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Abstract

A variety of approaches to the forest planning problem, mostly
based on Linear Programming, have been used or proposed. A unified
treatment of many of the models and of possible solution techniques is
attempted.

1 Introduction

I will consider the problem of planning the management of forest estates,
that is, of aggregates of forest stands at the forest, enterprise, regional,

or national levels. The stands are the basic components, areas of forest
taken as homogeneous for management purposes. Only even-aged manage-

ment, where a stand contains trees of the same or similar ages, will be dis-
cussed. I will also focus largely on intensively-managed production forests.

In this context, forest management planning deals mainly with decisions
about when and where to harvest and plant, and about what silvicultural

regimes to use. A silvicultural regime specifies stand treatments, including
initial planting spacing, timing and intensity of thinnings (partial cutting),

pruning, fertilizing, and application of pesticides (Garćıa 1986, 1988).

The most commonly used techniques in forest planning are simulation and
Linear Programming (LP). The best-known LP-based forest planning sys-

tems are probably Timber RAM (Navon 1971), MAXMILLION (Ware and
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Clutter 1971), and FORPLAN (Hoekstra et al. 1987). Other proposed meth-

ods include models with nonlinear objective functions, approximate heuristic
techniques, and algorithms using ideas from Control Theory.

Johnson and Scheurman (1977) reviewed and analyzed many of the available
approaches. Their paper has become a classic, and their grouping of forest

LP models into Model I and Model II forms is widely used. Building upon
Johnson and Scheurman’s work, I suggest a revised classification that seems
useful for comparing a wide variety of existing models, and for guiding future

developments. This and other problem formulation issues are presented in
Section 2.

In Section 3, possible methods for computing optimal solutions are dis-
cussed. This section requires the reader to be familiar with Mathematical

Programming techniques, and would be of more interest to specialists in
forest planning, operations research, or computer science.

Over all, the emphasis is on a better understanding of the essential charac-

teristics of the various approaches and their interrelationships.

2 Problem structure

It is convenient to analyze separately two components of the problem for-

mulation: a model of the forest sub-system, representing the development of
the forest and the forest management decisions, and a model of the utiliza-
tion/economics sub-system, representing the “rest of the world”. I will use

a somewhat simplistic view of an even-aged forest, avoiding excessive gen-
eralizations. The formulation is just sufficiently general to allow a unified

treatment of the commonly used approaches.

2.1 The forestry submodel

This submodel describes the physical aspects of the forest management de-
cisions and of the forest response.

The forest (or forest estate) consists of a number of cutting units or stands,
areas that are considered homogeneous. At any point in time, a stand is

characterized by its age. A stand can be subjected to various sequences of
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silvicultural treatments (thinning, pruning, fertilizing), resulting in streams

of inputs and outputs during its life, and at the time of harvesting. In
these models we will assume a unique silvicultural regime for each stand.

Alternative regimes are considered as originating different stands.

Optionally, a number of stands may be grouped into a timber class or crop

type. Stands in a crop type have the same silvicultural treatment, and the
same potential stream of inputs and outputs. They may differ in their ages
and times of harvesting.

Time is measured in periods of uniform length. Ages are specified as age
classes, with widths equal to the period length.

2.1.1 Model A: A state space view

Figure 1: Basic structure of a forest planning problem (from Garćıa 1984).

3



Here the state of the forest at the start of each period is described by the area

in each crop type and age class. During a period some of the area in each
class may be cut, and the remaining area moves into the next age class at the

beginning of the next period (Figure 1). The harvested areas are replanted
(or regenerated) immediately into the same or different crop types. Certain

linear combinations of the harvested and residual areas constitute inputs and
outputs (yields, revenues, costs, use of resources) in the utilization submodel.

The model is not as restrictive as it may appear at first sight. One or more

“bare land” crop types can account for new land of various qualities available
for planting, or left unplanted. Any unavoidable regeneration delays can be

represented through dummy age classes. The aggregation of stands into crop
types is optional; each stand could constitute a unique crop type. Transfers

of area between crop types can be allowed, to model alternative silvicultural
regimes or changes of ownership.

This model can be interpreted in terms of the state space approach of Sys-

tems Theory. Any system that evolves in time can be described by a state
that characterizes the system at any point in time, and a transition function

that specifies how the state changes over time (e.g. Garćıa 1979, 1988, and
references therein). It can be seen that the state of the forest (areas by crop

type and age class) at the start of period t + 1 is a linear function of the
state at t and the actions (areas cut and planted) in period t (Section 3.4.1).

A visualization in terms of network flows is useful. We represent the age

classes in Figure 1 by network nodes, linking the flow of areas across periods.
Figure 2 shows an example with 3 time periods. In the example the crop

type initially has area only in the second age class (it might represent a
single stand). The doubled lines represent more than one network arc. Flow

is conserved at each node, with the sum of the areas going into the node
equalling the sum of areas going out. These relationships can be written as

LP constraints, one for each node.

Without loss of generality, the age classes are shown as completely cut after
the last period. It will be convenient to add age classes as needed, instead

of having an open-ended oldest class as in Figure 1. Note that the initial
area can be transferred to other crop types that might represent alternative

silvicultural regimes. For optimization it is sufficient to allow these transfers
at the beginning; in simulators these transfers could be allowed in any period

(Garćıa 1981).
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Figure 2: Model A network. All arcs are directed from left to right.

2.1.2 Model B: An extension of Johnson & Scheurman’s Model

II

In Figure 2 the age class nodes have at most one incoming arc (except
for the initial ones). The flow on this arc can be expressed as the sum
of the flows on the outgoing arcs, and this relationship used to eliminate

the arc and node from the network (Figure 3). Applying this simplification
repeatedly to Figure 2 results in Figure 4. For consistency, the network has

been extended to the left with nodes for periods in the past.

Figure 3: Network simplification step.

An alternative interpretation is that this network shows the possible paths
between planting and harvesting nodes.
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Figure 4: Model B network.

The curved arc joining period i and period j represents the area planted in
period i harvested in period j . The straight arcs correspond to planting,

except for the double lines in past periods, which are possible inter-crop
type transfers. The areas left standing are not represented explicitly in this

network, but can be obtained from the equations in Figure 3.

The flow conservation constraints in this network are essentially those in
Johnson & Scheurman’s Model II, except for the addition of transfers and

replanting across crop types. For each period, including a number of periods
in the past equal to the oldest initial age class, there are two nodes, a

“harvesting” node and a “planting” node (Figure 5). In the figure, x denotes
flows of forest areas, r flows of bare land, and a are initial areas. The indices

i and j indicate crop types, while s and t are time periods. Obviously, not
all the arcs shown are relevant for every node, and some nodes may be

redundant.

2.1.3 Model C: Johnson & Scheurman’s Model I

In Figures 2 and 4 an initial hectare of forest can follow many different paths

from a “source” to a final “sink” node. Tracing the possible paths we obtain
something like Figure 6. Only a few of the paths that move across crop
types are shown. This corresponds to a chain decomposition of the network

flow (Dantzig 1963, Section 19–1, Theorem 2).
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Figure 5: Building blocks for Model B.

Figure 6: Model C network. Most inter-crop paths are not shown.

In this model the decision variables are the number of hectares sent from
each source through each path. There is only one flow constraint for each

source. The paths correspond to harvest/planting sequences. As in Models
A and B, each of these generates a sequence of inputs and outputs for the

utilization submodel.

2.1.4 Discussion

It is clear that models A, B and C are essentially equivalent in their ability
to model forest planning problems. In particular, Model B does not inherit

the drawbacks of Model II compared to Model I often mentioned in the lit-
erature. According to Johnson and Scheurman, “Model I preserves intact

the hectares that form any beginning management unit (age class) through
the entire planning horizon”, while “Model II allows hectares from begin-
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ning age classes... to be broken up and combined with hectares from other

age classes...” (see also Barros and Weintraub 1982, Gunn and Rai 1988).
Actually, in general the initial stands in Model I (or C) may be subdivided,

with parts of their area allocated to different harvest/planting sequences
(Figure 6). It is true, though, that in Model I different stands do not merge

on harvesting, as usually happens with stands (age classes) within a crop
type in Models II or B. However, the aggregation of stands into crop types

in Model B is optional, so that the identity of the stands can be maintained
if so desired.

Garćıa (1984) showed how to handle thinnings and other treatments in

Model B.

Model A is perhaps the most natural, and versions of it have been used

by foresters for many years in manual forest planning procedures, and later
in computer simulations (Garćıa 1981, 1984, 1986). The state / transition
function interpretation is used in the Control Theory and Dynamic LP ap-

proaches (Section 3.4).

Model B results in a much smaller number of constraints (nodes) and vari-

ables (arcs) in LP formulations, compared to Model A. One must be wary,
however, of the common misconception that the LP computing effort de-

pends primarily of the number of constraints. Modern large-scale LP codes
are very efficient at exploiting sparsity, and their computing time is most
sensitive to the number of nonzeroes in the LP matrix. The reduced prob-

lem size in Model B is achieved by eliminating the residual (standing) area
variables, expressing them in terms of the areas harvested (Figure 3), but

this substitution can reduce the sparsity of the utilization submodel con-
straints. In addition, an LP formulation based on Model A can include

the residual areas as free variables; they are forced to be nonnegative by the
other constraints (free variables always stay in the basis, and can be handled

with much less computational effort than the others). Nevertheless, in most
situations the utilization constraints deal mainly with harvesting variables,

and the reduction in problem size is likely to be advantageous.

Model C has been the most commonly used in LP-based forest planning
systems, at least until recently. It results in less constraints than either A

or B, but the LP matrix tends to be dense. Also, it is obvious that the
number of variables can be very large (Figure 6). Often, only a small subset

of the feasible harvesting/planting sequences is considered, accepting the
possibility of suboptimization. Eriksson (1983) shows how to generate these
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sequences as needed in the course of the simplex algorithm, using column

generation techniques. Essentially, the column generation steps search for
paths in the Model A or B networks, demonstrating the similarities between

the three models.

It is not difficult to see how these models can be extended to the case of

variable period lengths, at least when the period length and age class width
are successively doubled. Barros and Weintraub (1982) used various period
lengths (in a Model I formulation) in order to improve precision in the initial

periods, while saving computational effort in the less critical later periods.

2.2 The utilization submodel

The “utilization” submodel represents the environment within which the

forest manager operates. It includes the economic and financial aspects,
markets and/or processing plants for the timber, and the resources needed
for managing the forest, such as labor, logging machinery, and roading.

In a Mathematical Programming approach this submodel consists of an ob-
jective function, that must be maximized or minimized, and a set of con-

straints that are added to the forestry submodel constraints.

2.2.1 Objective function

In most instances the objective is the maximization of a discounted cash

flow. Sometimes the objective is to minimize the discounted total cost of
supplying some utilization plant. Occasionally, the planners may prefer to

maximize total physical production, i. e., a zero discount rate is used.

Discounting implies a weighted sum of inputs and outputs for each period.
The weights are exponentially decreasing functions of time of the form αt ,

where t is time and α is a constant discount factor. An interesting alternative
has been proposed by Harvey (1986). In agreement with the intuitive feeling

of many foresters, he suggests that the exponential discounting undervalues
too strongly the future, and argues for weights of the form (1/t)β.
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2.2.2 Yield regulation

In a perfect market, with unit costs and prices not affected by production

levels, the optimum would be achieved by optimizing independently the
management of each individual stand. With an irregular age distribution in
the forest estate, this can result in large fluctuations in the total production

over time. Similar fluctuations would appear in the revenues, and in the
labor, equipment, and finance requirements for harvesting and silvicultural

operations. It is generally accepted that in most practical situations this
is undesirable, and various devices are used in forest planning models to

smooth-out production levels.

A major reason for smoothing is that costs and revenues, assumed to be
constant in the single stand analysis, are actually affected by the scale

of production. There are costs associated with the expansion of produc-
tion/processing capacity, and with the maintenance of unused capacity. In

addition, there may be constraints arising from contractual commitments,
etc. (Garćıa 1986).

2.2.2.1 Integrated models One of the reasons for regulating produc-

tion may be the need to maintain reasonable levels of wood supply to pro-
cessing plants. Perhaps the most satisfactory approach is then to model in

some detail the processing subsystem and its interactions with the forestry
subsystem. Examples of this are Barros and Weintraub (1982) at the enter-
prise level, and Kallio et al (1981) at the national level. These models tend

to be problem specific, and the development effort and information require-
ments can be considerable. In addition, often the problem details are not

sufficiently well defined, as is the case in many indicative planning studies.
It may then be appropriate to use the simpler yield regulation techniques

discussed below.

Apart from yield regulation, more realistic modelling of some aspects of the
utilization system can improve the quality of the management decisions.

For example, it can be relatively easy to add a log allocation and transport
model (Manley and Threadgill 1987).

2.2.2.2 Single-period conditions A common practice is to include

in the model simple upper and/or lower bounds on inputs and outputs for
each period. These may be hectares harvested or planted, volume reduction,
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net cash revenue, etc., and can represent industry demands or operational

limitations (Clutter et al. 1983).

Another view assumes that the undesirability of fluctuating production levels

is due to nonlinearities in the relationship between revenue and production
within each period. Price is expressed as a function of the quantity pro-

duced (a demand function). The result is a separable nonlinear objective,
quadratic if the demand function is linear (Johnson and Scheurman 1977).
The problem can be linearized using separable LP techniques (Hrubes and

Navon 1976), or approached by other methods (Walker 1976, Lyon and Sedjo
1986).

2.2.2.3 Inter-temporal constraints Constraints involving pairs of

consecutive periods are frequently used. Typically, the absolute or per-
centage decrease (and/or increase) in the total volume harvested between

one period and the next is constrained to be not greater than some given
value. A popular special case is the condition of nondeclining yield, where

the volume harvested in one period is constrained to be not less than that
harvested in the previous period. Nondeclining yield conditions have been
imposed by law in the management of public forests in the U.S.A.

More generally, constraints of this type may be specified for each of a number
of products, or even for inputs such as employment levels. The constraints

may also be enforced for groups of crop types, e.g. forests within a region
(Manley and Threadgill 1987).

2.2.2.4 A capacity expansion approach Although sometimes non-
linearities in single-period net revenues might be significant, more often it is

the changes in production from one period to the next that are important.
Arguments against large changes include the need to supply existing indus-

try, the maintenance of employment levels, and the lack of resources for
coping with large temporary increases in production. Note that difficulties

are caused mainly by production reductions, a motivation for the nonde-
clining yield criterion. Nondeclining yield at all costs, however, can be too

strong a constraint, and ad-hoc bounds on period-to-period variations are
difficult to justify.

A more satisfactory model can be based on the idea of capacity expansion.

I will introduce a very simple model, some aspects of which may be consid-
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ered as somewhat unrealistic. It can be extended and generalized, but the

purpose here is to present an alternative only slightly more complex than
nondeclining yield.

Let us measure production by the yield of some product, e.g. roundwood
volume. In a Model B setting, the yield in period t is

yt =
∑ ∑

vistxist ,

where xist is the area in crop type i planted in period s and cut in period

t , and vist is the corresponding yield per hectare (usually a function of the
age t − s ). Assume that for each period there is a production capacity zt

that cannot be exceeded:
yt ≤ zt .

This capacity may reflect the availability of wood processing facilities, har-
vesting machinery and manpower, roads and transportation, etc. In any
period the current capacity can be increased, at a cost:

zt = zt−1 + wt , wt ≥ 0 .

Including the expansion costs in the objective function completes this uti-
lization submodel:

maximize
∑

αtptyt − c
∑

αtwt .

Here α is the discount factor, the pt are net marginal revenues, and c is the

expansion cost per unit of capacity.

Note that in the LP the zt can be free variables, unconstrained in sign; the

other constraints force them to be nonnegative. We could also eliminate this
variables, and the last set of constraints, with the substitution

zt = z0 +
t

∑

1

ws ,

where z0 is the initial capacity.

An alternative derivation, that might provide additional insight and suggest

appropriate values for the expansion costs, is presented in Appendix 1. Clark
et al. (1979) discuss a related model for fisheries, with an infinite horizon,
in continuous time, but with only one state variable.
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It is easy to see ways of extending the model. The option of reducing capacity

is easily added, substituting

wt = w+
t − w−

t ,

and assigning to the capacity reduction w−

t a scrap value lower than the

capacity expansion cost for w+
t . Depreciation, or loss of capacity over time,

can also be included (Clark et al. 1979). Yields and capacities associated
with various products and resources could be considered. All this, however,

adds to the requirements for information and detailed knowledge of the
utilization system.

Perhaps the most useful way of using this model would be to use parametric
LP, varying the expansion cost c . For c = 0, the problem is equivalent to an

unconstrained stand-level optimization. Increasing c would give gradually
increasing degrees of smoothing. It seems plausible that as c increases,
the solution would converge to the nondeclining yield one, although this

conjecture has not been proven.

2.2.3 End effects

The use of a finite planning horizon to model what is essentially an infinite

horizon problem can cause difficulties. Without any provision for end effects,
the optimization will normally cause the forest to be liquidated in the last

period. This generates a distortion that propagates back for several periods
near the end, producing solutions significantly different from what would be

a long-term optimum.

One way of reducing the effect is to introduce constraints on the ending
inventory (Johnson and Scheurman 1977). For example, the total standing

volume left at the end might be forced to be no less than the volume in the
first period.

Another approach is to assign a value to the area left in each age class at
the end, and to include this in the objective function. A value that has

given good results, and that is easy to calculate, is the discounted cash
flow over infinite periods with no yield regulation or other constraints. This
is equivalent to solving an infinite horizon problem, where the constraints

other than area flow conservation apply only to a finite number of initial
periods.
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With some yield regulation models, such as the expansion cost model of

2.2.2.4, it is possible to prove that there exists a point in time after which
the constraints are not active. The infinite discounted cash flow approach

can then result in an infinite horizon optimum. Otherwise, some distortion
due to end effects occurs, and the results from a certain number of the

final periods should not be used. Grinold (1983) discusses end effects in the
general context of multistage problems.

2.2.4 Other constraints

Apart from area flow conservation and yield regulation, other constraints
may be needed. These may reflect resource limitations, accessibility, con-

tractual commitments, etc. Some may be enforced simply by omitting arcs
in the area flow networks.

3 Solution strategies

3.1 Brute force

By far, the most common approach in production systems is the straight-
forward application of a general-purpose LP package. A matrix generator

program is used to translate the area flow conservation constraints from a
Model B or Model C formulation, and the constraints and objective func-
tion from the utilization submodel, to the format required by the LP system.

Problems with thousands of constraints and tens of thousands of variables
are routinely solved.

I already discussed in Section 2.1.4 some aspects of the LP solution, and
the trade-offs between sparsity and number of constraints. Experience with

FOLPI (Garćıa 1984) has also shown the importance of redundant variables
and of degeneracy, contrary to textbook folklore. It is well known that net-

work constraints result in massive LP degeneracy. Garćıa (1984) reported
slow convergence with the LP2900 (ICL 1980) and MINOS (Murtagh and
Saunders 1978) LP systems due to degeneracy (see also Kent et al. 1987).

Right-hand-side perturbation was tried, but it did not reduce the number
of iterations. A modification of MINOS (M.A. Saunders, pers.com. 1985)
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improved the situation somewhat. The much better performance of the SCI-

CONIC package (Manley and Threadgill 1987) was found to be largely due
to an optional pre-processing step (PRESOLVE) that reduces the number

of redundant variables and constraints, and therefore degeneracy. A similar
procedure used with MINOS gave comparable results.

In any given problem, many (most?) of the harvest, replanting, and transfer
arc flows in the full Model B network are not permissible (Section 2.2.4).
Excluding these arcs (variables) causes nodes (constraints) to become redun-

dant, allowing network simplifications. These simplifications may be prop-
agated in several cycles. The first version of FOLPI did take most of these

into account when generating the LP constraints, except for some redun-
dant variables arising from empty age classes and from replanting defaults.

A more thorough analysis, together with some fine-tuning of algorithmic
parameters (mainly pricing block size), has resulted in order-of-magnitude

improvements in solution times over those originally reported. There is still
a large proportion of degenerate pivots, however, and some technique such

as those proposed by Perold (1980) or Gill et al. (1989) might be advanta-
geous. Making use of oldest-age or other priorities could also help (Section
3.3).

Another strategy that can improve the efficiency of the LP solution is to sub-
stitute inequalities for the node equality constraints of the forestry submodel.

In most properly formulated problems, the solution should not change if the
flow out of a node is constrained to be less than or equal to the flow into the

node, instead of being forced to be equal. A different solution would mean
that it is profitable to leave unused hectares behind. Even if this is so, it can
be argued that this is usually a feasible alternative, so that the inequalities

formulation would be more appropriate.

The advantage of relaxing the node equalities, at least for the source nodes,

is that often an initial basic feasible solution, zero flows on all arcs, is im-
mediately available, making LP phase I unnecessary. This has resulted in

savings of around 40% with some LP packages. With SCICONIC there was
little or no gain, however, because it uses a special non-basic phase I proce-
dure that seems to be very efficient. Instead of the all-zeroes flow, various

heuristics could be used to generate better initial solutions.
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3.2 Decomposition and partitioning

It is clear that without any constraints in the utilization submodel it would

be very easy to solve the optimization problem. The optimum would be
achieved by optimizing independently the management of each individual
stand (Section 2.2.2). Faustmann showed in 1849 how to do this, in a

stationary model with an infinite planning horizon. In Model C the problem
is trivial; just assign each initial area to the most profitable harvest/planting

sequence. In Models A or B, it is necessary to find a maximum profit path
in the network for each crop type and age class. Dynamic Programming

and other simple and efficient network path algorithms are available for this
(actually, most algorithms find all these paths simultaneously).

The forest planning problem can be seen then as a number of easy-to-solve

problems, the scheduling of stands in the forestry submodel, linked by com-
plicating constraints, the utilization submodel. The best-known approach

for exploiting this structure is the Dantzig- Wolfe decomposition algorithm,
and numerous proposals have appeared in the literature advocating its use.

Other decomposition methods are reviewed by Molina (1979). Less well-
known, but apparently more promising, are various LP partitioning tech-

niques.

3.2.1 Dantzig-Wolfe decomposition

It will be useful to explain the Dantzig-Wolfe algorithm in a slightly more

general setting than usual. Consider an LP problem where we distinguish
two sets of constraints:

maximize c′x subject to:

(i) Ax = b ,

(ii) Bx = d ,
x ≥ 0 .

The problem would be easy to solve if the constraints in (ii) were absent.

In forest planning (i) may be the forestry submodel, and (ii) the utilization
submodel.

Let X be a matrix where the columns are all the basic feasible solutions

of (i). The solution to the full LP must be a convex linear combination of
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these solutions (assuming, for simplicity, that the solution set is bounded):

x∗ = Xw , with 1′w = 1 , w ≥ 0 .

The problem can then be stated as finding w to

maximize (c′X)w subject to

(BX)w = d ,

1′w = 1 ,

w ≥ 0 .

This is the Dantzig-Wolfe master. The columns of BX are not all produced

in advance, ut are generated as needed. At any iteration, the next column
Bx to enter the master basis is found by solving the subproblem

maximize (c′ − p′B)x subject to

Ax = b ,

x ≥ 0 ,

where p are the simplex multipliers from the master.

The subproblem is easy to solve, and the master has less constraints than

the original problem.

The Dantzig-Wolfe algorithm is usually presented as applicable to situations

where A is block-diagonal (e.g. Dantzig 1963), so that the subproblem above
decomposes into a number of independent subproblems (as in the forest

planning problem). However, it can also be useful when a special structure
in A , such as a network structure, makes the subproblem easy to solve (as in

the forest planning problem). In this later case the algorithm is sometimes
called a column generation procedure (Eriksson 1983).

Despite its undeniable aesthetic appeal, the performance of the decompo-
sition algorithm in practice has not been encouraging (Orchard-Hays 1973,
Ho and Loute 1983). It seems that it can be justified for problems that are

too large to be solved directly, but can rarely compete with state-of-the art
general LP codes otherwise. It is often mentioned that convergence is very

slow, due to the huge number of columns in BX . Perhaps more significant
in forest planning is the fact that the number of rows in B can be relatively

large, and that although B is sparse (constraints rarely involve variables in
more than two periods), the basis for BX in the master will be dense.
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3.2.2 Partitioning

Partitioning methods seek to exploit special structure in the basis when

solving the equations of a simplex-based method. The special structure
arises from an “easy” subset of constraints, equation (i) from Section 3.2.1.
Partitioning methods are often called basis factorization methods, but they

should not be confused with the triangular LU basis factorization techniques
used in modern LP codes. These methods have been developed mainly for

two types of problems. In one, the matrix A is of the block diagonal or re-
lated forms (block angular, block triangular, staircase) typical of multistage

problems like those in Section 3.4 (e.g. Winkler 1974, Dantzig et al. 1981).
In the other, the special constraints correspond to some kind of network

(e.g. Dantzig 1963, Chen and Saigal 1977, Kennington and Helgason 1980).
The constraints (ii) are called complicating, coupling, or side constraints. It

is possible to deal also with complicating or side variables (Winkler 1974,
Glover and Klingman 1981, 1985, McBride 1985). Birge (1985) examines
some relationships between partitioning and decomposition methods. The

use of partitioning in harvest planning was suggested by Garćıa (1984), and
attempted by Broad (1990).

At every iteration, the simplex and related methods need to solve systems
of linear equations involving a basis and its transpose. In the problem of

the previous section, the basis can be partitioned as

[

A1 A2

B1 B2

]

where A1 and A2 are submatrices of A, and B1 and B2 are submatrices of

B . The matrices A1 and B2 are square. The equations are solved taking
advantage of the fact that the systems

A1x = b and A′

1y = c

are easily solved making use of the special structure of A1. The basic idea is

to make use of the partitioned inverse, or of a block-triangular factorization,
so that only the inverse or a factorization of a “working basis”

H = B2 − B1A
−1

1
A2

needs to be stored and manipulated directly. Although developed primarily

to solve problems with embedded network or block diagonal components, it
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is clear that these techniques are applicable whenever A1 is easily invertible,

for example if A1 is triangular. Complementing this data handling structure,
several variations on the simplex strategy may be advantageous. A good

unifying review of these is given by Winkler (1974).

In a Model B forest planning problem, A may correspond to the forestry

submodel constraints, a network. This is a particularly simple type of net-
work; it is acyclic (no loops), and uncapacitated (no upper bounds on arc
flows) (Garćıa 1984, Gunn and Rai 1987, Broad 1990). Adolphson (1988)

shows how to streamline the general procedure in precisely this situation.

It may also be possible to include in A some constraints from the utiliza-

tion submodel. This is the case with some constraints involving harvested
volumes, resulting in an A with a generalized network structure (McBride

1985).

For problems in which the number of side constraints is small relative to
the number of network constraints, significant (although not spectacular)

computational savings over general-purpose LP solution methods have been
reported. As with decomposition, loss of the sparsity of the side constraints

may be a problem in the forest planning situation. Although both A and
B are sparse, the working basis H is likely to be dense. In a sense, both (i)

and (ii) of 3.2.1 are “easy” sets of constraints in the absence of the other
set.

Unless the structure of the side constraints can be exploited, only modest

computational gains seem likely. Winkler (1974, p.62) gives some pointers
on what could be done for the block-angular case.

3.2.3 Generalized upper bounds

The generalized upper bounding (GUB) algorithm of Dantzig and Van Slyke
(e.g. Murtagh 1981) can be seen as a special case of partitioning. Here the

special structure consists of a set of GUB constraints, bounds on sums of
disjoint sets of variables. All the forestry submodel constraints in Model C

are GUBs. In Model B, either the harvesting or the replanting constraints
can be written in this form.

Some LP packages support GUB, making it easy to take advantage of this

structure. With at least one LP system, however, it was found that the
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GUB formulation used more computing time than straight LP (Garćıa 1984).

Similar results were reported by Kent et al (1987). Glover and Klingman
(1981) comment that “. . . the GUB feature has been dropped from most of

the commercial LP codes. . . ”. This relates to the fact that both IBM and
CDC dropped GUB because of added difficulty of code maintenance and

MIP interfacing (D. Klingman, pers. com. 1983).

3.3 Prioritizing: the oldest-first principle

It seems obvious to most foresters that, other things been equal, the oldest

stands should be cut first. More precisely, cutting from an age class in some
period would not be optimal if there are hectares available in an older age

class in the same crop type. This principle is used, implicitly or explicitly, in
most simulations and in some specialized optimization procedures (Walker
1976, Lyon and Sedjo 1986; see Section 3.4). Current LP-based systems,

however, evaluate all available classes for possible cutting in the pricing step
of each iteration.

It is possible to construct examples where the oldest-first ordering is not

optimal, so that the principle is not universally valid for arbitrary planning
models. It would be useful to establish precisely under what conditions the

restriction to an oldest-first ordering is optimal. An optimality proof under
conditions that cover many practical situations is given in Appendix 2. In

special cases, prioritizing rules that work across crop types can be obtained
(Walker 1976, Garćıa 1981).

Restricting the LP bases to those having a structure consistent with a priori-

tizing rule would vastly reduce the number of candidate columns for entering
and leaving the basis that need to be considered. Even if the optimal basis
has this special structure, however, there is no guarantee that the ordinary

simplex method would reach it, stepping only through the special bases. An
idea of Markowitz for exploiting the triangularity of the optimal basis in

certain generalized networks is applicable, though (Dantzig 1963, p. 424).
He proposes using parametric LP, moving through bases that are optimal

for the current value of the parameter. In the forestry planning problem
we could parametrize the right- hand-side of the utilization constraints, or

the objective function as in 2.2.2.4. In both cases, we can start from an
unconstrained solution for the initial value of the parameter.

It can be seen that an oldest-first condition implies planar crop type sub-
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networks. That is, the Model B network can be drawn so that harvesting

arcs do not cross each other. An intriguing possibility is to somehow exploit
this planarity. For example, Berge (1962) shows that on a planar network

the maximum flow problem is equivalent to the much easier shortest path
problem.

Prioritizing could also be used with less drastic changes to existing systems,
and in cases where the oldest-first principle may not be always optimal.
It seems likely that large computational gains could be achieved by using

prioritizing rules to guide the selection of entering columns in a modified
pricing procedure, and/or to resolve ties when pivoting. The effort spent in

pricing, the most time-consuming part of the LP iteration, could be reduced,
and the impact of degeneracy (Section 3.1) might possibly diminish. Even

something as crude as ordering the LP matrix columns in decreasing order
of age was found to decrease the number of iterations (Garćıa 1984).

3.4 Time structure

Forest planning obviously deals with dynamical systems, evolving in time.

This time dimension does not play a fundamental role in the optimization
methods discussed above. A number of techniques, though, are directly

based on the time structure characteristic of the state space perspective.

3.4.1 The model

As already mentioned, the time structure is most apparent in Model A, and

in particular in the transition function. The state of the forest in period t
can be described by a vector xt , where the elements are the current number

of hectares in each of the cutting units (crop type / age classes). There
is a decision or control vector ut specifying the areas harvested from each

cutting unit, and areas replanted into various crop types. The state in period
t + 1 is a linear function of the state and control for period t (the transition
function):

xt+1 = Atxt + Btut ,

with initial conditions giving the areas x for the first period (see, for example,

Lyon and Sedjo 1983).
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The control must satisfy certain linear constraints:

Ctxt + Dtut = bt , ut ≥ 0 .

These ensure that areas harvested and replanted do not exceed those avail-
able in the originating cutting unit. Single-period and two-period utilization

submodel constraints can be included here, using the transition function and
including slack or surplus variables in u, if necessary. Other state and control
variables can also be added, such as the current capacity and the capacity

increases of Section 2.2.2.4.

The objective is, for example, the maximization of the sum of the net dis-

counted revenues for each period. These are linear functions of xt and ut

(nonlinear functions may be used in some instances, see Section 2.2.2.2).

Alternatively, we can define another state variable equal to the accumulated
net discounted revenue, and the objective is then to maximize its final value.
These two variations are called the Lagrange and the Mayer forms, respec-

tively. A problem with both periodic and terminal terms in the objective
is said to be a problem of Bolza. These names originate in the Calculus of

Variations, an analytical approach that can be used in some of the simpler
cases.

The optimization of the model just described is sometimes called a dynamic,
or multistage LP problem. Writing down the constraints in an LP matrix,
the so-called staircase structure results. This has submatrices (the A, B, C,

and D matrices above) linking pairs of consecutive periods. The LP matrix
can also be rearranged into block-angular and other patterns.

3.4.2 Dynamic LP and forestry applications

The main solution approaches, other than straight LP, are based either
on Dantzig-Wolfe decomposition, or on partitioning. These have been ex-

plained in general terms in Section 3.2. Details for a representative sample
of suggested solution methods can be found in several papers in Dantzig

et al. (1981). Note that, despite the similarity in name, standard Dynamic
Programing methods are only useful when the dimension of the state vector

does not exceed 2 or 3.

A number of techniques are inspired by ideas from Optimal Control Theory,
specifically, by the (discrete) Optimum Principle of Pontryagin. Optimal
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Control Theory is an offshoot of the Calculus of Variations and of Sys-

tem Theory, and deals with more general problems than those discussed
here. In the linear dynamics case, Control Theory models and methods can

be described using well-known Linear Programming concepts, so that the
differences from LP are largely a matter of terminology. There has been,

though, a valuable cross-fertilization of ideas, with LP methods used in con-
trol systems (Canon et al. 1969), and Control Theory methods suggesting

LP solution strategies (Propoi and Krivonozhko 1978).

Pontryagin’s Optimum Principle specifies necessary conditions for an opti-
mum, but does not by itself provide an algorithm for finding it. The basic

idea, in Mathematical Programming terms, is that if the values of the dual
variables were known, it would be easy to compute the optimum primal val-

ues (ut and xt ), period by period, starting with the initial x . Conversely,
with known primals, the duals (adjoint variables in Control Theory jargon)
could be obtained going back in time, starting from an easily determined fi-

nal value. Calculating the values of both the primal and dual variables using
these relationships is what is known as a two-point boundary value problem

(initial boundary conditions for the primals, and final boundary conditions
for the duals). This is not an easy problem to solve in general, and a num-

ber of iterative algorithms have been used. Propoi and Krivonozhko (1978)
propose a method for the Dynamic LP problem inspired by some of these

ideas, combined with LP partitioning.

Walker (1976) developed a dynamic planning model and solution technique
named ECHO. ECHO was originally derived from first principles, using ideas

from forestry financial maturity and economic marginal analysis. Later, con-
nections with Control Theory were pointed-out by McDonough and Park,

and with Mathematical Programming by Johnson and Scheurman (1977).
The model considers a single crop type, although Walker (1976) indicates
that it can be generalized if a fixed cutting priority is given. Yield regulation

is single-period, with a demand curve and possibly nonlinear logging costs
(Section 2.2.2.2). An oldest-first priority (see 3.3) is used in harvesting. This

results in simplifications that essentially amount to having a one-dimensional
dual vector, i.e., one dual variable per period. Walker computes approxi-

mately optimal solutions with a procedure that iteratively adjusts harvest
levels.

Lyon and Sedjo (1983, 1986) refined Walker’s procedure, approaching it from

a control-theoretical perspective (see also Sedjo and Lyon 1990, Chapter 7).
Taking advantage of the one-dimensional dual, they use a variation of the
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“shooting method” for boundary value problems. Although the details dif-

fer, the basic idea of this method is to assume an initial value for the dual,
and use this to compute the dual and primal values forward in time. If the

final value obtained for the dual is close enough to what it should be, the
solution is accepted. Otherwise, the initial dual value is changed, and the

process repeated. The adjustments to the initial dual value can be done
systematically, using binary search or some other univariate optimization

technique. Following Walker, Lyon and Sedjo use the harvest level instead
of the dual variable, making use of a relationship between consecutive har-

vest levels related to the one between consecutive dual values obtained by
Pontryagin’s principle.

Kallio et al. (1981) developed a forest planning model in a Dynamic LP

framework. It is an integrated model intended for planning at the national
level. The forestry submodel is relatively simple, but it has a fairly elaborate

utilization component. The authors indicate that the algorithm of Propoi
and Krivonozhko (1978) or other specialized Dynamic LP algorithms could

be used for the optimization, although standard LP was used in practice.

3.4.3 Other temporal aspects

Although a state space interpretation is most natural in the Model A setting,

it is also applicable to Model B. The state at any period in Model B can
be described by the area planted in each of the previous periods that has
not yet been cut. It would be possible, then, to make use of the temporal

structure in this model also.

To examine one possibility, consider the two main aspects of the problem

that are exploited in Dynamic LP algorithms. One is the data handling
aspects, using the block structure of the LP matrices to save storage, and

maybe some computations. The other is the fact that variables are directly
linked only to variables that are close to them in time. This motivates
pivoting strategies that limit the extent of matrix updating necessary, and

other computational shortcuts. It appears that this second characteristic
of dynamical systems, possibly combined with an oldest-first priority rule,

should produce quasi-triangular Model B bases, that is, lower-triangular
matrices plus a small number of diagonal rows above the main diagonal. In

some simple problems, nondeclining yield with one crop type, I have found
that, with an appropriate ordering of rows and columns, optimal bases are
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triangular except for one additional diagonal row. If quasi-triangular bases

could be maintained, techniques similar to those in Huard (1981) might
produce considerable computational gains.

Another possibility worth exploring relates to the nature of finite-horizon
models. Often we are interested in the optimal decisions for one or a few

initial periods, but we are forced to plan over a longer horizon to avoid
distortions created by end effects (Section 2.2.3). Aronson et al. (1985) de-
veloped the forward simplex method for this type of problems. The forward

algorithm proceeds by first solving the one-period problem, augmenting its
solution to obtain the optimal solution for the two-period problem, etc. Af-

ter several steps the initial part of the solution stabilizes, and when the
first-period decision is guaranteed to be “good enough”, computation can

stop. Although the forward simplex method was developed for multistage
problems, it might be applicable also to Model B.

Returning to the state space formulation of 3.4.1, in many problems the

coefficients in the transition and constraint equations are independent of t
. In other words, the problem is time-invariant, or stationary (not to be

confused with stationary solutions). It seems natural to think that this
property could be exploited, making it easier to compute solutions, even

(or at least) with an infinite horizon. Simple results have been obtained
in special cases, e.g. for dynamic networks (Ford and Fulkerson 1958), for

transition matrices with a Leontief structure (Dantzig 1959), and for systems
with no constraints on the state (Dantzig and Sethi 1981). For more general

problems, however, no practical ways of making use of stationarity seem to
be available.

3.5 Other strategies

3.5.1 Hoganson-Rose, and Lagrangian relaxation

Hoganson and Rose (1984) developed an algorithm for obtaining approxi-
mate solutions to forest planning optimization problems. They use a Model

C formulation, but the approach could be also used with models A or B.
With reference to the equations in 3.2.1, the basic idea is to remove the

complicating constraints (ii) from the LP rows, and place them as a penalty
term in the objective function. An estimate of the dual variables for (ii)

are used as penalty weights. The transformed problem then has a form
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identical to the subproblem in 3.2.1, and is easily solved. If in this solution

the constraints (ii) are satisfied to within an acceptable tolerance limit, the
computation is finished. Otherwise, the dual estimates are modified, and

the procedure is repeated.

The Hoganson-Rose algorithm is essentially equivalent to a Lagrangian re-

laxation procedure used mainly to generate bounds in integer linear pro-
gramming algorithms (Fisher 1981, 1985). The alteration of the dual esti-
mates is different, though. It seems likely that the Hoganson-Rose procedure

could be streamlined and accelerated by using the subgradient method of
adjusting the duals suggested by Fisher.

Even with full convergence to a feasible solution, in general this solution
will not be optimal, although it may be “close enough”, as pointed out by

Hoganson and Rose. This is easily seen from the fact that the number of
basic variables in this solution equals the rank of the forestry constraints
(i), which is less than that for the fully constrained problem. In particular,

this solution cannot “split” the initial areas, because the bases for the un-
constrained forestry network are trees rooted at the sink. This may be seen

as an advantage, because it may be undesirable to subdivide stands. Still,
this is likely to be different from an integer programming optimal solution.

To ensure an optimal solution to an LP problem by Lagrangian relaxation,
it is necessary to use a nonlinear penalty function. Gol’shtein (1981) shows
how to do this with a quadratic. A similar approach has been used by Gunn

and Rai (1987) with forest planning models.

3.5.2 Other potentially useful techniques

Tseng and Bertsekas (1987) have proposed a new non-simplex method for

linear programming. This method has given good results for networks (Bert-
sekas and Tseng 1988), which suggests that it might be advantageous on the

simpler types of forest planning problems. Another method that deviates
from the simplex method has been studied by Mitra et al. (1988). They

point out similarities with the usage of nonbasic solutions in SCICONIC,
a feature that may account for the Phase I efficiency of this LP package

mentioned in Section 3.1.

Two-level linear programming (Balas and Karwan 1984), deals with prob-
lems that have some similarities with forest planning. This approach con-
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siders systems with two subsystems in a hierarchical planning structure, e.g.

forestry and utilization. The objective function and constraints for a planner
at one level are determined, in part, by the other level.

The level of aggregation, that is, period length, age class width, and number
of crop types, has a large impact on the cost of solving a forest planning LP

problem. Manley and Threadgill (1987) provide some comparative figures.
Shetty and Taylor (1987) consider a strategy that starts with small, highly
aggregated problems. At each iteration, bounds on the objective value are

obtained, and if the solution is not acceptable, the problem is modified to
one with a lower level of aggregation.

It was mentioned in Section 3.5.1, that sometimes it is not desirable to sub-
divide the initial areas. In general, an optimization with this constraints

would be costly, requiring the use of integer programming. Simple cases,
such as nondeclining yield, have a structure similar to the generalized as-
signment problem (e.g. Fisher et al. 1986), for which a number of good

algorithms are available. It could be possible to obtain an efficient algo-
rithm along similar lines, which might even be competitive for continuous

variables.

I have considered only discrete formulations of forestry planning problems.

It is also possible to formulate problems in continuous time, and/or with
continuous age distributions. Models of this kind have often been used to
obtain analytical results in simple situations (e.g. Johansson and Lfgren,

1985). There are cases where a continuous optimization problem is easier
to solve than the corresponding discrete version (Anderson and Nash 1987).

In this context, it is interesting to note that there are strong similarities be-
tween continuous versions of simple constant or nondeclining yield problems,

and the cutting and filling problem (Kantorovich 1958, Anderson and Nash
1987). In the cutting and filling problem, material is removed from one area,

and used to fill a space of a given shape. In the forestry problem, hectares
are removed from an age distribution, and allocated trying to fill “gaps” in a

production curve. The fact that the optimal material movements in cutting
and filling do not cross each other, has a parallel in the oldest-first principle,
where the harvesting allocations do not cross (Section 3.3 and Appendix 1).
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4 Discussion and conclusions

The classification of forest planning models presented here appears to be a

reasonable way of comparing the various approaches that have been used.
It may also help in guiding future developments. Models A, B, and C are
essentially equivalent in their power for describing forest planning problems.

They do differ in their usefulness in association with specific solution tech-
niques.

Network concepts have been found very useful, not only for visualizing and
thinking about models, but also for training and communication with forest

managers. It is important to realize that the managers’ acceptance of these
systems depends on their understanding of the model. Ideally, they should

be able to use the system by themselves, without a detailed knowledge of
irrelevant mathematical and computational technicalities (Garćıa 1984). I

have not dealt with these aspects here, but the development of appropriate
metaphors and user interfaces is likely to have a larger impact than any new

mathematical or computational advances.

For completely general forest management problems, it seems difficult to

achieve any large computational advantages with other than general-purpose
LP basis-handling techniques. Following Winkler (1974), we can distinguish

in an algorithm the data handling aspects (use of special structure to save in
storage and computation), and the strategy aspects (primal, dual or other
strategies, pivoting criteria, pricing approaches). In data handling, mod-

ern LP codes are extremely effective in exploiting sparsity with arbitrary
structures. It is in the strategy side where major improvements may be

possible. Modified pricing and pivot selection procedures using prioritizing
rules appear to be a promising approach.

Important gains from specialized algorithms seem likely with more restricted
types of problems. Satisfactory procedures are available for some instances

of single-period conditions (sections 2.2.2.2 and 3.4.2). Other examples are
the nondeclining yield and the expansion cost models. Efficient solution

techniques for these could be very useful in combination with interactive
simulators.

The most often mentioned method of exploiting special structure in forestry
problems, Dantzig-Wolfe decomposition, appears particularly unattractive.

Partitioning methods are more promising, although sparsity would need to
be preserved. Dynamic LP methods are largely experimental, but could be
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useful provided the structure within blocks is utilized. Lagrangian relax-

ation and related techniques have been successful recently on a number of
structured LP and integer problems.

There is little or no experience with most of these methods on real-life

forestry problems, and most of the other suggestions here have not appeared
before in the forestry literature. In any case, I believe that any real break-

throughs will require combining ideas from several approaches.

Appendix 1. Another view of the expansion costs

model

A simple yield regulation approach was presented in Section 2.2.2.4. An
alternative motivation for the model follows.

Consider the classical model for a firm (e.g. a sawmill) with a linear cost

function:

-

fixed
cost

cost

revenue py − F

B y
break-even
production

F

z
maximum
capacity

6$

profit = revenue - cost

Assume that there are constant returns to scale in the industry. Then, this

model would also apply to the industry as a whole, and the fixed cost would
be proportional to the total capacity (think of the industry as the sum of

many small mills): F = fz. Assume also that in period t the installed
capacity zt can be increased by any amount wt , e.g by adding new mills,
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but it cannot be reduced (the model could be extended by including scrap

values). We have then the same constraints as in Section 2.2.2.4, with the
objective of maximizing the discounted total profits:

maximize
∑

αt(ptyt − fzt) =
∑

αtptyt − f
∑

αtzt .

The second term can be written as a function of the wt :

f
∑

αtzt = fz0

∑

αt
t

∑

1

ws

= fz0α(1− αT )/(1− α) + f/(1− α)
∑

(αt
− αT+1)wt ,

where T is the planning horizon. For an infinite horizon, this objective
function is the same as the one in Section 2.2.2.4, except for a constant term.

The expansion cost is related to the fixed cost per unit by c = f/(1− α) .

There is a small discrepancy between the two objectives for finite planning

horizons. It is caused by ignoring here the fixed costs incurred after T due
to expansion decisions before T .

Another interesting relationship for the expansion or fixed cost is

f/p = B/z .

This is easily obtained from the figure. The right-hand-side is the break-

even utilization as a fraction of the installed capacity, and it may be easier
to estimate than trying to estimate f or c directly.

Appendix 2. Optimality of the oldest-first rule

It was stated in Section 3.3 that, under some conditions, optimal solutions
are consistent with the oldest-first principle. The following result is not the

most general possible, but it is easy to understand and covers many practical
situations.

Theorem:

In Model B, assume that

(a) the area constraints can be given as inequalities, as described in the
last two paragraphs of Section 3.1,
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(b) the objective and utilization constraints depend on the harvesting area

flows only through yields yit =
∑

vistxist (with the notation of Section
2.2.2.4), and

(c) the logarithms of the yield functions vist are concave functions of the

age t− s .

Then, there exists an optimal basis such that if xist and xis′t′ are in the basis
and s < s′ , then t ≤ t′ .

Proof:

Suppose that an optimal basis does not satisfy the rule, that is, it contains
the variables xist′ and xis′t , with s < s′ and t < t′ (the arcs “cross”, see the

solid arcs in the following figure).

t t’

s s’
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Re-direct a small number δ of hectares from s to t, adjusting the other flows
to maintain the same yields at t and t′, and the same supply at s′:

xist = δ,

decrease xis′t by (vist/vis′t)δ ,
xis′t′ = (vist/vis′t)δ ,

decrease xist′ by (vis′t′/vist′)(vist/vis′t)δ .

Increase δ until one of xist′ or xis′t drops out, obtaining a new solution
with no crossing arcs. The net change in the availability of hectares at s

is [(vis′tvist)/(vist′vis′t) − 1]δ . It can be shown that the concavity of log v
implies that this change is non-negative, so that the new solution is feasible.
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Garćıa, O. 1988. Growth modelling - A (re)view. New Zealand Forestry

33 (3), 14-17.

33



Gill, P.E., Murray, W., Saunders, M.A. and Wright, M.H. 1989. A practical

anti-cycling procedure for linearly constrained optimization. Mathemat-

ical Programming 45 , 437- 474.

Glover, F.and Klingman, D. 1981. The Simplex SON algorithm

for LP/embedded network problems. Mathematical Programming

Study 15 , 148-176.

Glover, F. and Klingman, D. 1985. Basis exchange characterizations for
the Simplex SON algorithm for LP/embedded networks. Mathematical

Programming Study 24 , 141-157.

Gol’shtein, E.G. 1981. An iterative linear programming algorithm based on
the modified Lagrangian. In: Dantzig et al. 1981, p.617-630.

Grinold, R.C. 1983. Model building techniques for the correction of end
effects in multistage convex programs. Operations Research 31 , 407-

431.

Gunn, E.A. and Rai, A.K. 1987. Modelling and decomposition for planning
long-term forest harvesting in an integrated industry structure. Cana-

dian Journal of Forestry Research 17, 1507-1518.

Harvey, C.M. 1986. Value functions for infinite-period planning. Manage-

ment Science 32 , 1123-1139.

Ho, J.K. and Loute, E. 1983. Computational experience with advanced
implementation of decomposition algorithms for Linear Programming.
Mathematical Programming 27 , 283-290.

Hoekstra, T.W., Dyer, A.A. and Le Master, D.C. (eds.) 1987. FORPLAN:

An evaluation of a forest planning tool. USDA Forest Service. General
Technical Report RM-140.

Hoganson, H.M. and Rose, D.W. 1984. A simulation approach for optimal
timber management scheduling. Forest Science 30 , 220-238.

Hrubes, R.J. and Navon, D.I. 1976. Application of Linear Programming to

downward sloping demand problems in timber production. USDA Forest
Service, Res. Note PSW- 315.

Huard, P. 1981. Solving large scale linear programs without structure. In:
Dantzig et al. 1981, p.19-54.

34



ICL. 1980. LP2900 applications manual. International Computers Ltd.,

Technical Publication 6955.

Johansson, P.-O. and Lfgren, K.-G. 1985. The economics of forestry and

natural resources. Blackwell, Oxford.

Johnson, K.N. and Scheurman, H.L. 1977. Techniques for prescribing opti-

mal timber harvest and investment under different objectives - Discussion
and Synthesis, Forest Science Monograph 18.

Kallio, M., Propoi, A. and Seppl, R. 1981. A model for the forest sector. In:

Dantzig et al. 1981, p.1055-1100.

Kantorovitch, L. 1958. On the translocation of masses. Management Sci-

ence 5 , 1-4.

Kent, B.M., Kelly, J.W. and Flowers Jr., W.R. 1987. Experience with the

solution of USDA Forest Service FORPLAN models. In: Dress, P.E. and
Field, R.C. (eds) The 1985 Symposium on Systems Analysis in Forest Re-
sources. The Georgia Center for Continuing Education, Athens, Georgia.

Lyon, K.S. and Sedjo, R.A. 1983. An Optimal Control Theory model to
estimate the regional long-term supply of timber. Forest Science 29 ,

798-812.

Lyon, K.S. and Sedjo, R.A. 1986. Binary-search SPOC: an Optimal Control

Theory version of ECHO. Forest Science 32 , 576-584.

Manley, B.R. and Threadgill, J.A. 1987. Testing FOLPI, a Linear-
Programming-based forest estate model. In: Kininmonth, J.A. (ed.) “Pro-

ceedings of Conversion Planning Conference”. N.Z. Ministry of Forestry,
FRI Bulletin No. 128.

McBride, R.D. 1985. Solving embedded generalized network problems. Eu-

ropean Journal of Operations Research 21 , 82-92.

Mitra, G., Tamiz, M. and Yadegar, J. 1988. Experimental investigation of an
interior search method within a Simplex framework. Communications

of the ACM 31 , 1474- 1482.

Molina, F.W. 1979. A survey of resource directive decomposition in Mathe-
matical Programming. Computing Surveys 11 , 95-104.

Murtagh, B.A. 1981. Advanced Linear Programming: Computation and
practice. McGraw-Hill, New York.

35



Murtagh, B.A. and Saunders, M.A. 1978. Large scale linearly constrained

optimization. Mathematical Programming 14 , 41-72.

Navon, D.I. 1971. Timber RAM - a long-range planning method for commer-
cial timber lands under multiple-use management. USDA Forest Service,

Res. Pap. PNW-70.

Orchard-Hays, W. 1973. Practical problems in LP decomposition and a

standardized phase I decomposition as a tool for solving large scale prob-
lems. In: Himmelblau, D.M. (ed.) “Decomposition of large-scale problems.

North-Holland, Amsterdam, p.153-166.

Perold, A.F. 1980. A degeneracy exploiting LU factorization for the Simplex
method. Mathematical Programming 19 , 239-254.

Propoi, A. and Krivonozhko, V. 1978. The simplex method for dynamic
linear programs. International Institute for Applied Systems Analysis,

RR-78-14. (Parts II and III also in Dantzig et al. 1981).

Sedjo, R.A. and Lyon, K.S. The long-term adequacy of world timber supply.
Resources for the Future. 1990.

Shetty, C.M. and Taylor, R.W. 1987. Solving large-scale linear programs by
aggregation. Comput. Opns. Res. 14 , 385-393.

Tseng, P. and Bertsekas, D.P. 1987. Relaxation methods for linear programs.

Mathematics of Operations Research 12 , 569-596.

Walker, J.L. 1976. ECHO: solution technique for a nonlinear economic har-

vest optimization model. In: Meadows, J., Bare, B., Ware, K., and Row,
C. (eds.) ”System Analysis and forest resource management“. Society of

American Foresters, Washington D.C., p. 172-188.

Ware, G.O. and Clutter, J.L. 1971. A mathematical programming system
for the management of industrial forests. Forest Science 17 , 428-445.

36


