ON UNIFIED GENERALIZATIONS OF RELATIVE
JENSEN-SHANNON AND ARITHMETIC-GEOMETRIC DIVERGENCE
MEASURES, AND THEIR PROPERTIES

PRANESH KUMAR AND INDER JEET TANEJA

ABSTRACT. In this paper we shall consider one parametric generalization of some non-
symmetric divergence measures. The non-symmetric divergence measures are such as:
Kullback-Leibler relative information, x?—divergence, relative J — divergence, relative
Jensen — Shannon divergence and relative Arithmetic — Geometric divergence. All the
generalizations considered can be written as particular cases of Csiszar’s f-divergence.
By putting some conditions on the probability distribution, the aim here is to develop
bounds on these measures and their parametric generalizations.

1. INTRODUCTION
Let

n
=14 P = (p1,p2 s 0n) [Pi > O,Zpi =1,,n=2,
i=1
be the set of all complete finite discrete probability distributions. There exist many
information and divergence measures in the literature on information theory and statistics.
Some of them are symmetric with respect to probability distributions, while others are
not. Here, in this paper, we shall work only with non-symmetric measures. Through out
the paper it is understood that the probability distributions P, Q) € T',,.

1.1. Non-Symmetric Measures. Here we shall give some non-symmetric measures of
information. The well known among them are x?— divergence and Kullback-Leibler rela-
tive information.

¢ y’—Divergence (Pearson [17])
n 2 n 2
Di — 4i b;
1) NGRS P gla)

i=1 @i = &

e Relative Information (Kullback and Leiber [14])
(12) K(PIQ) =3 piln().
i=1 ¢
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e Relative J-Divergence (Dragomir et al. [8])

(13) DIPIIQ) = 3 (- 4 (252

i=1 2qi
¢ Relative JS—Divergence (Sibson [18])

(1.4) F(P||Q) = Zpl In <p1 n qz>

e Relative AG—Divergence (Taneja [25], [26])

(1.5) G(P||Q) = Zn: (]%) In (%)

=1

The symmetric versions of the above measures are given by

(1.6 W(PQ) = *(PIQ) +*(@IIP).

(17) J(PIIQ) = K(PIIQ) + K(QIIP)
= D(PI|Q) + D(QIIP)

(18) I(PIIQ) = 3 [F(PIIQ) + F(@IIP)

and

(19) T(PYQ) = 5 [G(PIIQ) + G(Q|IP)].

After simplification, we can write
(1.10) J(PIIQ) = 4[1(PQ) + T(PIIQ)]

Dragomir et al. [11] studied the measures (1.6). We call it [24] by symmetric chi-
square divergence. The measure (1.6) is well known Jeffreys-Kullback-Leiber [13], [14]
J-divergence. The measure (1.8) is information radius studied by Sibson [18]. Tt is also
known by Jensen Shannon divergence measure (ref. Burbea and Rao [2]). The measure
(1.9) is new in the literature and is studied for the first time by Taneja [21] and is called
arithmetic and geometric mean divergence measure. Lin [15] studied some interesting
properties and applications of the measure 1.4. More details on some of these divergence
measures can be seen in Taneja [20], [21] and in on line book by Taneja [22]. An inequality
among the measures (1.6)-(1.9) can be seen in Taneja [27].

In this paper our aim is to work with one parametric generalization of non-symmetric
divergence measures given by (1.4) and (1.5). A similar kind of study of the measures
(1.2) and (1.3) with their one parametric generalizations can be seen in Kumar and Taneja
[29].

It is important to note that defining a generalized divergence by introducing a real
parameter allows to unify many of the known divergence measures studied individually
and also yields a number of new divergences. The properties and bounds established for
this family do hold good in particular for member divergences. It provides a vast horizon
of divergences for users to choose that deems best for their applications. A few examples
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of new divergence measures obtained from this generalized divergence are cited in the
next section 2.

2. GENERALIZED NON-SYMMETRIC DIVERGENCE MEASURES

A one parametric generalization of the measure (eql) can be seen in in Liese and Vajda
[16]. We refer it here as relative information of type s.

e Relative Information of Type s
KAPIQ) =156 = DI [ et -] s 200
21 ePIQ) = KQ|P) =S an (%), s=0

K(P)Q)

e
P
~ ()
for all s € R.

The measure (2.1) admits the following particular cases:

(1) 21 (Pl|Q) = 5x°(QI|P).

(i) Bo(P|Q) = K(Q||P).

(ii) (I)I/Q(PHQ) = 4[1 = B(P||Q)] = 4h(P|Q).

(iv) ®1(P||Q) = K(P||Q).

(v) @2(Pl|Q) = 3x*(PlQ).
Thus we observe that ®5(P||Q) = ®_1(Q||P)and &1(P||Q) = $o(Q||P).

The measures B(P||Q) and h(P||Q) appearing in part (iii) are given by

(2.2) B(P|Q) = Z\/M

and

(23) h(P||Q) =1 - B(P||Q) = QZW Vi)
respectively.

The measure B(P||Q) is famous as Bhattacharyya [1] coefficient and the measure
h(P||@)is known as Hellinger [12] discrimination.

Now we shall give one parametric generalization of the measures given by (1.3) and
(1.4). These generalizations are based on the measure (2.1).

e Unified Relative AG and JS — Divergence of Type s

Let us consider the following unified one parametric generalizations of the measures
(1.4) and (1.5) simultaneously.
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(FGL(PIQ) = st = 117 [ S (52) 1] 50
24)  QPIQ) = F(PIQ) = S piin (2). =0
G(P||Q) = ; (252 In (2552, s=1

The measure (2.4) admits the following particular cases:

(i) Q1(Pl|Q) = FA(P||Q)

o(PlIQ) = (PIIQ)

1/2(P|IQ) =4[1-B(P[54)] =4h (PII59).
0, (Pl|Q) = G(P[|Q).

(PlIQ) = sx*(@QIIP).

—~
e
=
—-
\/\/\/\_/
[ole) iO

2

The expression A(P||Q) appearing in part (i) is the well known triangular discrimina-
tion, and is given by

n

25) APlIQ) = S 9

= Pita
The new divergences can be obtained from Q4(P||Q) by considering different choices of
the real parameter s. For example, s = —% and s = —2 in (2.4) respectively result the
following new divergence measures:
2p; ]
2.6 (P ; -1
(2.6) Q_12(Pl|Q) = [ZP p——”
and
1[& m \2 ]
27 Q, P - = i ’ - ].
2.7) A(PIQ) =1 [Zp (w%)

In this paper we shall study some properties of the unified generalized measure (2.4).
Some properties and application of the this measure following the lines of Lin [15] shall be
dealt elsewhere. Some applications of this new generalized measure (2.4) towards, pattern
recognition, statistics, minimization problem, etc. are also under study.

3. CsiszAR’S f—DIVERGENCE AND ITS PROPERTIES

Given a functionf : [0,00) — R, the f-divergence measure introduced by Csiszér’s [4]
is given by

(3.1) Cy(Pl|Q) = Zqz ( )

for all P,@Q € T,.
Here below are some theorems giving properties of the measure (3.1).
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Theorem 3.1. (Csiszdr’s [4, 5]) If the function [ is convex and normalized, i.e., f(1) =
|

0, then the f-divergence, C¢(P||Q) is nonnegative and convexr in the pair of probability
distribution (P,Q) € I';, x I',,.

Theorem 3.2. (Dragomir [6, 7]). Let f : R, — R be differentiable convezx and normalized
i.e., f(1)=0. Then

(3:2) 0 < C(PIIQ) < Ec,y (PlQ)
where
(33) Be,(PIIQ) = 3 (i = a)'(L),

for all P,Q € T,,.
Let P, () € I',, be such that there exists r, R with 0 < r < % <R<oo,Vie{l,2,..,n},
then

(3.4) 0< CH(PIQ) < Ac, (r. B,
where
(35) Acy(r,R) = (R~ 1) [f'(R) ~ /(7).

Further, if we suppose that 0 <r <1< R < oo, r # R, then

(3.6) 0 < Cy(P||Q) < Bey(r, R),
where
(37) Be, 1y = DI L= DI),

Moreover, the following inequalities hold:

(3.8) Ec,(P||Q) < Ac, (r, R),

(39) Bcf(’l“, R) g Acf(’l“, R)

and

(3.10) 0 < Be,(r. R) — C4(P||Q) < A, (r, R).

The inequalities (3.8) and (3.10) can be seen in Dragomir [7], while the inequality (3.9)
can be proved easily.

Theorem 3.3. Let P,QQ € T',, be such that 0 < r < % < R < oo, Vie{l,2,..,n}, for
somer and R with 0 < r <1 < R < oo. Let f: R, — R be differentiable conver,
normalized, of bounded variation, and second derivative is monotonic with f" absolutely
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continuous on [r, R] and f" € L|r, R], then

1

31D |CrPlIQ) - 550, (PIQ)
<min { GHH () = ) (P Q)
1—12 LF" e IXP(PIQ), [f(R) = f'(r)] V(P|IQ)} :
and
(312) |Ch(PIQ) - B, (PlIQ)|
<min { GO 1F(B) = ()P Q)

1 11 1 !/ !

31 177 WEPIQ), 5 7R = FOIVIPIIQ)}
where
(3.13) B2, (PIIQ) = 3 - ) (25 ),

i=1 !
n .3
.19 el -y oAl
(3.15) VPIQ) = _Ipi —ail
(3.16) /", =ess sup |f"],
z€[r,R)
and
) =1, i f" is monotonically decreasing

(3:17) k) = {1, if f" is monotonically increasing

The above theorem is a combination of different papers due to Dragomir et al. [8,9, 10].

The measures (1.1), (3.14) and (3.15) are the particular cases of Vajda [30] |x|" — divergence
given by

n

m lpi — @|™
(3.18) IX[™(Pl|Q) = ZW’ m > 1.

i=1 g
The measure (3.18) satisfy the following [3, 8] properties

(1-r)(R-1)
(R—r)

(319) [["(PlQ) < (1= )™ 4 (R— 1] < (R _T) m>1
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and

a2 (T ) VPIO < WMPIQ) < (= ) VPl m 1
For m =2, m =3 and m =1 in (3.19), we have

(321 C(PIIR) < (R-1)-r) < B0

B2 WPl < =D 0 (r- 1) < gr -y

and

(3.23) V(PIIQ) < 2R (;;z(i)_ ") %(R — ).

respectively.

In view of the last inequalities given in (3.21), (3.22) and (3.23) the bounds given in
(3.11) and (3.12) can be written in terms of r, R as

20 |CHPlIQ) - 3Ee, (PIQ)

Bl i [ ) - o). Bt LT
and
(3.25) | Cs(PIQ) - B, (PlIQ)|

< B min Sk 170 - 0], h 1 HE=HEY,
respectively.

JFrom now onwards, unless otherwise specified, it is understood that, if there are r, R,
then0<r<%’<R<oo,w6{1,2,...,n},with0<r<1<R<oo,P:
(p1, P2y ooy Pn) € Ty and Q = (q1,42, -+, @n) € Iy, Also, throughout the paper we shall
make use of the p-logarithmic power mean [19] given by

1
pp+l_gp+1 | P
[<—p+1><b—a>] , p#-L0

(3.20 Liah =gk, p=-1
HET =0

for all p € R, a # b. In particular we shall use the following notation

ppt+1_gpt+1 D 7& _1

(p+1)(b—a)’
(3.27) Lg(a,b) = % p=-—1,
1 p=20

for all p € R, a # b.
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4. RELATIVE AG AND JS — DIVERGENCE OF TYPE S

In this section we shall consider the measures given by (2.4) and shall give some prop-
erties.
Let us consider

(
(4.1) Ys(x) = 1—7:1: —zln ($2—J;1) s = ’
(

for all z > 0 in (3.1), then C¢(P||Q) = Q5 (P]|Q), where Q, (P||Q) is as given by (2.4).
Moreover,

P Y T o PR Y1 |
(4.2) Y (r) = ﬁ—ln (g—xl), s=0
e ()] o1
and
(577, s#0.1
(4.3) Ui(x) = S e 5=0
e M

Thus we have ¢”(x) > 0 for all > 0, and hence, ¥4(z) is convex for all x > 0. Also,
we have 15(1) = 0. In view of this we can say that relative AG and JS — divergence of
type s is nonnegative and convez in the pair of probability distributions (P, Q) € T, x I',,.

Based on Theorem 3.2, we have the following theorem.

Theorem 4.1. The following bounds on Qs(P||Q) hold:

(4.4) Qs(Pl|Q) < Ea,po)(PllQ) < Aq,pg) (1 R)

and

(4.5) Q.(P||Q) < Ba,(p|g)(r, R) < Aq,pg)(r, R),

where

(4.6) Eoq,rio)(P|lQ)
o =13 (35) (552) i+ (1= 9)al. 5 70,1

~ ) D(Q||P) - 3A ( Q) s=0

5 X (PIIQ) D(QI||P)], s=1

(4.7) Aq,py)(r; R)

CR=r? e (r+]1 R+1 wofr+1 R+1
- 4rR 27 b= r R L r R
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and
(4.8) Bo,(p|ig)(r, R)
(
ﬂs—ll)Lili (%R—Rl .
+nmE 1R (ER) - = [(5F) -1}, s£0.1

m [rin (57) = BIn (53)] - 515 (57 55) . s=0

R—1 +1 R+1 1 (R+1)(r+1) o
kr4rRL (Tz_rvﬁ)""iln( R >7 s=1

Corollary 4.1. The following inequality holds:

1
(4.9) FAPIQ) < D(QIIP) < X*(QIIP).
Proof. 1t follows from (4.4), where we take s =0 and s = 1 in (4.6). O

Theorem 4.1 admits some particular cases. These are summarized in the following two
corollaries.

Corollary 4.2. The following bounds hold:

@10)  F(PlQ) < D@IP) - 3APIQ)
(R—7r)*[ ,(r+1 R+1 of(r+1 R+1
<W[L—l (—T>_L( ; T)]
and
(4.11) G(PlQ) < 5 [V(@IIP) ~ D(@QIIP)]

(R r)? L[ r+1 R+1
S 8rR -t r ' R

Proof. In inequalities (4.4), take s = 0 and s = 1 we get (4.10) and (4.11) respectively. [
For s = —1 and s = 2 the results are obvious.

Corollary 4.3. The following bounds hold:

20R-1)(A—7) _ (R—r)*(R+7+2)
(R+1)(r+1) = (R+1)2(r+1)2 °

1 r+1 R+1 4 (r+1 R+1
(4.13)  F(Pl|Q) < 7 {rln( 5 )—Rln (W)] — L7 (TT)

(R—r)*[, ,(r+1 R+1 L (r+1 R+1
<M ) L R - T-
= 4rR Lo r R L= r R

(4.12) A(P||Q) <
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rR—1
< -1
a1 el < S -

A [ (25

r+1 R+1> +11n((R+1>(r+1))

8rR R
and
R-—1)(1—-7r) (R—r)*R+r)
4.1 2(Q|IP) < ( <
(4.15) C@IIP) < =2 =
Proof. In inequalities (4.5), take s = —1, s = 0, s = 1 and s = 2 we get respectively
(4.12), (4.13), (4.14) and (4.15). O

Based on Theorem 3.3, we have the following result.

Theorem 4.2. The following bounds hold:

(116)  [2u(PIlQ) ~ 5. (PIIQ)
: 1 2 1 " 3 / /
<min { o (r BPIQ). 35 1921 W (PIQ). [F(R) ~ £}
< B win {0, B 1 B ) - F VPl
and

(4.17) [Q(PIIQ) — Eq,(PIIQ)]

< min { 500, RC(PIQ), 37 104 L I (PIQ), 517 (R) = FOIVPIQ)}

N —

) (R;—?rymm{é“*“ R S 1 SRR - £}
where
(4.18) E, (PI|Q)
(= 07 55 =) () (25558 s 20,
- i:znzl( ”(%ﬁgﬁ))—%ié%, s=0
348 (PHQ)"’%;(pi—qi)ln <2lféj+33§>>= _—
(4.19) 5. () R) _1 li (7’+1>3—2_i (£>3_2 .
o 4|3\ 2r s\ on ; S 2
and

+1+43r) [r+1Y°
4.9 m (S > 1,
( O) ||1/Js Hoo 7,,2(7,, 1)3 ( 2,,, > y 8
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Proof. The third order derivative of the function vs(x) is given by

" (s+1+4+3x) [z+1)\°
(421) ¢s (.f) == 1’2(1' ¥ 1)3 2 ; T E (07 OO)
This gives
(4.22) Y(2) <0, ¥ 5> —

(From (4.22), we can say that the function ¢”(z) is monotonically decreasing function
in z € (0,00), and hence, for all = € [r, R], we have

(4.23) o, (r, R) =" (r) —¢"(R)
) ()

(From (4.21), we have

(4.24) = - (s+1)(s+2)+8(s+ 1z + 122\ [z +1 s.
3z + 1) 2z
JFrom (4.24), we can say that the function [¢/?| is monotonically decreasing function
in z € (0,00) for s > —1, and hence, for all x € [r, R], we have
+1+3r) (r+1)\°
425 " _ " (S 2 _1
( ) st ” mil[ip] |w | 7,2(7, + 1)3 27" ) S

Applying Theorem 3.3 for the measure (2.4) along with (4.23) and (4.25) we get the
required proof. O

In view of the inequalities (4.16) and (4.17) we have some particular cases given in the
following corollary.

Corollary 4.4. The following bounds hold:

A(P||Q) —22 ( HL%)Q

<min{2{@«il> RH}
Sy <P||@>}

. 9 1 1
gmm{Q(R—T) l(?‘—i—l)‘?_(R—Fl)?’]’
(R—r)? 4(R—r)2(R+7‘+2)}
2(r+ 1) (r+12(R+1)2

(4.26)

PlQ),
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4 |FPIQ) - 50(@IP) + {APIQ)

(1] 1 | 3r+1
< mm{é L”(T—F 2 RR T 1>2] X*(PllQ) m|x\3(P||Q),

R—r | _,(r+1 R+1 ofr+1 R+1
— [L( LA )—L_2( LR )]WPH@)}

(R—r)? [ 1 B 1 1 Br+1)(R—r)3
32 r(r+12 R(R+1)2|" 96r2(r+1)3 °

(R—r)?F1 r+1 R+1 e r+1 R+1
2rR -1 r R —2 r R
and

4% [owlo - § @lp) - bl

< min{

(1 1 1 3r+2
<win{ & | s — T | PO s PP

E 2 h-m (2 B viee}

. [(R—r)? 1 1 (3r+2)(R —1)?
S mm{ L«?(r 1) R(R+ 1)1 1928 (r + 1)2

<R4;]§>2 [1 o (Til=%)] }

Proof. Letting in (4.16), s = —1, s = 0 and s = 1 we get the inequalities (4.26), (4.27)
and (4.28) respectively. O

In view of the inequalities (4.17) we have some particular cases given in the following
corollary.

Corollary 4.5. The following bounds hold:

APIQ) S (i + Ta) (u)‘

4.29
(4.29) pa— pi + 3G

, 1 1 , 1 ,
<win { | =55 - | CPIQ) - e (P

20R—r)(R+r+2)

(r+1)2(R+1)2 V(PHQ)}'
<min{(R—r)z{ I 1 1 (R—r)?

4 (r+1)2 (R+1)3] ' 8(r+1)*

(R—T)2(R+T+2)}

(r+1)2(R+1)2
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(4.30)

F(PIQ) = (¢ —p)In (ziiJ:quii) Py ey

i=1 — pi+3q
Sl 1 1 3r+1 3

< - _ 2

S {8 L‘(T +1)2  R(R+ 1)2] X (Pl 2472(r +1)3 XF(PIQ),

R—r| _y(r+1 R+1 o (r+1 R+1

2rR {L_1< r ’T>_L_2( r ’T)} V(PHQ>}'
< i (R—r)? 1 1 (Br+1)(R—r)?

\mm{ 32 {r(r—kl)?_R(R—i—l)?]’ 19272(r + 1)3

(R—r)? -1 r+1 R+1 g r+1 R+1
4rR T\ r 7 R 2\ r R '

n

1 1 i — i
G(P||Q) — 5A(P||Q) ~3 Z (pi — @) In <pp,—+ 3qq,)
i1 ) (3

and

(4.31)

) 1 1 1 3r+2 3
<min {55 | = — T | P19 g W (P1IQ)

B0 (2 2 viria)

(R—r)? l 1 B 1 } (3r+2)(R —1)?
64 r2(r+1) R2R+1)|" 384r3(r+1)2 °

%ll_Li<rjl’%)l}'

Proof. Letting in (4.17), s = —1, s = 0 and s = 1 we get the inequalities (4.29), (4.30)
and (4.31) respectively. O

< min{
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