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HEIGHT GRCWTH IN RADIATA PINE
I. GENERAL MODEL AND ESTIMATION PROCEDURE

PROGRESS REPORT

1. OVERVIEW.

The model consists of a differential equation for
height growth, plus environmental variation and measurement
errors. The differential equation is equivalent to the
Bertalanffy—Richards model. ''ne parameters can be taken as
being the same for all the plots, or as varying between
plots (e.g. Tfunctions of site).

The parameters of the model are estimated by maximum
likelihecod (any of them can also be fixed at givenrn values
in particular versions of the model). The likelihood
function is obtained by analytical integration of the model,
and meximigzed over the parameters using a numericai
optimization algorithm (actually the negative logarithm of
the likelihood is minimized).

The optimization is carried out with a version of
Newton's method. Advantage is taken of the special structure
of the Hessian matrix for reducing the storage requirements
and arranging the computations sequentially. The method
provides with estimates for ithe estimation esrrces, and
statistics that can be used for goodness of fit comparisons
and hypothesis testing.

Several other refinements are used for improving the
efficiency and reliability of the optimization procedure,
such as Cnolesky's triangular factorization of matrices
and modirications if the Hessian becomes non-positive-
definite. Recurrence relationsnips are used for computing
values of the likelihood function and its derivatives.

The estimation procedurn has been codeé in FOR:IRAN as
a grouyp of subroutines in order to racilitate modi f1Cat10ns
and maintenance. Any versions of the model differing\which
parameters are taken as fixed, comnmen for all plots or
varying between plots, can be implemented by small changes
in the basic programs. The subroutines are currently in the
debugging and testing stage.

Data from Xaingaroa Forest will be used for the first
application. Initially data from non-frost sites will te
used for exploring ithe relationships between parameters,
and later wayo cf handling the effect of frosts will be
studied.

2. MODEL.

There are important advantages in developing a model
for the growth rate as a function of size, instead of the
usual aprreocach of fitting directly the olZG age relationsghip
(Houplllnv 1927, Dailey ané Clutter 1974). the model used
is tased on the assumption that there is some power
transformation of the top height for which the evolution
over lime can be well apprOXLmated by a linear differential

equation:
— o(_‘/AHC
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dt
where a is an upper asymptote for the height H.
This equation is equivalent to a growth model proposed
by von Bertalanffy (1949, 1957) and extensively analyzed by
Richards (1999):
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This model is very flexible, containing as special cases

several well-known growth functions such as the logistic,
Mitscherlich, exponential, and Gompertz curves (Richards

1959). Lately it has been frequently used for Site Index

curves, includirg those developed for Radiata Pine in New
Zealand by Goulding and klliott and by Burkhart.

The stochastic component of the model is a compromise
between realism and mathematical tractability. It is felt
that even a grossly oversimplified model should provide
with better estimates than the indiscriminate use of least-
squares procedures. Two sources of variation are recogniczed.
One is the environment-caused variation of the growth
rate, represented by a Brownian motion perturbation added
in equation (3). This means essentially that the variation
or error in H~ accumulated over a time interval is
normally distributed with mean zero and variance increasing
with the interval length, and that errors for non-overlapping
intervals are independent. The other source of variation
is the measurement error for top height, which is c
approximated by a normal random variable added to H".

cThe formulas take a somewhat simpler form using instead
of I the transformation

x = @1 -

Equation (1) is then simply

dx _
-aT--bX.

‘this transformation also has the property, defining
x = In (H/a) for ¢=0, of continuity at ¢ = O as a function
of H and ¢ (Box and Cox 1964). Denoting by h; the top height

measurements at ages ti, i=1,2,...,n, for a given plot, the
model is then:
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[dye- 1] (3a)
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[ké%)c- 1], i=1,...,n (3b)
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x(t,) = x, 23%'&§£)C- J (3d)
¥i= x(ti) + £ ; i=1,...,n (3e)
w(t) = standard Brownian motion

process (Erickson 1971) (3f)
g(t) =T for t2>t, (3g)

B t(0,y) 3 11 (om
cov(€;,£5).="04 1#]

Notice in (3g) that the variance of the environmental
error term in (3c) is assumed constant beyond the age of
the first measurement. It is left free before that age to
account for the probably different circumstances in the
initial few years following establishment.

Integrating equation %30) and using (3e) we get

¥i= e'b(ti_to)x0 +‘é; + Ei R (4)

A;=~/fi e'b(ti-s)GTs) dw(s)
o

is a normal random variable with zero mean (Erickson

wvhere

1971). The covariance between di and 30 i<j, is
: by o-b(t i+t -28) 2
COV(Ji,Jj) = E(JiJJ) = N j (9) ds .
(o]

Defining t
a";a = ', sta' (s) ds/f e?Ps gg , (5)

( wilghted average of'02(t) between t and t and u31ng
3g),

cov(j;,g') %_ -b(ti+tj)EU$(e2bt1 - ¢2bty)

472 (20t _ e2bt1)] , i<y . (6)

This model describes the data from any plot. We shall
assume that measurements from different plots are
statistically independent. lie are thus neglecting the
effects of the correlation which certainly exists between
the height increments of different plots in a same year.



A model including these correlations would be too
complicated at this stage, and must be left as a matter
for future research.

The general model contains eight parameters for each
plot: a, b, c,d% oq, g;; t,» and H, . For any particular

version of the mecdel, some of them will be considered as
fixed at given values, some will have the same value for
all the plots ("global" parameters), and others will be
allowed to differ from plot to plot ("local" parameters).
Functional relationships between some parameters may also
be imposed.

3. LIKELIHOOD FUNCTION.

For the estimation of parameters and other statistical
inference purposes, we need the likelihood function, that
is, the probability density function of thg observations,
considered as a function of the parameters#*

Because of the assumption of independence between
plots, the likelihood is given by the product of the
density functions of the height measurements in the
N plots:

N
L=T] f,(hypseeerh. ), (1)
kg kK n, k

where hik is the i-th height measurement in plot k. Now

dropping the indices k, the probability density function
for the hi's in a given plot can be obtained from the

p.d.f. for the yi's as
f(h1rt°0,hn) = fl(y1'°"’yn)J ’ (8)

where J is the Jacobian of the transformation (3b):

Oy,
J = abs -ﬁl}; = a-cn(i—’fj;hi)c-‘I o (9)

From (4) we know that fx(y1,...,yn) is a multivariate
norral p.d.f. with means

e-b(ti-to)x ,
o
and covariances given by (3h) and (6).

Some simplification is possible by introducing the
new variables

-b(t.- t ;
Zi= yi_ e ( 1 1-1)yi-‘1 M l=1,o¢o,n ’ (10)

with y_=x_. Using (4) we find

* Some authors define the likelihood function only up t
:a c oot . o
an arbitrary multiplicative constant. v ap



t,

zy= 1 e-b(ti's)UXs) dw(s) + £i- e'b(ti'ti-1)gi_1 .
t.
i-1
where £0=0, and from here,
E(Zi) = 0 ; i=1,ooo'n » (11)
2
and ) _ g; oW
(1-e 2bg})§%+(1+e 2bti)7$ ; i=j
cov(zi,zj) = -e'blti_tjhji : Ii—j|=1 (12

0 , otherwise ,

where Zizti—ti_1, and d}:ﬁ'for i>1. The Jacobian of the

transformation (10) is one, so that

£ (¥renn¥y) = (2.Tr)‘°5nlcI""exp(-%_z_'C“1g) . (13)

where g':(z1,...,z ), and C is the covariance matrix with

n
elements cij=cov(zi,zj) given by (12). The fact that the

matrix C is tridiagonal will be used in Section 4.4 to
obtain recurrence relationships for computing the
likelihood and its derivatives.

It will be convenient to work with -2 times the
log-likelihood:

-2 1n L =}E[n 1n2m+ 1n|C|+ 3'0—15 + 2cn 1ln a

n ’
- 2(e-1)2_1n hy] . (14)
i=1 :

The sum is over the N plots.

4, PARAMETER ESTIMATION.

Parameters shall be estimated by the method of
maximum likelihooa. The maximum likelihood estimates are
the values of the parameters for which the likelihood
function is a maximum, for the given data. The maximum of
the likelihood, or, egivalently, the minimum of (14),
can be found using numerical optimization techniques
(Chambers 1973). The value of the likelihood functicn and
its shave at the maximum can be used to make inferences
about estimatien errors and adequacy of different hypothesis,
_ as discussed telow.

Classical inference procedures for maximum likelihood
estimates are based on asvmptotic properties, true when
the samile size tends to infinite. Under fairly general
conditions the maximum likelinood estimator is consistent,
asymptotically efficient, and asymptotically normally
distributed with covariance matrix that can be estimated



from the matrix of second derivatives of the log-likelihood.
In addition, the asymptotic Chi-squared distribution of

~2 times the logarithm of 1ikélihood ratios is used.for
likelihood ratio tests of hypothesis. However, the standard
conditions for proving these results do not apply to the
present model, and it is not clear yet to what extent they
may be true in this case. For inference on the global
parameters when the number of plots is large, we have an
‘example of a class of problems studied, among others, by
Kiefer and Wolfowitz 1956, Kalbleisch and Sprott 1970, and
Andersen 1970 (see also Cox and Hinkley 1974, pp 292, 298).
In this situation what I have called global and local
parameters are called stiructural and incidental parameters,
respectively. For inference about the local parameters it
would be necessary to consider asymptotic properties as
the number of observations in a plot increases. Then,
except fortinhe added complication of the presence of the
 global parameters, we have the case of dependent observa-
tions treated in Cox and Hinkley 1974 pp 293%,299, Weiss
1971, and Crowder 1976. Anyhow, asymptotic results are

not likely to be very useful for the local parameters
because of the small number of observations per plot.

In summary, it seems desirable to study these problems a
little further. It may be also possible to obtain

" information about estimation errors, still within the
classical framework, by using simulation or jacknifing
techniques (Miller 1974, Bissel and Ferguson 1975).

_ On the other hand, if one accepts the ideas of
Likelihood Inference, it is possible to make use of the
maximum likelihood estimates, likelihood ratios and
second derivatives of the log-likelihood in a very direct
way (Barnett 1973 sec.8.2, Zdwards 1972). Even if some of
the ideas of Likelihood Inference are highly controversial
(the same is true with classical inference, see Barnett
1973), it seems clear that its techniques provide at least
with useful qualitative guides for choosing between
hypothesis and for making other inferences.

A useful property of maximum likelihood estimators
which is valid in any case is the invariance principle:
if 6 is a maximum likelihood estimate of ©, then g(B) is
a M.L.E. of g(8), for any function g of 8. This is a mnice
property since in the applications we will be usually
interested in different more or less complicated functions
of the parameters, more than in the parameters themselves.

4.1 Minimization procedure.

A variation of Newton's method will be used to find
the minimum of (14). The fundamentals of the method are
explained first, and then some possible alternatives are
discussed.

Newton's method for finding the minimum of a function
F(Q) of vector © is based on approximating the function
by the first three terms of its Taylor series expansion
around an initial estimate QO:

F(8)=~F(8,)+ g'(0-0,)+ 3(e~6 ) 'H (8-8,) ,  (15)
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where g is the gradient

1. (9F OF
= (96;"."3@;) ’

and H is the Hessian matrix

— ——

32F 3y

— ’ ...’
&% -(591391)

H=| e
B b
_aep 9,’ ’ 6912) ’

both evaluated at 8= 9, . If (15) were exactly true, the

~optimum 6 could be obtained immediately by putting the

derivative of (15) with respect to © egual to zexro:
g'+H (8-8)) =0

-1
= 90 - H g . (16)

j®

Since (15) is only an approximation, the value given by

(16) will not in general be the optimum, but usually will

be an improvement over QO. The procedure can be repeated

using the new value as 9 , untill no further improvement is

possible. The repeated application of (16) is the basic
Newton method.

Two problems may cause failure to converge to the
minimum, especially if the initial estimate is poor:

a) If at a given §_  the Hessian is not positive-
definite, F:may not decPease in the directien given

by —H-1 . The solution is to substitute temporarily for H™

some other positive-definite matrix, This is discussed

in 4.3'

b) Even if H is positive-definite, taking a step -H

may overshoot the minimum in that direction and fail to

1

1

o
=3

decrease the value of F, The modification used here will be

to use, instead of (16),
) » 5
=9, ~XH 'g . (17)

For each iteration & is initially 1, and if it fails in
reducing F it is halved until F(g)<:F(§o).

Notice that in our problem of minimizing (14) the
number p of components of § is very large: the number of
global parameters plus the number of local parameters
times the number of plots. In general, it is then out of
question handling the pxp matrix B or H 'in core memory,
However, it is possible to take advantage of the special

structure of H in this case for arranging the computation

so that the plots can be processed one at a time in each
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iteration. This is discussed in 4.2.

Newton's method is just one of many numerical
optimization procedures 8Murray 1972a, Jacoby et al. 1972,
Chambers 1973%;.Fletcher 1972 reviews available computer
programs). In general, this is the best method in terms of
reliability of convergency, but has the disadvantage of
requiring the computation of second derivatives. lore

popular are the so-called quasi-Newton methods. In these

an approximation to H-1 or to H is updated at each iteration
according to information obtained on that iteration.

Usually the value of &« in (17)_}3 selected by a unidimen-
gsional minimization of F(Qo—dH g) with the estimated H.

Some versions use finite differences approximations for

the gradient, so that only functional values need to

be provided. It may be possible to modify some of these
methods for making use of the method in 4.2 for handling

H, but likely this would require a considerable programming
and testing effort.

Conjugate gradients methods (Fletcher and Reeves 1964,
Powell 1964) are generally slower than quasi-Newton
methods, but do not use the Hessian matrix. Powell's method
do not require derivatives, but there seem to be some
doubts about its performance for large number of variables.
Because of the absence of the problems associated with
handling H,and of being relatively simple to program, these
methods seem potentially useful for problems with global
and local parameters like the present one. On the other
hand, the value of the Hessian at the optimum may be
useful for statistical inference purposes (section 4).

A FORTRAN version of the ALGOL procedure in Fletcher and
Reeves (1964) is available in IBM's Scientific Subroutine -
Package.

The other commonly used method is the simplex method
of Nelder and Mead. This is a direct search method
requiring only functional values, but its performance when
the number of dimensicns in which the search is conducted
is large seems to be poor.

Initially it was planned to use nested optimization
as suggested by Ross (1970), and the coding of a procedure
for that was initiated. This approach consists in fixing
the global parameters and minimizing over the local
parameters (this can be done separately for each plot),
and then minimizing over the global parameters with the
local ones fixed at the values just obtained. The process
is repeated with the new values until convergency is
attained. Thus the number of variables in each minimization
is small and a quasi-Newton method can be used. However,
it can be seen that this procedure can converge extremely
slowly,since it has characteristics similar to those of
the sectioning or relaxation method (Wilde and Beightler
- 1967, p.296) which involves altering only one variable at
a time. The direct approach should have a much better
performance.

Finally, it may be mentioned that it is possible to
avoid the programming of derivative computations leaving
this work to the computer. This can be achieved by using
symbolie manipulation languages which produce computer

code (e.g. Tobey 196€), or using Wengert's technique



for producing directly the numerical values of the
derivatives (Wengert 1964, Wilkins 1964, Lesk 1967).
These techniques may be useful for incorporating them in
general purpose estimation programs, and as a debugging
ald.

4,2 Sequential arrangement of computations.

The application of (17) can be described in a
slightly different way as follows. At each iteration we
compute a vector é defining the direction of movement
by solving

Hé.= -8 » (18)
and then we move by a multiple & of this vector:
_e_=_e_o+dd.

<« C In general, the size of H does not allow the direct
solution of (18) by manipulating H in core memory.
Consider the partition of the vector of parameters

e =

vhere go is the vector of global parameters and Qk is the

vector of local parameters for plot k, k=1,...,N (note
the change of notation: ©o¥9, !). Consider also 4, the

gradient and the Hessian partitioned in the same way:

4o £g Hog +++ Hoy
g=|t | oE= | HE=p 2l
AN BN Hyo -+ Hyy

Our objective function (14) is a sum of functions
of the form

N
R(0) = 3 R(85.8,) (19)
where Fk represents the expression in brakets on the
right hand side of (14). Then

o 738, T =1 38, T fmqfko
SF
i
‘gi = %i = 39._1— ‘g'll ’ i-—1,..o,N
2
aZF N aFk N
Hoo = 352 = > — = > Hyg

S
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Hoi = Hio = 39,38; = o590, = Mios » 1=Teeee0N
BZF E?Fi

Hii = b 2 = b 2 = Hiii » i=1’.oo,N
YA

H, . = Sézgl— =0, 443§, i,5=1 N

. = = ’ 9 s = lgeoey .
ij Oy gj

Using then the fact that H is "quasi-block-diagonal",
with Hijzo for i#j and i, j>0, (18) can be written as

N
Hyodg + g;; Hoedy = ~Bo (20a)
Hodo + Hadk

From (20Db)

-E)y k=1,...,N . (20b)

& = - ;l(gk+HkO&O)

and, substituting into (20a) and rearranging,
N N
-1 _ -1
(HOO"EE;HOkakaO) 4 = E;;HOkakgk &5

Hkk ék=-'g‘k-HkOé0 ’ k=1,-oo,N-

In terms of the gradients and Hessians of the Fk's,

N | N
-1 _ 1
ng;(HkOO"HkOkakkakoﬂ do = g;;(HkOkakkﬁkk-gkO) (21a)
gkkk éi = = Eyx ~ Hgody » k=1see,N o (21b)

These equations can be used to perform each iteration
as follows. Solve (21a) for éO' Then, for each plot, solve

(21b) for 4,, compute F,_, its gradient and its Hessian at
the new 64 and 6, , and accumulate the quantities in the
sums in (21a) to be used in the next iteration. Fk is also

accumulated to obtain the new F according to (19). The
new values of gk, By Hkkk’ and Hkko are stored together

with the data from plot k in auxiliary memory for their
use in the next iteration. ik is also saved for cases in

which it is necessary to move back by halving .

Further details on the implementation of this
procedure are given in 4.3 and in the Appendix.

This approach can be extended to more than two levels
of parameters, e.g. country-regions-plots.
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4.3 Uge of Cholesky factorization.

An efficient way of solving (21) is using Cholesky
factorizaticn (Fartin et 2l.1971). In addition, this makes
possible to use a simple technique for handling the problem
of non-positive-definite Hessians mentioned in ».7.

If A is a positive-definite symmetric matrix it can
be factorized in the form

A =1L', (22)

where L is a lower-triangular matrix. This is the Cholesky
decomposition or factorization of A. The elements of L can
be determined row by row or column by column by equating
corresponding elements in (22).

This factorization can be used for computing the
solution of the set of equations

Ax = b
if A is symmetric and positive-definite. Using (22),
I!I:'E{_ = iko

Let L'x=y. The solution is obtained in two steps. First
solve Ly = b for y = L™ 'b. Then solve L'x = y for

X = L"11. L—1Q and L'-11 are easy to compute because of
the triangularity of L.

Using these results we can factorize
Hepe = Iyly » (23)

with Lk lower-triangular. Then (21) can be written as

N ‘N
z:% (Hkoo‘M}'ch)] 4= __ g (M -Eig) (24a)
ék = —Ll'C-1 (!“"mkgo)sz‘l"“’N ’ (24v)

_ -1 _ =1 . .
where M = I 'H, ., v, =L g, . Equation (24a) is alsc
solved using Cholesky factorization. Lk’ Mk and v, are
saved on auxilliary memory, instead of H]]], Hkko and
£y @8 indicated in 4.2,

As mentioned in 4.1, if the Hessian is not positive-
definite it is desirable to replace it by some positive-
definite matrix to ensure a descent direction. If H is
not positive-definite, a,gggﬁggye value (or 0, if H is
singular) will be found for}a dlagonal element of L in the

process of computing the factorization for some Hkkk-&for

for the matrix in (24a), making impossible to continue
with the procedure (sce Fartin et al. 1971). A simple
way of obtaining a modified positive-definite matrix is
to substitute its absolute value for the negative value
found, or 1 for a 0, and carry on with the procedure.
This is similar to the method proposed by Matthews and
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Davies (1971), with the difference that they use Crout's
factorization instead of Cholesky's. Crout factorization
does not take advantage of the symmetry of the matrix,
taking about twice as much computer time. No particular
good properties can be claimed for the matrix thus
obtained, besides being positive-definite; the justification
is, as Matthews and Davies pointed out, that its
implementation is simple and that it essentially requires
no extra computation. _

It was found later that Murray (1972b) proposed
another method, more elaborate, for modifying the matrix,
also based on Cholesky decomposition. He criticizes
Matthews and Davied procedure as being numerically unstable.
It seems feasible to adapt Murray's approach for use in the
present problem, though it would require reprogramming
our Cholesky factorization subroutine for performing it
column by column instead of row by row. Murray's approach
shall be tried if the simpler one proves unsatisfactory.

4.4 Derivatives.

For each plot we need to compute F,, its gradient and
its Hessian matrix with respect to 8, and 8,. From (14),
Fk is, again ommitting the indices k,

F=niln 2w + 1ln|c|l+ z'¢7 Tz =2 1n 7, (25)

Expressions for the first and second derivatives can be
obtained using matrix derivatives (Dwyer 1967, Neudecker
1969). Using subindices to denote derivatives with respect
to parameters © and ), we get

Fo = tr(cTlcg) - z'cTlo ez + 22007 g,
- 2(1n J)e (26)
_ -1 1 =1 1y -

FG? = tr(C Cev) - tr(cC CeC Cp) - 2'C CevC 2z

+ 22'0“1060‘1090"13 - 2E'C_1C€C-123

- 2z¢ Ve, ¢z, + 22007z, + 22'¢7 T2

z pC Zg + 229C 'z, + 227C 'z,
- 2(1n J)ep . (27)

However, a more efficient computational procedure was
found, so that these equations were used only for checking
the numerical results.

The matrix C is tridiagonal:

o]
-
g
N
o
.
.

J
W
Q2
W
.
i eee O O O
-
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with pizcov(zi,zi_1) and qi=cov(zi,zi) given by (12). It
has a Cholesky factorizationyC:LL' with L of the form

(5,0 0 .. .0

ry 50 .. .0
1=[9 T35 -0},

-OOO...Sn~

with Si>'0 for all i.
The determinant in (25) can be written

I
jof = Jue] = [5[? = (JTsp?
and n
nlc|l = 2> 1n s; .
i=1
Also

Substituting in (25) we get

F=n1n2ﬂ—21nJ+§(1ns§+ui). (28)
=1

It can be shown that the 85 and u; can be obtained
recursively from the elements of C by

Py

ry =0 ;ry =g , i=2,...,n (29a)
i-1 |
2 .
Si = qi - I‘i » 1=1,...,n (ng)
1 ( P
ui = -a-i(zi - riui—1) ] i=1,00¢ ,n "‘,"\ (29c)

For the first derivatives, from (28),

n
Fg = -2(1n J)e + g;;[(ln si)G + ui(2ui)é], (30)
and from (29), after some algebra,
(2ri)e»= ri[(ln pg)e - (1n si_T)a] (31a)
QM:

X

e P+ e i
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(1n s9)g = Ly ajq - w5(2mp)g ] (31%)
S
i
(2ug)g = 13;[2219 - (2rydguy 4 - ri(2u1-1)e]
- u;(1n si)e (31¢)

Analogously, for the second derivatives,

Fe” = -2(1n J)ev + ;?:[Kln Bi)ev + ui(2ui)ev

i=1
+ %(Zui)e(Zui)—?] (32)
(Zri)gv = rililn pi)ev - (1n 52’1)97]
(2r.).(2r;)
+ lzgi 12 ,irr £ 0
= 0 , otherwise | (33a)

2 1
(1n Si)ey = ;E'[qlep - %(2r1)9(2r1)7 - rl(zri)ey]
- (1n si)e(ln si)o (33p)

(2u)gn = %‘i[zziey = (2rydgpuy_y - 3(2ry)g(2u; 4 )y
- 3(2ry),) (2u;_4)g - 73(2u;5_4)ep)
- %[FZui)e(ln si)y + (2ui)7(1n si)e

+ ui(ln si)e(ln si)ﬁ] - ui(ln si)

A subroutine based on these formulae has been written
and tested. Results were checked against those obtained
with (25)-(27) for a case with n=2, and against finite

difference:: approximations as suggested by Murray (1972c),
for several other sets of data.

s ot s A e i = e < o+
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5. DATA.

Data from Kaingaroa Forest shall be used for testing
and for the first application of the model and estimation
procedure. About 300 permanent plots have been selected,
eliminating plots from natural-regenerated stands, fertilizer
trials, and plots with other conditions that could produce
abnormal height growth. The plots were classified in
frost-prone sites and frost-free sites.

The fact that not all measurements are made at the
same time of the year makes desirable some kind of cosrection
of the ages. The use of the fraction of year corresponding
to the date of measurement is unsatisfactory due to the
seasonal characteristics of the growth. A simple alternative
is to use fictitious time fractions obtained by reading
backwards on a graph of accummulated relative yearly
growth against time of year. This has the effect of
linearizing the growth within a year, as a function of the
corrected age. Data for average height growth provided by
J.Beekhuis was used to obtain the following corrections,
to b§ added to the age in years (reference date is 1st
July):

January -0.2 July ‘ o
February -0.1 August 0
March -0.1 September +0.1
April 0 October +0.3
May 0 November +0.5
June 0 December +0.6

It may be better to eliminate measurements for which the
correction would be high. These figures are based on
rather few data, and it is intended to see if more data
can be found. In any case, it does not seem worthwhile
to use more elaborate procedures for this correction.

6. THE ROAD AHEAD.

The subroutines for computing the derivatives and for
the Cholesky factorization and solution of linear equations
are finished and tested. The subroutine rfor the minimization
procedure is in the debugging stage. #small master program,
which essentially handles the input-output and calls the
minimigzation subroutine, needs to be improved. It is also
necessary to extract and validate the required data from
the Permanent Sample Plot System.

If the system works, the patterns of height growth
shall be explored first using the frost-free site data.
Initially, » model with H0 fixed, c and(Th global, a,b, d;

1
and 0 local, and to either fixed, global or local, may

be fitted. This would help to decide if the usual practice
of assuming t0=0 for H°=O is adequate, or if some other

origin may be preferred.

The next step would be to study the relatiénship
between a and b, by plotting the values obtained against
each other and against site index. Many different assumptions
have been made in the past about these coefficients for
developping site index equations, a common one being that

a is a constant independent of the site index. These and
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other hypothesis can be tested graphically or by fitting
the appropriate versions of the model. The computed relative
likelihoods and Hessians can be used with the principles of
Likelihood Inference to evaluate different hypothesis. in
impossibility of replacing a and b by a single local
parameter would show that the conventional concept of a
unidimensional site index is inadequate.

Having a satisfactory model for frost-free sites, we
can see to what extent the effect of frost on the early
years growth can be handled by shifting the origin.

Finally, given a model it is easy to develop site
index estimators based on any number of height-age
measurements. Several height-age pairs can be obtained by
making use of the branch whorls and bud scars. These can
provide site index estimates more precise and less affected
by establishment practices and conditions than the usual
ones based only on the current height and age. It may also
be possible to account, to some extent, for fertilization
effects.
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T#OPTRAN CO%PILATION 8y #XFBA YK ZA =

NORK(con woPKFILE(1))
DUMP oN (pnoGoAv NNNN)

S INpUT1=CR
OUTFUT2=LPO
—e=—=——r{REATESY= EhO/DIRECthscAwnax(O))/102A T
TRACE 2 o , Ry
SEETErTegp L L

= " common c,w,¥1(9) e e - -
EXTERNAL "0n1,%0nN1
—I _,A..-,,,-_NExT 1 T LT T R L I et s E
A=4,
8=,07 -
1 Xx2¢1)=0,
——--30 READ (¢1,1CD) N:(H(I)aT(I);I 1;”) FTETETATLU IR

S 1F(MN,EQ,0) 60 TO 20 .. o Sl ok IR Co

7‘7—NPL°TS-'JPL()TS+1 T tT. LT LT - i P, SR o — . TL.o - LT ITotT o
WRITE(SE*NEXT) AI~IVIV1,T3’X2’NIHI

=60 T0 10 - B L S T IET L ST RIS T R TR

) WRITE(2,200) NPLOTS ST oE TR

“~CALL NEWT1(&,MPLOTS,M0D1,M0N1,2,5,1.E-6,50)
100 FOR%AT(12,2CF%.1)

T%ZQOWF”RNAT(1H1 20x.4ansxnsr TEST OF ESTIMATION SROCENURE -:"ODEL 1// e

" SUBROUTINE *0ON1(I)
COMMOM C,L,W,F,ITER,~PAMN ,NPD,SMAX,ALPHA

WZin,RFC/ B,R,V,V1,T6, FI,X* GA’GF GV'GV1IGTO =T o =
IA”XI GCIUW T ’v.':*w B _"’ {T_; ,1::;; eI 2T

IF(I FEQ,0) 60 TO 10 T T o T T e T

WRITE(2,100) IIFIIAIBIVIV1 TO

SRETURN = 7o o e

RETURr
100 FORMAT(T4,4G14,.5)
200 FORMAT (THG/EH TTER,,I2,10H '—FUNCT 2,616,5,5H =C=,614,5, T oo
4 11H  SORT(W)=,G16,5/11X,4HMNED=,13,RH NEDO=Z,12,84 SMax=, . :

‘ -+ 614,5,9H4 ALFKA=,614,7//164 PLOT FUNCTION,8X,5HLNCA) ,11X, e




€ FOLLOYING COMMON AND DIMENSION STATEMENTS: R
c DIMENSION V(®0),S0(+0,1),GIHIO(MI,M041),RECARD(RECORD LENGTH)
2= COMMON THETAN(MO) ,F, ITER,NPDO,NPD,SHAX,ALPHA,HOO(LTO) " = == 21

S TIREC THETAL(MI) SFILNPDI,GI(MI), HIO(NMI, M0),HIT(LTI), -
T OSI(MILT) A NI HT(NMAX) ,T(NMAX)  /AUX/ 6OTI(MN)Y ,HOOICLTO)
DIMEVSION VI(2),50(2,1),GIHI0(5,3),RFCORD(SD)

2 "THETAD(2) ,F ITEP,NPDO;NPD:SﬂAX,ALPHA HOO(3) — =

CSI(5,1) NI, HTC10),TC1N) 78UX/ GOI(29,HONT(3)
EQUIVALENCE (PECORD(1),THETAI(1)),(GIHIO(1) GI(1))

S ALPHASQ, » —rm oz e - e o =
,,,r0L0-1 E7S

LTN= wn*(mn+1)/2
f“LTI'MI*(NI+1)/£’W‘””’

100 f=0,
C NPD=D
. -< D0 110,1=1,%0 : - -
= 110 V(1) =0,
=2 D0 120, 1=1,LTR o oo

;PROCESSING 0F PLOTS FEGINS = EESRPEL SR -
b0 207,1=1,PLOTS B N
S READCNFILE'D) QEcomn 0 - . .

’C'”'HOVE QQCK
b0 130,4=1,%1
11:3;4!0_THETAI(J) THETAI(J) ALPHA*SI(J 1)
560 To 170 _
€ COMPUTE NEW DIQECTIONIA&D MOVE o
140 00 150 ,J=1,+1
= S$1(Jd,1)==61(J) - ~'fi“%f;337f;:iz;;;;;f:: e
00 150,k=1,%0 - R
150 SI(J,1)= SI(J’1)-HI((JIK)*SO(KI1) -
CALL CHOL?(kIILTII1IHIIISI)

— T 00 160,421,71 CE CIEEEEIEEY =L
ST THETAI(I) = TP=TAI(J)+SI(J;1> o -
T160 IF(SHMAX.LY.ARS(SICJ,1))) SMAX= ABS(SI(J;1)) T

¢ UPDATE
‘"**170 CALL MODEL T EL T EITosL COESTIATEEE ST ST
et Y CHﬂL1(”I,LTI,”ﬁ+1;FII;GIHIO;NPDI)rr o
T "WRITE(NFILE"1) RECORD
F=F+Fl
SINPDE vpompox T T ERm ST
- JK=0 CoLL
DO 19Nn,0=1,%0 '
V(JII=V(I)=GOI(Jd)
=T DO 130 K= 1 L T
(Yo} 1°n,k 1,4
JK=JK+1
= HOQ (YK ) = Hnoch)+anchK> -éfﬁ%?i%:?ﬂﬁ*fz??F?%ﬁ?t?%?25??%ji?%€*?f:??f%
D0 190,L=1,¥1 - ";7¢, A B R '
100 HOO(JK) HFO(JK) HID(LrJ)iHIU(I;K) o R



“-ALL PLOTS PROCESSED
FIND(MFILE®Y)

=CALL MOMITR(D) T TR

LONVERGENCY TEST TR : :

TTIF(SYMAX, LT EPS,AND, ASS(FOLD F) LT EPS OQ IT=R GE ITMAX) RETURN
€ NEWw ITERATINN QEGINS

=ro==n1TER=TITERY LT T L e

TAFCFLLY.FOLE) GO TO 220 S Lo

C NO DECRFASE IM OSJECTIVF FUNCTION, MOVE RACK

ALPHA=(Q , S5+ALOHA - -

T==SMAX =0 S RSMAY . T T S : St

D0 210 J=1,%0 0 0 0 S

210 THETAC(J)=THETAOD(J) - ALpHA*SO(Jﬁ)

GO0 To 100

==g===COMPUTE NEW DIRECTION,AND nove_m RS =
220 DO 225,Js1,%0 C .

TTT225 S0WL,1)=vad) T T
CALL CHOL1(MD,LTC,1,HN0,S0, NPDO)

=CALL CHOL?(””)LTOI"IHUQ,SH) it
~SMAX=0,

DO 23C J=1,%0
THETAD(J)I=THFETAD(J)I+SO0WI, 1)

30 "IF(S™MAX,LT, ﬁBC(SO(J;1))) S“AX'ABS(SO(J:1))
2 ALBHA=T, L S L
TUFOLD=F o S e T e e

; 60 To 100
; - END

’DIWENQIHN A(LT),th,M)
| INTEGER P,Q,R
e ‘TRIANGULARIZATIOMVT{3;J15@;'L

p=0

no 10,1= 11
" po 10,J 1,1
_ X= A(P+1) o

“R= R+1

IP(I NE.J) Co ‘IO 30 T T T em R ST e = e R e S Ee e
IF(Y 6T, U,) GO TO aO
“NPD=1 T ST ST
<X =ABS (X) ' E
TF(X,EQ,0,) X-1

40 A(P)" /SORT(X)
57“'0 TO “4C- =

710 CONTINUE
C SOLUTION OF L*Y=3

DO 50,18 P TR




= =1-1 e -
z =8(1,J) o E
r“'"_—*'-IF(O €EQ.0) GO TO 55 oo mre T T oo memmm o e

; no 60;K 1,0 :

Sz == XEX-A(P) #B (K, )

60 P=P+1 - -
== =785 8(1,4)= X%A(P)
‘ 50 P=P+1

e 1 ULUSEE

=== SUBROUTINE CHOLZ2(M,LT,M IAIB)

DIMENSION A(LT)'B(N ”)

00 10,9=1,¥ T T
B(N,J)=R(N,JIFA(LT)
TF(N,EQ;1) GO TO 1Uf~»—<£;

- L0=LT R

00 10,1=1,N= 1
Lﬂ LO- 1

00 20,K=1,1
X=X-A(L)*R(M=K+1,J)
20 L=L=N4+K : S - : S«
B(N=1,J)= X*A(L)
10- CONTINUE - L emTITn STEeETE
- RETURK 73f’-~»7"
TEND - T ST e

'No or SEGMFNT, LENGTH. 1 185, NAME, cHDLZ ”J

= fiSUBROUTINE “001 ' '—*'?f*f*‘:‘"*""w'":,,,, IR
= TC RO FIXEDR, C,W GLORAL, ALR,V,VI,TO LNCAL o e
; C INSERT HERE THE APPROPRIATE COMMON STATEMENT FOR MATCHING
=== VARIABLES WITk THOSF IN BLANK, REC AND AUX COMMON AREAS Do mrommmol e

- COMMON C,WRY /REC/ ALN,B,VRT,VIRT,TO,F,X1,0A,GP,GV,GV1,GT0,
¢ 7 T T HAC,MAWLHBC,HBW,HCV,HYW, HCV1,HUV1 HCTO,HWTN,HAA,HAR,HRS,
HAV,HBV ,HVV ,HAVY ,HBY1 ,HVV1 ,HVIVI, HAT ,HBTO,HVTO,KVITO,

S e TIHTNTO,X2(S), N,HT(10):T(1D) IAUXI GC Gu,ucc ch,wa IR ERE IR
i;;xeo PARA“ETERS' CotoEr D e E I s et L E iERIEE oE SRER .

¢ INITIAL VALUES

ST U RSP LSV ,SU L8V L8 TRL,UALURL,UC, UV, 114, UV, UTO= 0..h,"‘7:‘?Fi3?57577?’37€57 

'{;iUAAIUAelUACIUAVIUAhlupeluacIURVIUQWIUCCIUCV)UCNIUVV Uvw,uuww=0, o

) UAV1,UBV1,uCvi, Uwv1,uviV1,UATO,UETO,LCTO,UWTO,UVITO,UTOTO=0.

GB,GC,GY,GW,6VI1,GTL=0,

- -HAA,HABLHAV,HAW,HEE HBC ,HRV ) HR W, HCC)HCV  HCW , HVV  HYW, HWW=0, - & = oo o
"~ HAV1,HBV1,HCVT  HYVT , HUWVT, HV1V1,HATOIHPTOIHCTO,HVTO HWTQO= 0 B

HVITO,HTOTO=0G,

SAVIS“V’SCVISVV'SVWISVV1lSVTO U

===z AZEXPCALNY 0 o oo mmoas
= = VEVRT®VRT "~§* SR
T T WEWRTHWRT ' R
VISVIRT*VIRT
o VNE1 Voo e
“V=v1 S T o
¥= ((ﬂOIA)**C 1. )/c

-




D= T(1) -T0 T TR I
~FEN* (1, R37%77066+2 *‘L"),h,,- e
TTYAs= ,=C*Y e e
GA=2 «N#(
YAAS=C*YA TR T
= IF(HO,EQ,0,) GO TO SS R
TTYCS((CAYHT I AALOG(HN/A)=Y)/C
Ycc= ((C*Yr+v)*(ALOG(HLIA) 2. /C)+2 *Y/C)/C
G0 TO 66 - . Lot g
‘55 _"YC="1 /C/C
'""‘Vcc=-2.*vc/c
66 CONTINUE - .
SYACS=CAVE=Y E
CTHACS2, %N :
LOOP '
DO 10 I=1,N

_VARIABLES FOR -08S, i
o HS “T ( I y /A : M:it}A T T s Ll

ALOGHS= ALnG(HQ)

“rr(1.~5.1) BT=T(I)=T(I=1)
EYSEXP(=R%NT)

== T E X2 EXREYX T ST T TERR IR AT

ST LIKELIMAOD CONPONENTS S

T oyoLost

IF(I,NE.1) RE(~EX*W)/S

$2=(1,-FX2)aV/(2,%5)+(],+EX2) *W-R*R

S=SGRT(S2)

“Us(V=EX*YOLP=R#U)/S S s ema
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