CHI-SQUARE DIVERGENCE AND MINIMIZATION PROBLEM

PRANESH KUMAR AND INDER JEET TANEJA

ABSTRACT. The minimum discrimination information principle for the Kullback-Leibler cross-entropy
is well known in the literature. In this paper we have developed a minimum y?—divergence discrete
probability distribution given a prior distribution and partial information in the form of average or
partial information in the form of average and variance.The probability distributions, given a prior as
uniform, Poisson, binomial, logarithmic and geometric distributions are discussed.

1. INTRODUCTION

The maximum entropy principle (MEP) due to Jayne (1957) and the minimum discrimination informa-
tion principle (MDIP) or minimum cross-entropy principle of Kullback(1959) are well known to provide a
methodology for identifying and characterizing the most unbiased univariate and multivariate probabil-
ity distributions [Kagan et al.(1975), Kapur(1989), Kapur and Kesavan(1989;1992)]. Kapur(1982) used
MEP and MDIP to characterize univariate distributions: uniform, geometric, Gibb’s, discrete normal,
gamma, exponential, beta, Cauchy, Laplace, normal, lognormal, and Pareto distributions. Kesavan and
Kapur(1989) described generalizations of MEP and MDIP and presented a formalism, one in the MEP
version and another in the MDIP version. Recently, Kawamura and Iwase(2003) applied MEP to char-
acterize distributions of the power inverse Gaussian, power Birnaum-Saunders and generalized Gumbel.
The equivalence of MDIP and statistical principles like, maximum likelihood principle and Gauss’s prin-
ciple, has been discussed by Campbell(1970) and Shore and Johnson(1980). Minimizing cross entropy
is equivalent to maximizing the likelihood function [Kapur(1983)] and the distribution produced by an
application of Gauss principle is also the distribution which minimizes the cross entropy.

In the literature on statistics, the y?—divergence due to Pearson (1900) is well known. In this paper, we
present a methodology to derive the probability distributions using the minimum y?—divergence principle
when given is: (i) a prior distribution and (ii) partial information in the form of average or (iii) partial
information in the form of average and variance. The discrete probability distribuions considered are:
Uniform, Poisson, Binomial, Logarithmic and Geometric.

2. MINIMUM X2?—DIVERGENCE FOR DISCRETE PROBABILITY DISTRIBUTIONS

Let

n
T, = {P = (p1, P2, s Pn)| Pi> 0, Y pi = 1} , n>2,
i=1
be the set of all complete finite discrete probability distributions.Given a prior probability distribution
Q € T',,, aim is to estimate, using the principle of minimum directed divergence, a probability distribution
P € T',,, when this underlying probability distribution P satisfies the usual probability constraints and
the partial information in terms of averages.

Definition 2.1. A probability distribution P € T',, is termed as the minimum x?—divergence probability
distribution if it minimizes the x> —divergence measure

n p2
(2.1) IR =3 1,
i=1 **

given:

(i) a prior probability distribution: @ € Ty,
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n
(ii) probability constraints: p; >0, > p; =1,
i=1

1=

n
(iii) partial information: Y i*p; = my, k=1,2,3,...,7.
i=1

We present the main result in the following lemma:
Lemma 2.1. Given a prior probability distribution

n
QZZO;Z%ZI}, 77422,

i=1

Q = {(qla q2, 7q’n)

and the constraints
(22) Di > 0, sz = la Zlkpz = myg, k= 1a2a3, cey Ty
i=1 i=1

the minimum x°— divergence probability distribution is

DiZ> O,ipz:l}, n = 2,

(2~3) P = {(P17P27--~7Pn) :

where

(2.4) pi=%<ao+ ikak>,

k=1

and (r + 1) constants, ag and ag, k =1,2,3,...,7, are determined from

(2.5) i%<a0+iikak>=1,
i=1 k=1

and

(2.6)

n

=1

i*q .
i ke _
5 (ao + ;,1 1 ) = Mmg.

Proof. We apply the familiar method of finding extrema of a function by introducing Lagrangian multi-
pliers, one for each constraint. Thus we minimize the linear function

n 2 n T n
P .
(2.7) f= ( %—1) — o (Zpi—1> —Zak (szpi—mk> .
iz di i=1 k=1 i=1

Differentiating f with respect to p; and equating the result to zero, we get the following n equations:

Of _ 2pi— angi — > et ki q;

2.8 = 0.
28) Ipi qi
JFrom (2.8), we obtain the desired value of p; given by (2.4) that minimizes x?(P||Q), since for all s
0? 2
22,
i 4

O

Expressions for the (r 4+ 1) constants, ap and ax, k = 1,2,3,...,7, given above, are obtained from the
n+ 71+ 1 equations (2.2) and (2.8).
Using the results of the lemma, the minimum x?—divergence measure is given by:

n

r 2
(29) XQ(PHQ)min = Z % <Oéo + ZZ k (052 ) —1
k=1

=1
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2.1. Given a prior Distribution and Partial Information in the Form of Average. Suppose
that a prior probability distribution ) and the partial information in the form of average (m) , i.e.,
n

> ip; = m is available. Then we have from Lemma 2.1 :
i=1

Theorem 2.1. Given a prior probability distribution

qz>02qz—1} n>2,

i=1

(2.10) Q= {(q1,q2,. - n)

and the constraints
(2.11) pi>0, > pi=1,Y ip=m,

the minimum x2— divergence probability distribution is

(212) P= {<p17p27"'7pn) pzz Oazp’bzl}a n>27
i=1
where
{Zﬁafh—mziqz‘-ﬁ-i(m— > g )} 4
(2.13) p; = i=1 i=1 )
Z i%q; — leqz
1=

2.2. Given a prior Distribution and Partial Information in the Form of Average and Vari-

ance. When a prior probability distribution @ and the partial information in the form of average (m)
n n

and variance (0?) Ji.e., > i p; =m and Y 2 p; = m? + 02, are given, we get from Lemma 2.1:
i=1 i=1

Theorem 2.2. Given a prior probability distribution

Qi>0,iq1‘=1}, n =2,

i=1

(2.14) Q= {((II7QQ7~--7qn)

and the constraints

(2.15) p; >0, Zpizl Z’Lpz m, Zz pi =m? + 02,

the minimum x2— divergence probability distribution is

(216) P= {<p17p27"'7pn) pzz Oazp’bzl}a n>27
i=1

where

(2.17) pi=L(ag+i ar+ as)

2
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where
m [(Z?:l iqi)(Z?:l i4%‘) - (Z?:1 iQ(];})(Z?:l 'é3(1i)] ': (m2 + UQT)L [(Z?:l ZQ(I@‘)Q - (Z?:1 iqi)(Z?:l ig(]i)]
an = -9 +( i Pa)? = (i e (21 )
’ 2 ) (i 1) (g 000) — (i 201)° — (i P0:)°
—(C ) (i i) + (i i) (i, %)
m [ (Siy i) — (Sp 20)2) + (m? +0%) (S0 20 (D i) — Sy ]
o = 2 —(Cin1a) (i ) + (i ) i, )
203001 P a) (i 1) (i P ai) — (i, Pai)® — (2 i)’ ’
—(C ) (s 1) + (T i) (s, P a)
m [(C Pa) (i, 14:) I i +7(lm2 +0?) [52?:1 Pqi) — (i 14i)?)
ay = 2 —(i %a)? + (2 Pa) i 1as)

20000 Pa) (i i) (i Pa) — (i Pa)® — (O i%q)?
—(i ) (i i) + (T i) (D %)

In what follows now, we discuss special cases of the minimum y?—divergence probability distributions
and their properties.

3. x’—~DIVERGENCE AND DISCRETE PROBABILITY DISTRIBUTIONS

In this section we shall consider the problem done in previous section the minimization of x2—divergence
considering a priori some well known discrete probability distributions such as, uniform, Poisson, bino-
mial, log series, etc.

3.1. Given Uniform Distribution A Prior and Partial Information in the Form of Average.

Proposition 3.1. The probability distribution P which minimizes the x°>—divergence between P and
Q given a prior distribution Q as uniform probability distribution, i.e., q¢; = %,i =1,2,...,n, and the

constraints
i=0 i=1
18
2m—n—1 n+1 2n+1
3.1 i = ———((2n — 3 1 3 1 <m< .
(3.) pi= ey l(2n = Bm 1) £ BT ] s <m s S

The r*" moment (r = 1,2,3,...) about origin of the minimum y?—divergence probability distribution
P is given by

- 2m—n—1

2 n+1 2n+1
.2 M, = —[(2n — 1)i" T —— <m < .
(32) ;n(n_l)[(n Bm 4 )i +3(— —5—) ], 5 <m<
In particular, the first four moments about origin are:
M1:m,
M, — (n+1)(67g—n—2)7
M. _ Bn+4)Bn+1)m—(2n+1)(n+2)(n+1)
3 — 10 9
and
A (n+1){6 (4n®* + 5n — 1) m — (n+2) (6n* + 6n — 1)}
4 30 ’
where ) 5 )
n + <m< n3+ .

The mean (p) and variance (02) of the minimum y?—divergence probability distribution P for 24 <
m < % are:

n—|—1§’u§2n—|—1’
2 3
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and
2
(Iln+13)(n—1) _ 2 (n 71),
144 - - 12
respectively, where 1t = m and o2 = MM —m?2.

Here below are some interesting particular cases.

Case 3.1.1. For m = "TH, P = Q and the probability distribution which minimizes the x> —divergence

between P and @ is the uniform distribution
1
pi=—1=12..n.
n

Case 3.1.2. Form = %, the probability distribution which minimizes the x>—divergence between P
and @ is

21
nn+1)

In this case, the r*" moment about origin of P is given by

pi = i=1,2,..,n.

L T

M, = —, r=1,2,3, ...
; n(n+1) "
In particular, the first four moments about origin are:
2n +1 n(n+1
Ml = ) 2 = ( ) )
3 2
2n+1) (3n2 +3n — 1 nn+1)(2n%+2n—1
OGRS T R R S )

and the mean (u) and variance (o%) are

2n4+1 5, (n+2)(n—-1)
T3 77 18 '
Case 3.1.3. Consider a prior uniform distribution QQ with n = 6. Suppose the partial information about
average (m) is such that
z <m< E
2~ 7 3
Thus, for m = 3.5, the probability distribution which minimizes the x%—divergence between P and Q is
the uniform distribution

Howewver, for % <m < 1,—53, the probability distribution which minimizes the x*—divergence between P
and Q is not the uniform distribution. This distribution is
13 m(7—14) «(7—m)

7 13
=B _ Ll em<Z i=1,2,.6.
T 35 35 g =M= 0

3.2. Given Uniform Distribution A Prior and Partial Information in the Form of Average
and Variance.

Proposition 3.2. The probability distribution P which minimizes the x*—divergence between P and

Q given a prior distribution Q as uniform probability distribution, i.e., q; = %, i=1,2,...,n, and the
constraints
o0 n n
pi>0, Y pi=1,Y ipi=mand » i’p;=m’+0’
i=0 i=1 i=1
18

{10m? —6m(2n+1) +3n(n+1)+2(502 + 1)}
_230m2(n+1)—2m(8n+11)(2n+1) +3(2n+1)(n+2)(n+1)+300%(n+1) -
(3.3) pi = s ((ﬁ)ll((nﬁ))( ) ro N T D= =D (=2
m°—6m(n n n g’ .9
+10 D (nt2) v
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subject to the simultaneous sufficient restrictions on m and o2 in terms of n so that p; > 0,i.e.,

(3.4) L [3(71 +1)— fon(n+ 1) — 11— 10002} <
m< [3(n +1)+ fOn(n+1) — 11— 10002} :
(3.5) 1 [3(n +1) - BRI -1 — 3602} <
m < i {3(n+ 1)+ /3 —1)— 3602} :
(36) (8n+11)(2n+1)7\/(2n+1)(?;§)7(121?)6n2732n759)790002(n+1)2 S

(8n+11) (2n+1)+\/(2n+1)(38n3+56n2 —32n—59)—90002 (n41)?
m < .
= 30(n+1)

The r*" moment (r = 1,2,3,...) about origin of the minimum y?—divergence probability distribution
P is given by

{10m? —6m(2n +1) +3n(n+1) +2(502% + 1) }i"

oo
30m2(n41)—2m(8n+11)(2n+1) +3(2n+1)(n+2)(n+1)+300%(n+1) 41 3
37) M=) | —2 (A D(nT2) R Bty matr
i=0 +106 m?—6m(n+1)+(n+2)(n+1)+60> .42 n (TL ) (TL )
(D) (n+2) ¢

Now we discuss some special cases of the minimum y?—divergence probability distribution P that arise
for specific values of average (m) and variance (0?):

Case 3.2.1. For m = ”T'H and o2 = ”122_1 Note that

g (nED(-n)
12 ’

implying that

_[ =z n<T,
M= <02, n>T.
In this case, ag =1, a1 = as =0, and P = Q, that is,
1
pi =—, 1=12,...n.

Case 3.2.2. Form = 2”—;1 and 02 = %. Since

9 8+ 11n — n?
m—-o‘= ——
18 ’

> 02, n <11,
m =
2
<o“, else.
In this case, aq = niﬂ, ag =ag =0, and P becomes

21
, =— 1=1,2,...,n.
pl n<n+ 1)7 1 <y ,TL
_ 3n(n+1) _ (n=1)(n+2)(3n%+3n+2)
Case 3.2.3. Form = S@ntD) and o2 = 50(2n 1) .

We have
o2 = 4—n(n+1) (3n2—57n—34),
20 (2n + 1)°

implying that

>o2 n>20,
m = 2
<o, else.

In this case, ag = a1 =0, ag = m, and P is

61>
n(n+1)(2n+1)’

p; = 1=1,2,...,n.



MINIMIZATION PROBLEM 7

The " moment about origin for r =1,2,3, ... is given by

" 6 i +2
r=2 ntnt)@nt1)y ' T

=1

n.

3.3. Given Poisson Distribution A Prior and Partial Information in the Form of Average.

Proposition 3.3. The probability distribution P which minimizes the X?—divergence between P and Q
given a prior distribution Q as Poisson probability distribution, i.e, ¢i= “4—, a>0,i=0,1,2,..., and

il
the constraints
o0 o0
i=0 i=0

18

(3.8) pi=[1+a—m)+(

m—a

)i g, a<m<1l+a.

The 7" moment (r = 1,2,3,...) about origin of the minimum y?—divergence probability distribution
P is given by

14+a—me=daii" m—a~=ai™t!
(3.9) MT:T; Tt ; T e<m<lta

In particular, the first four moments about origin for a < m < 1+ a are:
My =m,
My =m(1 + 2a) — a2,
M3 =m(1 + 6a + 3a®) — a*(3 + 2a),
and
My =m{l+2a(2a+7)(1+a)} —a*(7+12a + 3a?).

The mean (u) and variance (02) of the minimum y2—divergence probability distribution P are:

1
a§u§1—|—aanda§a2§z+a

where = m and 0% = m — (m — a)?.

Here below are some particular cases:

Case 3.3.1. Form =a, P = Q . Thus the probability distribution which minimizes the x>— divergence
between P and Q) is the Poisson distribution ,i.e.,

a'e™®

pi= , a>0,1=0,1,2,....

i
Case 3.3.2. For m = 1+ a, the probability distribution which minimizes the x2—divergence between P
and @ is

aifl —a
pi = 7@_1)! ,a>0,1=1,2 ...
The " moment about origin of P for r =1,2,3,...is given by
& r i—1_,—a
i"a'" e
M = —_— Y .
" ; (e —1)!

Case 3.3.3. Let given be a prior Poisson distribution Q with a = 2 and the partial information about
average (m) be such that a =2 <m < 14+a= 3. Thus, for m = 2, the probability distribution which
minimizes the x?— divergence between P and Q 1is a Poisson distribution

2ie—?2

7!

pi = . i=0,1,2,...



8 PRANESH KUMAR AND INDER JEET TANEJA

However, for 2 < m < 3, the probability distribution which minimizes the x*—divergence between P
and @ is not the Poisson distribution. This distribution is
9i—1,—2

p; = [(6 —m) + (m — 2)i] T 2<m<3,i=1,2, ...

3.4. Given Poisson Distribution A Prior and Partial Information in the Form of Average
and Variance.

Proposition 3.4. The probability distribution P which minimizes the X?—divergence between P and Q
giwen a prior distribution @ as Poisson probability distribution, i.e, ¢;= “If;a, a>0,9=0,1,2, ..., and
the constraints

o0 o0 o0
pi > 0, sz' =1, ZZ pi =m and Zi2pi =m’+ 0,
1=0 1=0 1=0

18

20, 2 9 N ) _
(3.10) pi = a*{m?® — (34 2a)m + (2 + 2a+ a® + o)} — i{(1 + 2a)m ”

—(1 4 6a + 4a®)m + (6% + 2a0? + 3a® + 2a*)} + i*{m? — (1 + 2a)m + (a® + 0?) | 242’
subject to the simultaneous sufficient restrictions on m and o? in terms of a so that p; > 0, i.e.,
(3.11) a+3—\1+4a—o?)<m<a+3+/1+4(a—0?),

(3.12) a+3—-3/1+4a—-0?)<m<a+31+3i/1+4(a—0?),

2a-+( 2a4+1)2—/1+4a(2a+3)(2a+1)—{20(2a+1)}2
(3.13) VitiaGos)

2a+( 2a+1)2++/1+4a(2a+3) (2a+1) —{20(2a+1)}?

<m=< 2(Za+1)

The 7" moment about origin of the minimum y?—divergence probability distribution P for r =

1,2,3,... is given by

(3.14)

M — i a?{m? — (3+2a)m+ (2+2a+a®+0?)}i" "t — {(1+2a)m?>— e %a’
r —~ (14 6a+4a®)m + (0% 4 2a0” + 3a® + 2a%) }i" + {m* — (1 + 2a)m + (a* + 0?)}i" T | 2a2(i — 1)
Now we discuss some special cases of the minimum y?—divergence probability distribution P that arise

for specific values of average (m) and variance (02) :

Case 3.4.1. Form = 02 = a. In this case, ag =1, oy = ao = 0, and P = Q, that is,

at e @

pi = , a>0,9=0,1,2, ...

il
Case 3.4.2. Form = 1+a, o2 = a. Note that m — 0? = 1, implying that the average is larger than
variance by one.

Further, oy = %, apg =ag =0, and P becomes

aiflefa )
pi = m, a>0,1=1,2,...
2
Case 3.4.3. Form = 1*5’1?;‘12, o? = a(Q(J{i‘ZJ)Za ) Tt is noted that

2
m02—1+< a > ,
1+a

ascertaining that the average s larger than the variance by more than one.

In this case, ag = a1 =0, ag = ﬁ, and P is
- 1—1,—a
ia' e
= 4>0,i=1,2,...
P o tae 70

The " moment about origin for r =1,2,3, ... is given by

i Z‘TJrlaiflefa
M, = —, a>0.
—~ (i-1(1+a)
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3.5. Given Binomial Distribution A Prior and Partial Information in the Form of Average.

Proposition 3.5. The probability distribution P which minimizes the x?— divergence between P and Q
given a prior distribution Q) as binomial probability distribution, i.e, q; = (?)ai(l —a)" ' 0<a<l, i=
0,1,2,...,n and the constraints

pi>0, Y pi=1and Y ipi=m,
i=0 i=0
is
na(l+na—m—a)+ (m —na) i

(3.15) pi = na(l—a) }qi, na<m<na+1-—a.

The 7" moment (r = 1,2,3,...) about origin of the minimum y?—divergence probability distribution
P is given by

Y (H)a'(t —a)n i

1—a

(3.16) M, = (m = na)

{(1+nama)+ i], no<m<na+1-—a.

na
In particular, the first four moments about origin for na < m < na + 1 — a, are:
My =m,
My =m(1+2na —2a ) —n(n—1)a?,
Mz =m{1 —6a(l —a) +3n(na+2—3a)a} —n(n— 1) (2na + 3 — 4a) a?,
My=m[1+2(n—1){7+a(n—2)(2na —6a+9)}a] +na[7(1 —n) — 6a(4 — 3a)
—3n(na—6na+4n+ 1la —12) a).
and the mean (1) and variance (02) of the minimum y2—divergence probability distribution P are:

(I=a)[(1+a)+4(n—1)d]

na < p<na+(1—a)and (n—1)a(l —a) <o? < 1

respectively, where = m and 0 = m(1 —m) + (n — 1)(2m — na)a.

Here below are some particular cases.

Case 3.5.1. For m = na, P = Q. Thus the probability distribution which minimizes the x>—divergence
between P and @) is the binomial distribution, i.e.,

Di= <7?>ai(1 —a)"% 0<a<1,i=0,1,2,...,n.
i
Case 3.5.2. For m = na+1—a, the probability distribution which minimizes the x?— divergence between
P and Q is
n—1\ ;4 n—i .
pi=\._4])a l1—-a)" " 0<a<l,i=12,..n.
i—

The 7" moment about origin of P for r =1,2,3,... is given by

(=1 n—i
Mr—;<i_1>z a1 —a)" "
Thus, the mean (1) and variance (o2) are
p=na+ (1 —a)ando®* = (n—1)a(l - a).

Case 3.5.3. Consider a prior binomial distribution @ with n = 10, a = 0.2. Suppose the partial infor-
mation about average (m) is such that 2 < m < 2.8. Thus, for m = 2, the probability distribution which
minimizes the x2—divergence between P and Q is a binomial distribution

10 . .
p; = <i>(o.2)1(0.8)102, i=0,1,2,...,10.



10 PRANESH KUMAR AND INDER JEET TANEJA

However, for 2 < m < 2.8, the probability distribution which minimizes the x%— divergence between P
and @Q is not the binomial distribution. This distribution is

pi = <1O> (0.2)i(0.8)10- [(2'8 —m)+O05m-Di | g,

1 0.8 ’ o

3.6. Given Binomial Distribution A Prior and Partial Information in the Form of Average
and Variance.

Proposition 3.6. The probability distribution P which minimizes the x?— divergence between P and Q
given a prior distribution QQ as binomial probability distribution, i.e, q; = (T;) a(l—a)" " 0<a<l, i=
0,1,2,...,n and the constraints

n n n
p; >0, Zpi =1, Zipl- =m and ZiQpi =m? + o2,
i=0 i=0 i=0

18

(317) pi = (OZ() + Olli + 0[27:2)qi,
where
. (n=-1)(n=2a*-2(m—-1)(n—2)a+ (2—3m+m? +0?)
a0 = 2(1 — a)? ’
o = (n—1)a{2(8m —m? — 6?) + (4mn —3n—6m)a —2n(n —2)a?} —m(m — 1) — o?
o 2n(n — 1)a2(1 — a)? ’
0y = (n—1) (na—2m)a+ (m2—|—02—m)7

2n(n — 1)a?(1 — a)?
subject to the simultaneous sufficient restrictions on m and o in terms of a so that p; > 0,i.e.,

(n—2)a—;—%\/l —402—-4(n—2)ala—1) < m§(n—2)a—g+%\/1 —402—4(n—2)a(a—1),

1 1 1 1
(n—l)a—|—§—5\/1—402—1—4(71—1)@(1—(1) < m§(n—l)a+§+§\/1—402+4(n—l)a(l—a),
L < m<U,

where
142(n—1)(2an —3a+3)a— \/(1 —402) — (n—1) { ig_(grj; 470?2)3 J_r ;§S§;2n4—’(_4202 g)?; t ?3 Zz }
L = 2{1+2(n—1)a}
142(n—1)(2an—3a+3)a+ \/(1 —40?) = (n—1) { i—<8_(gr; 4_”?%5 + ;)6553”4@2% g)o(i . % Z: }
U =

2{1+2(n—1)a}
The 7" moment about origin of the minimum y?—divergence probability distribution P is given by
M, = Z (n) ai<1 — a)"_i(ao + gt + Oégiz)ir ,r=1,2,3,...
im0 \!

Now we discuss some special cases of the minimum y?—divergence probability distribution P that arise
for specific values of average (m) and variance (02) :

Case 3.6.1. For m =na and 0 = na(1l — a). Note that m — 0% = na® > 0.
In this case, ag =1, ay = as =0, and P = Q, that is,

p; = (T_L)ai(l —a)", 0<a<1,i=0,1,2..,n.
(2
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Case 3.6.2. Form =1+ (n—1)a and 0% = (n — 1)a(1 — a). Note that
m—o?=1+(n—1)a® > 0.

In this case, ag = ag = 0,01 = %, and P becomes

-1\ . .
pi:<7? 1>az—1(1—a)”", O<a<l,i= 1,2,..,n.
i

Case 3.6.3. Form = (17a)(1712_i)(:f?§273a+m) and 0% = (n71)‘1(17a)[[12i1(;‘1)12)t}7;a(273‘””“)]. It is noted that

o 1+2(n—1a+ (n—1)(2n+ 1)a® +2(n — 12(11 —2)a® + (n—2)(n—1)%a* >0,
{14+ (n—1)a}
ascertaining that the average is larger than the variance for n > 2.
In this case, g = a1 =0, ag = and P is

1
na{l+(n—1)a}’

n—1\ia* (1 —a)"*
i= (. 2 Y  o<a<l,i=1,2...n
b (zl) 1+ (n—1a “ ! "

The r'" moment about origin for r =1,2,3,... is given by

n . ; i

n—1\i a1 —a)" !

M, =) ! L 0<a<1.
P (z—l) 1+ (n—1)a “

3.7. Given Logarithmic Series Distribution A Prior and Partial Information in the Form of
Average.

Proposition 3.7. The probability distribution P which minimizes the Xz—divergence_between P and Q
given a prior distribution @ as logarithmic series probability distribution, i.e., q¢; = KT“z, O<a<l K=
m >0,1=1,2,3,..., and the constraints

e e
pzzoa szzla Zsz:m7
=1 =1
18

(3.18)

Dy = aK{1-(1—-am}+(1—-a){(1—aym—aK}i . aK <m< 1 .
aK(1—aK) l—a 1-a
The 7** moment about origin of the minimum y2—divergence probability distribution P for r =
1,2,3,...is given by

K

TR - laK{l ) Yo - (1 e K}Z] = :

<m< .
17a7m7 1-a

The mean (i) and variance (02) of the minimum y2—divergence probability distribution P are:

aK< <
Tl
a aK
=<0’ < ——, if 0<a<09
T-a2 = Sa-a2 =0
K
aa_TPSO'QSﬁ, if OQSCL<1

(1—a)(Q4+a—aK)m—Ka*>—m?(1—a)?*(1—aK)

where pt = m and 02 = (1—aK)(1—a)?

Equality holds if @ = 0.9. Then, we have K = 1 and variance o2 = 90.

Here below are some particular cases
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Case 3.7.1. Form = 2 P = Q. Thus the probability distribution which minimizes the x*>— divergence

1—a’
between P and @ is the logarithmic series distribution

%

—a
i =———,0<a<1,i=12.3,...
bi ilog(l —a) “ !
Case 3.7.2. For m = lTla’ the probability distribution which minimizes the x*—divergence between P

and Q is
pi=(1—-a)a"t 0<a<l,i=123,...

The " moment about origin of P for r = 1,2,3, ... is given by

M, = Z(l —a)a" 1",
i=1

1

Thus, the mean (1) and variance (62) are p = T and o® =

(1_‘2)2 respectively.

Case 3.7.3. Let there be a prior logarithmic series distribution Q with a = 0.8. Suppose the partial

information about average (m) is such that 2.4853 < m < 5. Then, for m = 2.4853, the probability

distribution which minimizes the x?—divergence between P and Q is a logarithmic series distribution

(0.62133)(0.8)°
i

?

,i=1,2,3,....

However, for 2.4853 < m < 5, the probability distribution which minimizes the x*—divergence between
P and Q is not the logarithmic series distribution. This distribution is

p; = (0.15163 4 0.21895¢) (m — 4.6496 — 0.87083:), i=1,2,3,....

3.8. Given Logarithmic Series Distribution A Prior and Partial Information in the Form of
Average and Variance.

Proposition 3.8. The probability distribution P which minimizes the XQfdivergence_between P and Q
given a prior distribution @Q as logarithmic series probability distribution, i.e., q¢; = KTal, 0<a<l K=
>0,1=1,2,3,..., and the constraints

[e'S) [e'S) [e's)
pzzou sz:]ﬂzzpl:m? Zi2pi:m2+027
i=1 i=1 i=1

=1
log(1—a)

(3.19) pi = (g + o + a2i) i,
where
~ mB-m)—0?—2+2(m*>+ 0% —m)a— (m+m?+o?)a?
@ = Ka(a +2) -2 ’
(1-a) [ K(m?+0%)a®+ {3(m+ K) — Km + 2(K — 1)(m? + 0%)} a* — {m(3 — K) }
B +(K +1)(m? +0?)}a+m(m — 1) + o2
“a= (Ka(a +2) - 2} Ka? ’
(1—a)? {m+K—(K-1)(m*+0%)}a®+ {m(l - K)+ K + (2K + 1)(m? + 0%)} a?
 — @ —{Km — (K +2)(m?+ 0%)}a — m(m — 1) — 0

{Ka(a+2) — 2} Ka?

subject to the simultaneous sufficient restrictions on m and o in terms of a so that p; > 0,i.e.,

a+3— \/1+ a2 + 6a — 402 (a — 1)° _ a+3+ \/1—}— a2 + 6a — 402 (a — 1)°
21— a) = 21— a) ’
L, Lo m < Uy, Us,

IN

IN
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where
2
|4 (a+4—K)a—, AHdata’) —2K2a(a+1)2(9a—|-1)+K22a2(1+4a2+12a)
I —40%(a—1)" (Ka—a—1)
b 21—-a)(14+a— Ka) ’
2
1+ (a+4—K)a+ (1+4a+a?) *QKa(a+1)2(9a+l)+K22aQ(1+4a2+12a)
U —40%(a—1)" (Ka—a—1)
b 21 —a)(1+a— Ka) ’
I 1+<1—K)a—\/(1+a)2—2Ka(3a+1)+ K2 (1 + 4a) a? —402(a—1)2(Ka—1)2
t 2(1—a)(I — Ka) )
U 1+<1_K)a—\/(1+a)2—2Ka(3a+1)+ K2 (1 + 4a) a? —402((1—1)2(Ka—1)2
2 =

2(1—a)(1 — Ka)

The 7" moment about origin of the minimum y?—divergence probability distribution P is given by

(3.20) M= Y Z'“ (1 - a)" (ag + ari + azi®)i" , r=1,2,3, ..
=1 ’

Now we discuss some special cases of the minimum y?—divergence probability distribution P that arise
for specific values of average (m) and variance (02) :

Case 3.8.1. Form = £% 52 = % Note that
, K(K-—1)a?

m—o = ———5—,

(1—a)?

implying that
7n{zH,UK2L
] <o?, else
In this case, ag =1, a1 = ag =0, and P = Q, that is,

?

—a
= ——— ,0<a<1,i=1,2.3,..
b ilog(l —a) “ !
Case 3.8.2. Form = 1T1a7 0? = ﬁ Note that
9 1—2a
m—o°=———
(1-a)?
implying that
_ >02, if0<a<0.5,
T <o? if 05<a<l.
In this case, ag = g = 0,1 = %, and P becomes

pi=(1—-aa"'0<a<1,i=1,2,3,..
The r*" moment about origin for r =1,2,3, ... is given by
M, = Z(l —a)i"a"™ ', 0<a< 1.
i=1
Case 3.8.3. Form = %, o = (13—‘2)2 It is noted that

2_1—2@—(12

" T
implying that

m =

20-27 Zfo<a‘§\/§715
<o? if V2—-1<a<]1.

. 1—a)? .
In this case, g = a1 =0, ag = %, and P is
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pi= (1—a)iad"0<a<l,i=1,23,..

The " moment about origin for r = 1,2,3, ... is given by

M, =) (1-a)’"a" " 0<a<l.
i=1

3.9. Given Geometric Distribution A Prior and Partial Information in the Form of Average.

Proposition 3.9. The probability distribution P which minimizes the x?— divergence between P and Q
given a prior distribution Q as geometric probability distribution, i.e., ¢; = (1 —a)a’, 0 < a < 1, i =

0,1,2,... and the constraints
o0 o0
pzZOa Zplzlv Z’Lpzzm7
i=0 i=0

18

(3.21) pi=[a(1+a—m+ma)+(1—a)(m—ma—a)i] (1—a)a""", 1a <m< 1 ta

—a 1—a’

The r*" moment (r = 1,2,3,...) about origin of the minimum y?—divergence probability distribution
Pis:

(3.22) M, = Z[a(l +a—m+ma)+ (1 —a)(m—ma—a)ii" (1—a)a"?, a4 <m< ta
= 1—a 1-a
In particular, the first four moments about origin are:
M1 =m,
M, = m(3a+1)(1—a) —2a2’
(1—a)?
m (7a* +10a + 1) (1 — a) — 6a*(1 + a)
M3 = )
(1—a)?
and
15a® + 55a% + 25 1) (1 —a) — 2a2(7a? + 22 7
M4:m(a—|— a? +25a+ 1) (1 — a) — 2a(7a® + 22a + ), a §m§1+a.
(1—a) l1—a l1—a
The mean (u) and variance (02) of the minimum y?—divergence probability distribution P are:
a 1+a
< u<
1o F=1"0
and
Y .
(1—a) 4(1—a)

respectively, where ;1 = m and o2 = m2(a_1)2+7(7;(71a+)22a_3a2)_2a2.
Case 3.9.1. For m = %=, P = Q and the probability distribution which minimizes the x2— divergence

between P and Q) is the geometric distribution

pi= (1—a)d, 0<a<1,i=0,1,2,...
Case 3.9.2. For m = ﬁ, the probability distribution which minimizes the x*—divergence between P
and Q is

pi= (1-a)%ia ', 0<a<1,i=1,2, ...

The r*" moment about origin of P for r =1,2,3, ...is given by

o0

M,= > (1—a)%a i

i=1
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Thus, the mean (u) and variance (o2) are

Uzl

Case 3.9.3. Consider a geometric distribution QQ with a = 0.8. Suppose the partial information about
average (m) is such that 4 < m < 9. Thus, for m = 4, the probability distribution which minimizes the
x2—divergence between P and Q is a geometric distribution

p; = 0.8(0.2)%, i =0,1,2,....

However, for 4 < m < 9, the probability distribution which minimizes the x*—divergence between P
and @ is not the geometric distribution. This distribution is

pi = (0.008)[4(9 —m) + (m—4)4] (0.8) ' 4<m<9,i=12,..

3.10. Given Geometric Distribution A Prior and Partial Information in the Form of Average
and Variance.

Proposition 3.10. The probability distribution P which minimizes the x°— divergence between P and Q
given a prior distribution Q as geometric probability distribution, i.e., ¢; = (1 —a)a’, 0 < a < 1, i =
0,1,2,... and the constraints

(o] o0 o0
pi=0, Y pi=1> ipi=m, » i’p;=m’+0?
1=0 1=0 1=0

18

(3.23) pi = (g + i + awi?) g,
where
- 2(1+a+a?) +3m(1—;2)+(m2+02)(1—a)2’
—6a? (1 —a®) +m(1+a)(1+9a)(1—a)®—(m?+02)(3a+1)(1—a)’
Q. = da2 )
v 202 (1 — a)® m(1+3a)(i2a)5+(m2+02) (1—a)47
a

subject to the simultaneous sufficient restrictions on m and o2 in terms of a so that p; > 0,i.e.,

3la+1) - \/(a2+10a+1 — 402 (a — 1)2)
2(a—1)

3a+1)+ \/(a2+10a+1—402(a—1)2)
2(a—1) )

<m<

—(1+a)(1+9a)— \/((1 +a) (9a® + T5a2 + 190 + 1) — 402 (3a + 1)% (a — 1)2)
2(3a+1)(a—1)

<m

—(1+a)(1+9a)+ \/((1 +a) (963 + 7502 + 19a + 1) — 402 (3a + 1) (a — 1)2)
= 2(3a+1)(a—1) ’

3(a+1)\/(a2+6a+1402(a1)2) 3(a+1)+\/(a2+6a+1402(a1)2)

< <
20a—1) =M= 2(a—1)
The 7" moment about origin of the minimum y?—divergence probability distribution P is given by
(3.24) M, = Y (1-a)a'(ag+ari+azi®)i" , r =1,2,3, ...
i=0

Now we discuss some special cases of the minimum y?—divergence probability distribution P that arise
for specific values of average (m) and variance (02) :
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Case 3.10.1. Form = 1%, 0% = ~1tayz- It is noted that

a’

2
2 a

Mo T e
implying that m < o2,
In this case, oy = as =0, a1 =1, and P=Q, i.e.,
pi= (l—a)d’, 0<a<l1,i=0,1,2,...

Case 3.10.2. Form = &2 52 = % It is noted that

1—-a’
5 1—2a—ad?
m-—o0" = ————
(1-a)?

Further it may be seen that

<o? if V2—1<a<]1.

In this case, g = ag =0, a1 = %, and P is

{ >0% if0<a< V2-1,
m =

pi=(1—a)id™!, 0<a<l, i=12..

The " moment about origin for r =1,2,3, ... is given by
(o)
M.=Y it a T (1-a)? 0<a<l.
i=1

a\a a2
Case 3.10.3. For m = M’ o2 = %. It is noted that

1—a?
9 1—a2(a2—|—8a+4)

T T T rap-ap
Further
[ >0? if0<a<0.3743,
™= <02, if 03M3<a< 1.
7‘12 .
In this case, g = a1 =0, ag = ((11(1+()1), and P is
2 4i—1(1 — q)3
i Ul S I S
1+4+a

The " moment about origin for r =1,2,3,... is given by

s iT+2 ai—l(l o (L)3
M, = L 0<a<l.
; 1+a “

4. CONCLUDING REMARKS

The minimum discrimination information or the minimum cross entropy principle (MDIP) of Kullback
and the maximum entropy principle (MEP) due to Jayne have been often used to characterize univari-
ate and multivariate probability distributions. Minimizing cross entropy is equivalent to maximizing
the likelihood function and the distribution produced by an application of Gauss principle is also the
distribution which minimizes the cross entropy. Thus, given a prior information about the underlying
distribution, in addition to the partial information in terms of the expected values, MDIP provides a
useful methodology for characterizing probability distributions. We have considered the methodology
for characterizing the discrete probability distributions based on the Pearson x2- distance given a prior
distribution and the partial information in terms of moments. We have shown by considering the discrete
probability distributions like uniform, Poisson, binomial, logarithmic and geometric which minimize the
Kullback’s measure of the directed divergence (1959)

K(PlIQ) = 3 piln()

that these distributions also minimize the Pearson’s y2-distance. Further, with conditions on mean and
variance, we have obtained the new probability distributions that minimize the y?- distance. The work
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on minimum y?2- divergence continuous probability distributions is in progress and would be reported
elsewhere.
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