Ea means E; n-converts lo Ej,

?Wnﬂ_.@ 4.4.4 below this notation is extended.
S—=The Thost important kind of conversion is f-conversion; it is the one that
Fe) used to simulate arbitrary evaluation mechanisms. a-conversion is
Ge w(i}) the technical manipulation of bound variables and n-conversion
s} e facl that two functions that always give Lhe same results on
(8 sa rgumenis are equal (see Section 4.7). The next three subsections
fu explanation and examples of the three kinds of conversion (note
m ‘¢ rsion’ and ‘reduction” are used below ad synonyms).

I On-conversion

O

-expression (necessarily an abstraction) to which a-reduction can be
13 called an a-reder. The term ‘redex’ abhreviates ‘reducible ex-

iofd) The rule of a-conversion just says that bound variables can be

ﬂ:&%ﬁimmm no ‘name-clashes’ occur.
s e A

0

44 Conversion rules ti 5

Examples

Az xr —sdy. g

Ar. fr— Ay [y
o
It is nof Llie case thal

Az Ay, add =z ¢ ”..__E. Ay addd y w

because the substitution (Ay. add = y){y/z] is not valid since the y that
replaces r becomes bound. O

4.4.2 [f-conversion

A A-expression (necessarily an application) to which F-reduction can be
epplied is called a f-reder. The rule of #-conversion is like the evaluation
of a function call in a programming language: the body E) of the function
AV. Ey is evalusted in an environment in which the ‘formal parameter’ V
is bound Lo the *actual parameter’ Es.

Examples
(Az. f2) E = I E
(Az. (Ay. add r y)) 3 = Ay, add 3 y
(Ay.add3y)4 — add3 4
It iz not the case that

(Az. (Ay. add = y}) (square y) == Ay. add {square y) y

because the substition (Ay. add r y)[{square y)/z] is not valid, since
¥ is free in (square y) but becomes bound after substitution for r in
(Ay. add =z y). O
It takes some practice lo parse A-expressions according to the conven-
tions of Section 4.2 so as to identify the fredexes. For example, consider
Lhe application:
(Ar. Ay. add z y) 3 4
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4.5 m_n_hlwﬁm:ww of A-expressions

The three sPhversion riles preserve Lthe meaning of A-expressions, Le. if £,
can be cof@rted to Es5 then E, and E; denole the same function. This

proparly onversion should be intuitively clear. It is possible to give a
mathematA®l definition of the function denoted by a MA-expression and then
to prove Lt this funclion is unchanged by o+, - or y-conversion, Doing

this is surprisingly difficult [67] and is beyond the scope of this book

We willlimply define two A-expressions to be equal if Lhey can be
transform#d-into each other by a sequence of (forwards or backwards) A-
conversio s impoctant Lo be clear about Lhe difference between equalify
and rdenigps Two A-expressions are identical il they consist of eractly the
same sequinte of characters; they are equal il one can be converted ta the
other. mﬁ_wgu..din. Az, r 13 equal Lo Ay, y, but not identical to it. The
following q_.._nz. 15 used:

. B % means £y and Ey are identical,
« E, du means £y end E; are equal

H.ﬂﬂﬂ.ﬁﬂﬂu ig defined in terms of identity _“m”. afnd conversion [—,
— and ﬁ as follows,
n

* L

SEa
QA

:m_v.n___n@ are d-expressions then £ = E'if £ = E' or there exist

ﬂﬁ?ﬁ.ﬂ_ Eyy ..., Eq such that:
mm =3l)
e
For h 1 either

Equality of M-expressions

F:
_“_u%.f.. = £ or [ = E;or Ei s = ;.
l®,

(bt — Eigy or B — Eiyq 0r By —s Eiyy or
— m L'}

E

(Az.z)L =1

http

1/
Credtec

e e

e Ty NP - R AN —

— e —— ——— -, -

S —

" — I 5

e e

4.5 Equality of A-expressions B9

(Az.z) ((Ay-y) L) = L
(Ar. Ay. add r y) 34 = add 3 4

From Lhe definition of = it follows that:
(i) Forany E il is the case that E = E {equality is reflerive).
(ii) Il £ = E' then E' = E (equality is symmeiric).
(iii) If E = E' and E' = EY, then E = E" (equality is transitive),

If a relation is refllexive, symmelric and transitive then it is called an
equivalence relafion, Thus = is an equivalence relation.

Another important property of = is that if Ey = £y and il E} and F}
are two A-expressions that only differ in that where one contains £, the
other contains E;, then E] = EX. This properiy is called Leibnitz's faw.
It holds because the same sequence of reduction for getting from £y o Ey
can be used for getling from E} Lo Ej. For example, if By = Ej, then by
Leibnite's law AV. Ey = AV, E,.

It is essential for the substitutions in the o- and Freductions te be
valid. The validity requirement disallows, for example, Az. (Ay. £) being
a-reduced Lo Ay. (Ay. ¥) (since'y becomes bound after substitution for z in
Ay, z). IT this invalid substitution were permitted, then it would fallow by
the definition of = that:

Az Ay == Ay Ay y
But then since:

(e (g2 12— Gw. D2—1

.I._._.&

(Ay. (Ay-v)) 12— (A v) wﬂm

2. More generally by replacing 1

—_

a
one would be [orced Lo conclude that 1 =
i be shawn that any two expressions

and 2 by any two expressions, it coul
are squal!

Exercizse 43 .
Find an example which shows that if substitotions in F-reductions are al-

lowed to be invalid, then it follows that any Lwo A-expressions are equal.
O
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(0))
e
Exercise q
Show that e
>

m.___nn Jzlgx))(Az p. x) (Az y. x) = =

'n] | -
@
e

4.8 Sgbstitution
o

At the Tmmsmzm of Section 4.4 E[E'/V] was defined to mean the result
of substitu £ for each free occorrence of Vin £, The substitution was
said to be d il mo free varinble in E' became bound in ELE'fT]. Tn the
definitions e o - and F-conversion, it was stipulated that the substitutions
involvad qﬂ%#m valid. Thus, for example, it was anly the case Lhal

S
t _....y..—._.. .m_.__._ .m.u ﬂ.. .m___ ﬂm.u____._._._..u

mnu substitution £y [E3/V] was valid.

Dﬂ:ﬂn:.mﬁn toextend Lhe imeaning of £[E ___51._ g that we dan'L
—_E.n n.iﬂ_@_ua:w validity. This is achieved by Lhe definition below which
has _:.__"E.,.w that for all expressions E, Ey and Es and ail variables V

5
=

A\Fadyltp
age E

Ey — Ey[E5fV]1 and AV E— AV, ELIVV]

i m

B

property holds, ELE'/V] s defined recursively on the

siru mn__:n_iu.

/I

http

Created b}?

i

o =

e i

e e Pt - &

L

4.8 Sobstitution T3
E ELE'/V]
v E'
v {where V £ V) Ve
..m'n .m_.u .m__. Hmn___qﬂ.wu .m.uﬂmwi__qﬂ___.u
AV Ey AV, E;

AV E; (where V £ V' and
V' is not free in E')

AV, B\ [E'/V]

AV'. Ey (where V # V' and AVT. By IVYIVIILE V]
V? iz free in E') where V" iz & variable
not freein E' or E,}

This particular definition of E[E'/V] is based on (but not identical
ta) the one in Appendix C of [4]. A LISP implementation of it is given in
Chapter 12 on page 228

To tllustrate how this works consider (Ay. w =)[y/z]. Since y s free in
y = we must use the last case of the table above. Since z does nol occur 1n

¥=ory,

(Ay-y =)yfed = Az (y 2) L /yllyf=l = e (2 z)[yfz)l = Az 2y

In the last line of the Lable above, the particular choice of V" 15 not
specified. Any variable not occurring in E' or Ey will do. In Chapter 12
an implementation of substilulion in L1SP 18 given.

A good discussion of substitution can be found in the book by Hindley
and Seldin [31] where various technical properties are stated and proved.
The lollowing exercise 1s taken [rom that book.

Exercise 50
Uee the table abave Lo work out

(0 (Ay. =z (Az_2))[{Ay. » 2)/=].
(i) (v (Ar. =z Z))[(Ay. 2 p)/=].

O
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improved translation to, 138
primilive, 130
ayntax of, 130
combinatory expression, 130
combinatory normal form, 137
command-type, 158
command, 198
commands, 4
FOR-commands, &
WHILE-commands, 6
assignments, 4
blocks, 5
one-armed conditionals, 5
sequences, 4
two-armed conditionals, 5
compilation in LISP, 172-175
compiling
and macros, 160
including files, 175
local funclions, 174
macros, 174
transfer tables, 175
compleleness
functional, 131-134
of Floyd-Hoare logie, 32
compound statements, 11
concat, IT6
conclusion of ruls, 15
cond, 156
conditional rules, 22
conditionals, 79
in LISP, 158
cong, 155
cons, 1H
consagqusnt, 185
context bugs, 163
conversion, 63-47
o, 63
A, 63
&, 102
n 63
generalized, 66
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normal order, 121
termination of, 67, 120, 121
correctness,
see Hoare's notation,
see Ltotal correctness,
see partial correctness
culprie, 181
Curry's algorithm, 140
implemenlation in LISP, 238
Curry, H., 59
curry-redoce, 238
curry-reductions, 238
curry, 238
curry, 90
curry,,, 20

[e Bruiyn, N., 74
decision procedurse, 319
declarations
combining, 108, 110
in A-caleulus, 106
local in LISP, 158
of variables in blocks, 7
of LISP lunctions, 154
of LISP macros, 169
deacliars, 174
detf, 154
defmacro, 169
defn-fun, 221
defn, 220
dafn+, 221
defprep, 167
defun, 154, 160
&-conversion, 101-103
depth-conv, 187
depth-imp-simp, 187
depth-rewrite, 189
derived block rule, 22
derived sequencing rule, 20
disjoint, 205
dotted pairs, 151
dynamic _ur.._n::hq 162185

aighth, 171
elpa-part, 190
empty list, 152
environment, 153
sq, 155, 165
sqns, 18]
squal, 176
equality in LISP, 1685
aqual, 166
oq, 165
equality of A-expressions, 68-70
undecidability of, 127
arTor, 201
n-conversion, 63
Euclid, 32
aval, 150
evaluation
in A-calculus, 117
in parallel, 117
sxpand-defns, 237
eXpressions,
see terms
different kinds, 13
extensionality, 66, T1, 72

facts, 18], 1591
fexpe, 154
tifth, 171, 18]
first-order logic, 11
firse, 171, 18]
fixed point, 87

second Lheorem, 125
Floyd-Hoare logic, 15
fonts in specifications, 10
for-annotation, 195
for-body, 159
fTor-var, 199
for-vc-gen, 208
FOR-axiom, 30
FOR-commands, 6
FOR-rule, 20
formal proof, 15
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normflidation theorem, 121
not, #
null, 176
null, §2_
nusbelp) 176
one-ar conditionals, &
or, 15
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pairs, 80
paramgse specifications, 111

ti rreciness, B

m@:ﬂm?n functions, 97, 98
lsgmy, 181, 187, 193
t nes, 5., 217

wh (@9
at 187
dér, xii
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E?n@nu weakening, 18
ot ition; 198
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tondilion, B
ongPhyn strengthening, 17

.nh@..—n_u. 198

die 11

mbinators; 130
ecursion, 93-95

._._”“E order, 98
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princ, 176

print-1iat, 210

print, 176

prod, 89

progl, 177

prog2, 177

prog, 158

progn, 177

programs, 4
examiple language, 4-7
functional, 105, 111
imperative, 3

proal, 13
automatic, 39
checking, 39
fallacious, 14
formal, 15
forward, 40
goal oriented, 40
reagon for, 14

properly lists, 166- 168

prova, 190

prover, 197

putprop, 167

quots, 153, 155

rand, 60
rand, 219
rands 231
rator, 60
rator, 218
ratore, 22]
re~-dapth-conv, |80
re-depth-rewrite, 189
_.nm.._._.nﬁ.nau. 170
raad, 162
recursion
in A-calculus, R6-Ra
in LISP, 160
mutuoal, 92
partia], 97
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recursive functions, 93, 95-97
redex, 64
leftmost, 120
reduce—flag, 231
reducel, 231
REDUCE, 231
reducs, 231
reduetion,
I¢e CONVETSIONn
combinator, 130, 131
reduction machines, 135-137
remova-lambdas, 235
repaat, 187
resat, 168, 177
reat, 172, 181
return, 159
rav-aeq-vc-gen, 109
ravrite-flag, 181, 1584
rewrital, 1B4
rawrite, |1B5
rewriting
control of, 189
Paulson’s approach, 187
theoren proving by, 179
rha, 198
rule of inference, 14
FOR, 26
WHILE, 24
block, 20
conditional, 22
derived hlock, 22
derived sequencing, 20
postcondition weakening, 18
precondition strengthening,
17
sequencing, 19
specification conjunetion, 19
specification disjunction, 19
tiles of consequence, 19

g5, 140
S-expressions, 150-152

evalualion of, 151
5, 130
Schonfinkel, M., 59
Scott, D., 58, 61
second fixed-point theorem, 125
aecond, 171, 18]
sermantics, 4
seq-commands, 199
seq-vc-gan, 208
sequences, 4
sequencing rule, 10
satg, 153
saventh, 171
side conditions, 21

checking by verifier, 200
sixth, 171, 181
snd, 80
soundness, 32
special variables, 174
special, 174
specifcation conjunction, 19
specification disjunction, 19
specifications,

ace total correctneds,

see partial correcbness,

see Hoare's nolation
satatus, 175
atatament, 190
statements, 4, 11

of mathematics, 13
static binding, 163
Strachey, C,, 59
strings; 152
atrip-abs, 223
strip-lecals, 202
sublis, 177
subst, 177
substitute, 238
substitution, 72-75

algorithm for, 72.

implementation  in LISP,

227-220
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