Conditions for Stable Equilibrium

e Consider the conditions for spontaneity:
e Isolated system
dSsys >0

e Nonisolated system
dStot = dSsys + dSsurr >0

or
dssys > *dssurr
or d
q
dSsys >
Y Tsurr

Since dg = dU — dw
dUsys Pemt av

Tsurr TS’UA"T

(This assumes that only pressure-volume work is involved.)

dSays >

Rewriting:
TsurrdS > dU + PeyidV

gives an expression for a system moving spontaneously to a new equilibrium.

e Note that anything without a subscript applies to the system.

If the system is at equilibrium then Ty, =T and P.,; = P and the equation becomes:
TdS = dU + PdV

which is the Master Equation.

Different constraints (or different ways of being in contact with the surroundings) give rise to different
conditions for equilibrium.

e Consider the case of constant volume and constant entropy:

dV =0;dS =0
Then: dUsys  Poge dV
dSS > sYs + ext
Y TSUTT‘ TSUT‘T‘

becomes:

0> dUV, S
or

dUV,S <0

e Consider another (different) case where U and V are constant.

dU = 0;dV =0

e Then the condition for spontaneous change becomes:

dSUJ/ >0



The constraints of constant entropy and volume correspond to those of:
e a closed isolated system.
e a system undergoing an adiabatic reversible process at constant volume.
Systems of chemical interest are couple to their surroundings by one of the following:
e external forces (pressure or external field).
e thermal contact (constant T reservoir)
e material contact (such that the system exchanges matter with the surroundings)
e reactive contact (in which an exchange of matter influences chemical reactions withing the system).

Now consider enthalpy:
H=U+PV

or in differential form:

dH = dU + d(PV) = dU + PdV + VdP
or
dU = dH — PdV — VdP

e Substituting into the condition for spontaneity:

TsurrdS > dH — PAV — VAP + Py dV

e Under the constraints of constant P and S, dP = 0, dS = 0 and P,.,y = P, the condition for
spontaneity becomes:
dHpg <0

and the enthalpy decreases as much as possible during the process.
What about other constraints, such as dV = 0,dT =0 or dP = 0,dT = 07

e We need to have thermodynamic functions which include entropy and have (V,T) or (P,T) as their
natural variables.

e Also the thermodynamic function should decrease during the spontaneous process.
Helmholtz Free Energy, A

Consider first constant 7" and V.
Define A=U —-TS.

e Then:
dA =dU — S8dT —TdS

or

dU = dA + SdT +TdS
Thus the condition for spontaneity becomes:

TourrdS > dA+TdS + SdT + PeyrdV

Applying the conditions of constant T (dT = 0 and Tsy» = T') and constant V' (dV = 0) yields:

0> dAT7V



Gibbs Free Energy, G

e Consider constant T and P.
e Define G=H —-TS.

e Then
dG =dH — 5dT —TdS

or

dG =dU + PdV + VdP — SdT — TdS
or
dU = dG — PdV — VdP + SdT +TdS
e Thus the condition for spontaneity becomes:

TsurrdS > dG — PV — VAP +TdS + SdT + Py dV

e Applying the conditions of constant T (dT' = 0 and Tsyr = T') and constant P (P = Pe,t, dP = 0)
yields:
0> dGT,p

e In summary, the condition for spontaneity is that entropy is maximized and under various constraints,

this becomes:
dUV,S <0

dHpg <0
dATyv <0
dHT,p <0

Legendre Transforms

U, H, A, and G are thermodynamic potential energy functions and are Legendre Transforms of each
other.

S and T are a pair of conjugate variables.

e P and V are pair of conjugate variables.

Start with the Master Equation:
dU =TdS — PdV

e FEach of the other thermodynamic potentials is a transform of one of the others:

H=U+PV
A=U-TS
G=H-TS

e Each transformation involves the addition or subtraction of a pair of conjugate variables.

e Spontaneous processes minimize potential.

A Closer Look at Stability



Recall the case of two identical metal cubes (a and b) at different temperatures which are allowed to
equilibrate under the constraints of constant U and P.

Change the constraints to constant S and P.

e Does a new spontaneous process occur?

e Use a engine to transfer energy form one cube to another (Figure 5.1).
e Energy can be transferred as heat or as adiabatic work.

e Energy can be transferred to or from the surroundings.

e The constraint of constant S means that S, + Sj is constant.

Allow the temperatures of the cubes to change, but keep the volumes of the cubes constant.
e What is dHS,p?

o If dHgs p < 0, then a spontaneous process will occur as a result of changing the constraints from
dU =0;dP =0to dS =0;dP =0.

o If dHs p =0, then the system is at equilibrium under the new constraints. Equilibrium under the
new constants requires no work.

o If dHg p > 0, then the system is stable under the new constraints and no spontaneous process may
occur.

e If S is constant then o o
0=dS = dS, +dS, = —2dT, + —=

dT,
T, T, "

e Thus the temperature changes are not independent:

T
dT, = —=2dT,
a Tb b

e But
dH = dH, + dH, = Cp(dTa + dTb)

e Substituting for dT, gives:

Tq
dH = 1 - — | dT;
CP< Tb) b

At equilibrium at constant U and P,
T=T,=T,

Suppose that the new constraints led to an increase in Tj.

e Then T, /Ty, < 1, dT}, > 0 and dHg p > 0 and the system was already stable.

Suppose that the new constraints led to an increase in Tj,.
e Then T,/Tp > 1, dT, > 0, dT, < 0 and dHg p > 0 and the system was already stable.

e When a system in stable equilibrium requires work to move to another state, the reverse process is
spontaneous and can do work on the surroundings.

Free Energy

Can be defined as the maximum amount of work that can be associated with a constant T process.



e Consider the condition for equilibrium or spontaneity:
TsurrdS > dU — dw

where the equal sign applies to equilibrium and Ty = T'.

e Consider work having two components:

dw = —P.,;dV + dw’

e —P,..dV represents the work done in moving the boundaries of the system.
e duw' is all other forms of work.

e Thus the condition for spontaneity may be written:
TsurrdS — dU > PoyydV — duw'

where
e the left hand side depends only on state variables
e The equality holds for reversible processes
e The inequality holds for irreversible processes
e the right hand side is work done by the system.
e The reversible isothermal process will maximize the work done by the system.

e This is known as the Free Energy
Constraints on Free Energy

e All cases considered are reversible processes.

e Consider the case of constant S and constant V:

/
—AUS,V = _wS,V

) fwgfv is the maximum work done by the system, only under the constraints of constant S and
constant V'

e Consider the case of constant T" and constant V:

TASMT — AUV,T = —w(/,T

e Recall that the definition of Helmholtz Free Energy, A

A=U-TS

e Therefore
7AAV,T = 7w§/T

e Similarly it may be shown:
e At constant S and P:

/
—AHSP = _wS,P

)



e At constant T and P:

7AGT’p = 71UIT’P
Consider further A the Helmholtz free energy:
A=U-TS
dA =dU —TdS

But
dU =TdS — PdV

and if PdV is along a reversible path, then
dw = —PdV

and
dA = dw

Vi
AA= —/ P(V)dV =w

Vi

This means that the Helmholtz Free Energy incorporates both internal energy and entropy effects.

A Closer Look at Work

How can there be any work under the constraint of constant V'?
Consider a variant of the Joule apparatus.

e The total system is divided into two subvolumes V; and V;; by a frictionless sliding partition.

e The total volume is fixed.
V=Vi+Vs
e The system is adiabatically isolated.
The partition is withdrawn reversibly.
e A reversible adiabatic process is isentropic.
The system will perform work w’.
e Since the partition moved internally, there is no PV work transferred to or from the surroundings.
e But w’ can be calculated from [ PdV

Since the process was carried out at constant .S and V,

!
AU&V = wsyv

If the system is put in contact with a thermal reservoir, then the constraints become T and V.

e If the internal partition is moved reversibly, then

/
AAT,V - wT7V

Consider now the constraints of constant S and P.



e Two thermal reservoirs at different temperatures 7, and T; drive a Carnot engine.
e Run the engine until the temperatures are equal.

e Work w’ will be produced. Therefore:

Ty # (TG;TZ’)

e Under the constraints of constant S and P, AHgs p = wg p
e Need to find T

e From the constraint of constant S:

Cp Cp
=dS =dS, +dSy, = —dT, + —dT;
0 S Sa +dSp T + T b
at,

Ta B Tb

and

e It can be shown that Ty < (T, + Tp)/2

e The total AH is:
AH =AH,+ AH, = Cp(Tf — Ta) + Cp(Tf — Tb)

AHg p = Cp((T,Ty)Y? — T,) + Cp((T Tp)"/? — Tp)
= Cp(2AT,Ty)? =T, — Tp)

e Because Ty < (T, +T3)/2, AH is negative and is the work done on the surroundings.

e Consider now the constraints of constant 7" and P

e An example is a chemical battery which produces work at constant 7" and P.
e The reactants in a battery are kept separate until the electrical circuit is complete.
e When the circuit is complete, electrical work is done on the surroundings.
e The energy released is the Gibb’s Free energy.

e Energy is released until the free energy is minimized and the battery goes dead.
Multicomponent System and Chemical Potential

e Consider two systems at the same T and P and allow them to interact by exchanging molecules.
e Some examples:

e Liquid water in contact with water vapour. The boundary between the two phases is the open
surface of the liquid.

e A container of hydrogen in contact with a container of deuterium. The two isotopes will sponta-
neously mix.



e Cu(s) in contact with Ag(s). The two metals will spontaneously mix.
e Oil floating on water. Very little mixing will occur.
e Consider the equilibration of hydrogen and deuterium at constant 7" and P.

e The appropriate thermodynamic potential is GG, which is extensive.
G(total) =Gr+Gyg

where G; and Gy are the Gibbs Free Energy at any time in the process.

What is going to change is the number of moles of each species in each subsytem.

Therefore G; and G;; depend on ny and ns, the number of moles of each species in each subsystem:

Gr = Gr(ni,n2);Grr = Grr(ni,n2)

Spontaneous mixing occurs and thus G(total) is expected to decrease:

dGr = (—6GI) dny + (@) dno
ony T,Pns Ina T,Pny

0Gr oG
dGrr = d d
1 ( anl ) T,P,ng nl + ( an2 ) T,P,nl n2

e Conservation of mass means:

dnq (container 1) = —dnq (container 2)
dns(container 1) = —dnz(container 2)

Therefore:

dG(tOtal) =dGr +dGrr =

<8G1> B <8GH) in
677/1 T,P,n2 8”1 T,P,TLQ '

(GGI) B (86‘11) dns
M2 /) 1. pn, M2 ) pp,

where dn; and dng are with reference to container I.

e The process occurs until dG = 0.

e This may occur in two ways. Either:
d’l’Ll = dng =0

()~ ()
ony T,Pns ony T,Pna

(s~ ()
Ong T,P,n, Ong T,Pn,

e Note that these partial derivatives have units of molar energies.

or:

and

e For a one component system:

G(T,P,n) = nG(T, P)



where G(T. P PYe
G(T, p) — M — ( )
TP

n an

e For a system with more than one component:

- (29)
ony T,Pns

G = (o)
anQ T,Pni

These partial molar quantities are also known as chemical potentials:

i :ai

Consider again, the mixing of Hy and Ds:

The process will continue until the chemical potential of one component equals the chemical potential
of the other component through out the system.

e For a one-component one-phase system at equilibrium, 7" and P are required to be uniform throughout
the system.

e Uniform chemical potential for each component in all phases is an additional requirement for equilibrium
in a many component or many phase system.

In the case of liquid water and vapour
e There are two phases

e At equilibrium the chemical potential of the vapour is equal to that of the water.

In the case of oil floating on water:

e Traces of oil dissolve into the water and water dissolves into the oil until the chemical potential of
the oil in the oil phase is equivalent to the chemical potential of the oil dissolved in the water.

e The chemical potential of the water dissolved in oil and the chemical potential of the water are
equal.

More about Chemical Potential

e Recall the master equation:
dU =TdS — PdV

and the following definitions of the other thermodynamic potentials:

H=U+PV
A=U-TS
G=H-TS

which upon substitution in the master equation, yield the following differentials:
dH =TdS +VdP

dA = —PdV — SdT



dG =VdP — SdT

(o ([ 0H,
Hl a anz S,V,nj a anz S,P,nj
(04, et
-\ 0w V,T,nj_ Mi )1 po,

()
on; U,V,n;

Uniformity of Chemical Potential

e It can be shown

e Consider a system with
e ¢ components
e ¢ phases
e All phases in contact with each other (directly or indirectly).
e Assume system is closed.

e The master equation for a particular phase « is:

dU® = T*dS* — P*dV® + > pf'dng

i=1
e Consider now the total internal energy of the system:
dU = dU® +dU” + ...+ dU?

=T%dS* — P*dV® + > pf'dng

=1

+7%dSP — PPAV? +3 " il dn]]

=1

+T9dS? — PPdV® + Y pfdn

=1

e The natural variables of U are (S, V,n;).

e If all these variables are maintained constant:
dS =dS*+dSP+...+dS? =0
dV =dVe+dVP 4+ ... +dv? =0
dn; = dn$ +dn? + ...dn? =0,

i=1,2,...,c



o If the system has reached equilibrium, then U is minimized and

dUS,V,m,nzw.,nc =0

e This system has ¢ + 2 variables for each phase ¢ for a total of ¢(c + 2) variables.
e Equilibrium of the entire system imposes ¢ 4+ 2 constraints
e This reduces the number of independent variables to (¢ — 1)(c + 2).

e For example, this could be used to eliminate all the variables pertaining to phase a. Thus:
AUs . vni na,...n. =0
= (1% - 7*)dS? — (PP — P*)dVP
+(uf = pydn? + .+ (W = p)dnf + ...
+(T? — T*)dS? — (P? — P*)dV?®
(g = pf)dng + .+ (n — p)dng

e Each of the variables in this equation are independent.

e Therefore each of the coefficients of each of these variables must be zero. i.e.

9 —T*=0
PP —pPY=0
pi—pg =0
etc.
pe —pg =0
e Thus, throughout the system:
e Temperature is uniform
To=T°=...=T%=T
e Pressure is uniform
P*=Pl=...=P?=P

e Chemical potential of each component is uniform.

p =y == pf
etc.
pe =l == pl

This is the condition for multiphase,
multicomponent equilibrium

The Phase Rule
(see Section 6.6)



e Consider the criterion for equilbrium of some component, i, among the ¢ phases:

e This establishes a set of relationships (in addition to those established from the master equation)
among n?, such that these are not independent of each other.

e These relationships provide (¢ — 1) constraints on component i for a total of ¢(¢ — 1) constraints.
e In addition, the fact that 7' and P are constant removes 2¢ — 2 degrees of freedom.
e But T and P are just a specific instance of external intensive variables.

e There are systems in which other external intensive variables could be important (such as surface
energy, external magnetic or electrical fields, external force, etc.)

e Therefore use I to describe the number of external intensive variables and generally the condition
of uniformity of the external intensive variables removes I'¢ — I degrees of freedom.

How many degrees of freedom are left?

e For ¢ components, there are ¢ — 1 independent mole fractions

Each of ¢ phases is described by ¢ — 1 + I intensive variables for a total of ¢(c — 1 4 I) variables

e Because at equilibrium the externalintensive variables are uniform throughout the system, this is reduced
by ¢I — 1.

e This leaves ¢p(c — 1)+ 1

The uniformity of chemical potential throughout the system gives ¢ — 1 constraints for each of ¢ com-
ponents.

e Therefore the number of independent variables is:
dle—1)+1—c(op—1)

c—o+1

e Thus the phase rule is:
“The number of truly independent intensive variables in a system composed of ¢ independent components

among ¢ phases subject to I external intensive variables is ¢ — ¢ + I”

Calculation of Chemical Potentials

e Consider the master equation for a one component system

dU =TdS — PdV

e Add d(PV —TS) to both sides:
dU + d(PV — TS) = TdS — PdV + d(PV — T5)

=1TdS — PdV + PdV +VdP —TdS — SdT
=VdP - 5dT



The Legendre transform of U with P and T as the natural variables is G

dG =dU +d(PV —TS)=VdP — SdT
oG oG
6= (%) s (%)

0G
(a—p)T =

oG
(a—T)P -

Since S and V are always positive then (for a one component system)

e But:

e Therefore

and

e (G always increases with P at constant T

e (G always decreases with T" at constant P

For each component of a multicomponent system:
d/Ji = Vzdp — gldT

where

e V; is the partial molar volume

e S, is partial molar entropy.

What is the physical significance of partial molar volume?

7. <av>
8ni T,Pn;

Experimentally this can be determined through

V (after addition) — V (before addition)
# moles added

V=

where the number of moles added is the smallest amount possible that yields an observable change.

In a multicomponent system, the volume change may be either positive or negative.
e This reflects that nature of molecular interactions among the various components in the system.

e If the interaction of the added molecules with the molecules already in the mixture is strongly
attractive, then the volume will tend to decrease.

e If the interaction of the added molecules with the molecules already in the mixture is strongly
repulsive, then the volume will tend to increase.

More about Chemical Potential and Free Energy

e For a system of ¢ components:

C
G(total) = pang + pans + ... + pene = Zumi
i=1



e In differential form .

dG(total) = Z(,uidm + nidp;) =

=1
C C

Z pidng; + Z n;dp;

im1 i=1

e Substituting for du; gives:
dG = Z [,uidm + nl(VzdP - gldT)]

i=1
e (Collecting terms:

dG = pidn; + dp — dT

i=1

C C
E n; Vi E n;S;
i=1 i=1

e But:

=V and =5

[i nivi
i=1

C
g n;S;
i=1

e Therefore:

dG = pdn; + VdP — SdT
i=1

and

c
> nidp; = VdP — SdT
=1

or

c
0=VdP - SdT = nidp;

i=1

e Thus if P and T are held constant then:

i=1
(This is the Gibbs-Duhem equation)

One component Ideal Gases
e Generally: y; = G = G/n. Thus:

Py Ty _
Au:/du:/ V(TZ—,P)de/ S(T, Py)dP
P;

T;
if we chose to change the T first then P.
e For an ideal gas, the first term is:

Py __ Py pr. P
/ V(T, P)dP = / RT p - RT;In (—f)
P p P P

e For the second term, first the definition of entropy must be considered;

dqp de 5nR
= ——— = — = — — T
ds T T 2T d



S(T,P) 5
7 =3 In(T") + constant

T5/2
ln[ 5 (constant)}

e Recall that entropy is on an absolute scale, therefore the constant matters.

e Sackur (1911) showed that the constant depends on the molecular mass:

S(T, P) {T5/2M3/2
=1In
R

(another Constant)]

=1In

T5/2pr3/2
[7(0.311968 g_?’/QK_WQatm)}
e This is the Sackur-Tetrode equation.
e Tetrode (1912) showed that the constant was truly universal.

e Carrying out the integration:

Tf _ 5
— S(T, Py)dP = —§R(Ti —Ty)
T
CM3/2T5/2 ]\43/27’1_5/2
~R |TsIn - f ~Tiln oML
Py Py
where C' is the Sackur-Tetrode constant.
e Therefore:
CM3/2T_5/2
CM3/2T5/2 5
—RTfIn <7f> + 2R(Ty —T)
Py 2

The Standard State

e Chemical potentials are not on an absolute scale, but are with respect to an arbitrarily chosen reference
state.

o If the reference state is the ideal gas at a pressure of 1 bar, then

w(T, P) = p*(T) + RT In (1 iar)

e This definition of the standard state requires that P be expressed in the units of the reference
state, bars.



