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Abstract—aA symmetric measure of information divergence is proposed. This measure belongs
to the class of Csiszdr’s f-divergences. Its properties are studied and bounds in terms of well known
divergence measures obtained. A numerical illustration is carried out to compare this measure with
some known divergence measures. © 2005 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

There are several types of information divergence measures studied in literature which com-
pare two probability distributions and have applications in information theory, statistics and
engineering. A convenient classification to differentiate these measures is to categorize them as
parametric, nonparametric and entropy-type measures of information [1]. Parametric measures
of information measure the amount of information about an unknown parameter 8 supplied by
the data and are functions of §. The best known measure of this type is Fisher’s measure of
information [2]. Nonparametric measures give the amount of information supplied by the data
for discriminating in favor of a probability distribution f; against another fa, or for measuring
the distance or affinity between f; and f. The Kullback-Leibler measure is the best known in
this class [3]. Measures of entropy express the amount of information contained in a distribution,
that is, the amount of uncertainty associated with the outcome of an experiment. The classical
measures of this type are Shannon’s {4] and Rényi’s measures [5]. The construction of measures
of information divergence is not an easy task. Methods for deriving parametric measures of
information from the nonparametric ones and from the information matrices are suggested in [1].
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In this paper, we present a new symmetric nonparametric information divergence measure
which belongs to the class of Csiszar’s f-divergences [6,7]. In Section 2, we discuss the Csiszar’s
f-divergences and their properties. Information inequalities are presented in Section 3. New
symmetric divergence measure and its bounds are obtained in Section 4. In Section 5, it is shown
that the suggested measure can be applied to the parametric family of distributions. A numerical
illustration for studying the behavior of new measure is shown in Section 6. Section 7 concludes
the paper.

2. CSISZAR’S F-DIVERGENCES AND PROPERTIES

Let @ = {z1,%z2,...} be a set with at least two elements, 5(Q), the set of all subsets of
and P, the set of all probability distributions P = (p(z) : ¢ € Q) on Q. A pair (P,Q) € P?
of probability distributions is called a simple versus simple testing problem. Two probability
distributions P and @ are called orthogonal (P L @) if there exists an element A € P(Q)
such that P(A) = Q(A°) = 0, where A° = Q/A. A testing problem (P,Q) € P? is called
least informative if P = Q and most infermative if P L Q. Further, let F be a set of convex
functions f : [0,00) — (—00,00)] continuous at 0, that is, f(0) = limyo f(u), Fo = {f €
F: f(1) = 0} and let D_f and D, f denote the left-hand side and right-hand side derivatives
of f, respectively. Define f* € F , the *-conjugate (convex) function of f, by f*(u) = uf(1/u),
u € (0,00) and f = f + f*. For a convex function f : [0,00) — R, the f-divergence of the
probability distributions P and @ is defined [6-8],

Cr(P.Q) =Y a)f (?-E%) . (21)

zeQ q (z

It is well known that C¢(P, Q) is a versatile functional form which results in a number of popu-
lar divergence measures {9,10]. Most common choices of f satisfy f(1) = 0, so that C¢(P, P) =0.
Convexity ensures that divergence measure C;(P, Q) is nonnegative. Some examples are f(u) =
ulnu provides the Kullback-Leibler measure [3], f(u) = |u — 1| results in the variational dis-
tance [11,12], f(u) = (u — 1)? yields the x2-divergence [13].

The basic general properties of f-divergences including their axiomatic properties and some
important classes are given in [9]. For f, f*, fi € F, V(P,Q) € P?, u € (0,00),

(i) C¢(P,Q) =Cs-(Q, P).
(ii) UNIQUENEsSs THEOREM. (See [14].)

It, (P,Q)=1I; (P,Q), ifftdeeR: filu)—fu)=clu—1).

(iii) Let ¢ € [D_f(1), D+ f(1)]. Then, fi(u) = f(u) — c(u — 1) satisfies fi(u) > f(1), Yu €
[0, 0o) while not changing the f-divergence. Hence, without loss of generality f;(u) > f(1),
Vu € [0, 00).

(iv) SYMMETRY THEOREM. (See (14].)

It (P,Q) =17 (P,Q), iffdee R: f*(u)— f(u)=c(u—1).
(v) RANGE OF VALUES THEOREM. (See [15].)
FO <L (PQ) < F(0)+57(0).

In the first inequality, equality holds iff P = Q. The latter provides f is strictly convex at 1.
The difference I;(P, Q) — f(1) is a quantity that compares the given testing problem (P, Q) € P2
with the least informative testing problem. Given f € F, by setting f(u) := f(u) — f(1), we
can have f(1) = 0 and hence, without loss of generality, f € Fo. Thus, I;(P, Q) serves as an
appropriate measure of similarity between two distributions.



A Symmetric Information Divergence 577

In the second inequality, equality holds iff P L @. The latter provides f (0) < F(O)+f*(0) < oo.
The difference I;(P,Q) = floy-1 7(P,Q) is a quantity that compares the given testing prob-
lem (P, Q) € P? with the most informative testing problem. Thus, I,(P, Q) serves as an appropri-
ate measure of orthogonality for the two distributions where the concave function g : [0,00) — R
is given by g(u) = f(0) + uf*(0) — f(u).

(vi) CHARACTERIZATION THEOREM. (See [7].) Given a mapping I : P? — (—00, 00),

(a) Iis an f-divergence, that is, there exists an f € I, such that

I(P,Q)=C;(PQ), VY (PQ)eP.

(b) C¢(P,Q) is invariant under permutation of §.
(c) Let A = (A;, i > 1) be a partition of @, and Py = (P(A;), i 2 1) and @y =
(Q(A;), i > 1) be the restrictions of the probability distributions P and @ to A.
Then, I(P,Q) > I(Px,Qa) with equality if P(A;) x p(z) = Q(A;) x p(z), Vz € A;,
1> 1.
(d) Let Py, P, and @, Q2 be probability distributions on Q. Then,

IHaPi+(1-a)P,a@1+ (1 - ) Qa) <ol (P, Q1)+ (1—a) I (P2,Q2).

By characterization theorem, the *-conjugate of a convex function f is f*(u) = uf(1/u).

For brevity, in what follows now, we will denote C;(P,Q), p(z), ¢(z), and 3 . by C(P,Q),
D, g, and Y, respectively.

Some popularly practised information divergence measures are as follows.

x®-Divergences.

VARIATIONAL DISTANCE. (See [11,12].)

VPQ) =) Ip—q. (2.2)
X2-DIVERGENCE. (See [13].)
x2(P,Q>=Z“"—;@f=Z§~1. (2.3)
SYMMETRIC x2-DIVERGENCE.
V(PQ) =P +x(@QP) =) (Pﬂ)p%;ﬁ_ (2.4)

KULLBACK AND LEIBLER. (See [3].)

K(P,Q)=Y phn (g) . (2.5)

KULLBACK-LEIBLER SYMMETRIC DIVERGENCE.
JP.Q=K(PQ+K(@QP) =Y (p-qhn (g) (26)

TRIANGULAR DISCRIMINATION. (See [16,17].)

2
A(P,Q) = ZI%EF—%]I—- 2.7)
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SiBsOoN INFORMATION RADIUS. (See [18-21].)

r— 1) [E (p”zrqr> (PTH)H_ 1] . r#1,r>0,
p

I (P,Q) = 1 1 (2.8)
pnp+qing r+q +4q _
3 5 ( 5 ) In ( 5 ) , r=1,
TANEJA DIVERGENCE MEASURE. (See [22].)
1—r l—-r "'
(r~1>‘1[2(p' =4 )(p;q> -1], r#Lr>0,
T, (P,Q) = (2.9)

P+ q) (p +4q )

—|n{=>——1, r=1.
% ( 2 2,/pq
The following divergences are famous divergence measures. It may be noted that they are not

members of the family of Csiszar’s f-divergences (since the functions g*{u) = u®, a € (0,1) are
concave).

BHATTACHARYYA DISTANCE. (See [23].)

B(P,Q)=)_ . (2.10)

HELLINGER DISCRIMINATION. (See [24].)

h(P,Q) = Z(—[E—}@— (2.11)

RENYI MEASURE. (See [5].)

(r—1)"'In(Tp¢t), re(0,00\{1}, )
R.(P,Q)= { Epln% pe1 (2.12)
We have the following inequalities relating to V(P,Q), A(P,Q), K(P,Q), and h(P,Q).
CsIszAR. (See [6].) ,
Kk (PQ > 29 (2.13)
CsISZAR. (See [6,7].) , )
K(P,Q) = 4 (5’ @) + 4 (3};’ Q. (2.14)
Toprs¢E. (See [17].)
V2 (P, V4(P, Ve (P, V& (P,
K(FQ) =z (2 2y (36 4 émQ) * 34(0206(;)))' (2.15)
VAJDA AND TOUSSAINT. (See [15] and [25], respectively.)
K (P,Q) 2 max{L1(V),L2(V)}, (2.16)
where, from [15],
2+V 2V
and from [26],
v v

+

= <
Ly (V) >+ 3+ e 0<
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ToPsS@E. (See [18].)
1

SVAPQ SA(PQ<LV(PQ).

LECAM AND DACUNHA-CASTELLE (SEE [16] AND [17], RESPECTIVELY.).

2h(P,Q) < A(P,Q) <4h(P,Q).
KRAFT. (See [27].)
SV2(P.Q) <h(PQ) (1 - %h(P,Q)) :
ToPs¢E. (See [18].)
%Vz (PR <h(PQ)< %V(P’ OF

and
K(P>Q) < (log2)V(P,Q) +10gcv

where ¢ = max(p;/q;), Vi=1,...,n.

3. INFORMATION BOUNDS

579

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

Different kinds of bounds on the distance, information and divergence measures have been
studied recently {28-34]. In [28], authors unified and generalized information bounds for C(P, Q)

studied in [29-34] given in the following theorem.

THEOREM 3. Let f:I C Ry — R be a mapping which is normalized, i.e., f(1) = 0 and suppose

that

(i) f is twice differentiable on (r,R), 0 <7 <1 < R < oo, (f' and f” denote the first and

second derivatives of f),

(ii) there exists real constants m, M, such that m < M and m < z*>~*f"(z) < M, Vz €

(r,R), seR.

If P,Q € PP? are discrete probability distributions with 0 < r < p/g¢ < R < oo,

m®, (P,Q)<C(P,Q) <M, (PQ),

and

m(ns (P,Q) — 95 (P,Q)) < Cp(P,Q) — C(P,Q) < M (n. (P, Q) ~ &, (P,Q)),

where
K, (P,Q), s#0,1,
% (PQ)=4q K(Q,P), s=0,
K(PQ), s=1,

K, (PQ) =[s(s -0 [Lpra' -1],  s#01,

KPQ) =3 ph (§>

6 (P.Q = (.P) - (B =L to-0) 7 2).
0 (P.Q) =y, (5P) - (P.0),

(s—l)“‘Z(p—w(f)s_l, S#1,
Z(p~q)ln<§), s=1

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)
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As a consequence of this theorem, following information inequalities which are interesting from
the information-theoretic point of view, are also obtained in [28].

(i) The case s = 2 provides the information bounds in terius of the x*-divergence, x2(P, @),

M
2

m
and
m 2 M
(ii) For s = 1, the information bounds in terms of the Kullback-Leibler divergence, K(P,Q),
mK (P,Q) < C(P,Q) < MK (P,Q) (3.9)
and
(iii) The case s = 1/2 yields the information bounds in terms of the Hellinger’s discrimination,
h(P,Q),
dmh (P,Q) < C(P,Q) < 4Mh(P,Q) (3.11)
and

1 1
in (11 (PQ)-h(R.Q)) <, (PQ)-CRQ) <4k (mp (PA-HPQ). (12
(iv) For s = 0, the information bounds in terms of the Kullback-Leibler and x2-divergences,

mK (P,Q) < C(P,Q) < MK (P,Q) (3.13)

and

4. NEW INFORMATION DIVERGENCE MEASURE

Let the convex function f: (0,00) — R be

)17 u+l
flu)= anﬁ.

Then, we have the following new divergence measure belonging to the Csiszar’s f-divergence

(4.1)

family, \
s =32t q)p(;’ —9 1 ;’jp_‘;. (4.2)

Since we can express S(P,Q) as

—q)? 1
S(PQ) =) [(p”)p(;’ 2 }m [p;q-—ﬁ_—a],

this measure can be termed as the Symmetric Chi-Square, Arithmetic, and Geometric Mean
divergence measure.
It may be noted that, f(u) in (4.1) satisfies f(1) =0, so that S(P, P) = 0. Convexity of f(u)
ensures that divergence measure S(P, Q) is nonnegative. Thus, we have
(a) S(P,Q)>0and S(P,Q)=0,if P=0Q.
(b) S(P,Q) is symmetric with respect to probability distribution.
(c) Since f*(u) = uf(1/u) = f(u), function f(u) is the *-self conjugate. Therefore, Properties
(i)—(vi) of Section 2 hold good for f(u).
We now derive information divergence inequalities providing bounds for S(P, Q) in terms of the
well known divergence measures in the following propositions.
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PRoOPOSITION 4.1. Let S(P,Q) and A(P,Q) be defined as (4.2) and (2.7), respectively. Then,
inequality )

4Zp 9" A(P,Q). (4.3)

PRrOOF. Consider the Arithmetic (AM), Geometric(GM) and Harmonic mean(HM) inequality,
i.e.,, HM < GM < AM. Then,

HM < AM
o, 2pq < pt+gq
ptq 2
2
or, WmPtd s 2VPT (4.4)
2\/_ P +q
Multiplying both sides of (4.4) by (p+ ¢)(p — ¢)?/pg , we have
(p+9) (-0, p+a_ P+a(p-9° 2/M
In In . (4.5)
pq 2\/_ Pq p+gq
From HM < GM, we have 2,/pq/p + q < 1, and thus,
2./P7 < (2\/@7 )) 450 2q 3
M= =1+ PO L o S & S 46
p+gq +q p+q (p+q? 2 )

Now, from (4.5), (4.6}, and summing over all z € {2, we get

Z(p+q)(p 9% p+q< o2 p q P ) i 9’

pq p+4q

SM(P,Q) <4Y p\/_%) ~2A(P,Q),

and hence, the proof.
Next, we derive the information bounds in terms of the x2-divergence, that is, x*(P, Q).

PROPOSITION 4.2. Let x2(P,Q) and S(P,Q) be defined as (2.3) and (4.2), respectively. For
P,QeP? and 0 < r < p/g < R < oo, we have,

0<S(PQ)
< (ﬁ) {4 (r?=r+1)(r+1)°In ;j/_ + (32 +4r +3) (r— 1)2] X2 (P,Q) (4.7)
and
0 < SP(P':Q) —S(P':Q)
< (-—4T3 (:+ 1)> [4 (FP-r+1)(r+ 1)%% + (3r? +4r +3) (r - 1)2] ¥ (P,Q), (4.8)
where
5 ¢
Sp(P,Q) =Y (p2;2(;) 2(20° +pg+¢*) ln % +p° —2pg + q] : (4.9)

ProoF. From the expression of f(u) in (4.1), we have

fl = ( 2u21> _2 (2v? +u+1)In :;al +(u—1)2] : (4.10)
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and thus,

PQ)zZ(p“q)f, (S) =Z((p—q) ) {2(2p2+pq+q2)lng—\-/ﬁ?_%+p2-—2PQ+‘1]-

2p%q

Further,

7 (u) = <m) [4(u2—u+1) (u+1)*In 2\/_ +(3u +4u+3)(u—1)] (4.11)
Now, if » € [r, R] C (0, 0), then

0< " (u) < <—2r3(:+1)> [4(7"2—7"-{—1) (r+1)zln%+(3r2+4r+3) (r-—l)z], (4.12)

where 7 and R are defined above. In view of (3.7), (3.8), and (4.12), we get inequalities (4.7)
and (4.8), respectively.

Now, the information bounds in terms of the Kullback-Leibler divergence, K(P,Q) follows.

ProprosITION 4.3. Let K(P,Q), S(P,Q), and S,(P,Q) be defined as (2.6), (4.2), and (4.9),
respectively. If P,Q € P2 and 0 < r < p/q < R < oo, then,

0<8(PQ)
1 (4.13)
S(m) {4( r+1) r+1) In’ 2\/_ (37‘2+4r+3)(7'~1)2]K(P,Q),
and
OSSP(P’Q)-S(PvQ)
(4.14)

1
<<m>{4(r2—r+l)(r+l) 2\/_ (3r2+4r+3)(r—1)2]K(Q,P).

PRrRoOOF. Consider f”(u) as given in (4.11) and let the function g : [r, R] — R be such that,

g (u)=uf" (u):(ﬁ(iﬁ) [4 (u?—u +1) (u+1)%1n ?—;T_;_u—l+(3u2+4u +3) (u—1)2] . (4.15)

Then,

OSQ(U)S<—2—;ﬁ7}'—'—*‘—1—)>[ (rP-r+1)(r+1) 2t 2\/_ (3r2+4r+3)(r—1)2]. (4.16)

The inequalities (4.13) and (4.14) follow from (3.9), (3.10), and (4.16).

The following proposition provides the information bounds in terms of the Hellinger’s discrim-

ination, h(P, Q) and n1/2(P, Q).

ProposITION 4.4. Let h(P,Q), m1,2(P,Q), S(P,Q), and S,(P,Q) be defined as (2.26), (3.6),
(4.2), and (4.11), respectively. For P,Q € P2 and 0 < r < p/q < R < o0,

0<S(PQ)
2 R+1 (4.17)
<(—m+—1) [4(32 R+1)(R+1)’In \/—+(3R2+4R+3) (R—-1)%| h(P,Q)
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and

OSSp(PaQ)_S(PsQ)
< ('R?/?(Qu—nj) [4(R2—R+1) (R+1)21n1;;}_21 + (3R +4R+3) (R-1)?

< (31 (PO -1(P.0)).

PROOF. For f(u) in (4.1), we have f”(u) given by (4.11). Let the function g : [r, R] — R be such

(4.18)

that
g (u) = u®2f" (u)
= (%3—/22u717) [4(u2——u+1) (w+1)%In= 2\/_ +(3u +4u+3) (u—1) ] (4.19)
then,
0<g(u)
< (W) [4 (R*—R+1)(R+ 1)2111}22—\—/%1- +(3R*+4R+3) (R~ 1)2} - (420)

Thus, inequalities (4.17) and (4.18) are established using (3.11), (3.12), and (4.20)
Next, follows the information bounds in terms of the Kullback-Leibler and x2-divergences
K(P,Q), S(P,Q), and S,(P, Q) be defined as (2.3), (2.6), (4.2),

PROPOSITION 4.5. Let x*(P,Q),
R < oo, then,

and (4.11), respectively. If P,Q € P2 and 0 < r < p/q <

0<S(PQ)
(4.21)

< (ﬁf(l;Tl)) [4 (R*~R+1) (R+1)°1 R\J/’_

(3R*+4R+3) (R— )2] K (P,Q)

and

0< 8, (PQ)-S(PQ)
< (m) [4(R2_R+1) (R+1)21n%+(3R2+4R+3) (R—1)2] (4.22)

x (x*(@QP)-K(Q,P)).

PROOF. From the expression (4.1), we have f”(u) as given in (4.11). Let the function g:{r, R] =R

be such that,

g(u)=u2f” (u)
_ 1 4(2 +1 1)1 +1 32 4 3 12 (423)
‘(M)[ w —ut1) (wt1)? n2\r + (3u + du+3) (u— )],
then,
0<g(u)
1 )[4(R2_R+1)(R+1)21n]2{\;§1+(3R2+4R+3)(R 2:|. (4.24)

<
- (2R (R+1)
Thus, (4.21) and (4.22) follow from (3.13), (3.14), and (4.24).
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5. PARAMETRIC MEASURE OF INFORMATION

The parametric measures of information are applicable to regular families of probability dis-
tributions, that is, to the families for which the following regularity conditions are assumed to be
satisfied. Let for 6 = (61, ...6%), the Fisher information matrix [2] be

P 2

Ey [—-—— log f (X, 0)] , if 6 is univariate,
o0

L= (5.1)

, if @ is k-variate,
kxk

0 o
Es [597 8.1 (X,0) - log (X, 0)]

where || ||xx% denotes a k X k matrix.
The regularity conditions are,

(R1) f(z,0)>0,forallzcQand 8 € O,

(R2) -é%f(X,G) exists, forallz € Qand € B and alli =1,...,k,

(R3) 'd%i [af(z,0)du= [, a%;f(a:, 6) du, for any A € A (measurable space (X, A) in respect of
a finite or o-finite measure p), all § € O, and all 1.

In [1], authors suggested the following method to construct the parametric measure from the
nonparametric measure.

Let k(6) be a one-to-one transformation of the parameter space © onto itself, with k(6) # 6.
The quantity

L[0,k(0) = I [f (z,0), f (z,k N, (5.2)

can be considered as a parametric measure of information based on & (6).

This method is employed to construct the modified Csiszar’s measure of information about
univariate 8 contained in X and based on k(f) as,

20k01= [ 1@os (L2ED) 4, (53)

Now, we have the following proposition for the parametric measure of information from S(P, Q).

PROPOSITION 5.1. Let the convex function ¢ : (0,00) — R be

(w+1)(w—-1>% u+1
In Nk

6 () = (5.4)

and the corresponding nonparametric divergence measure,

P+9)(p—9)°, pt+g
S(P,Q) = In .
PA=) o N
Then, the parametric measure S¢(P, Q) is the same as S(P, Q).
ProoF. For discrete random variables X, the expression (5.3) can be written as

126,k@®) =Y ple) ¢ (‘1—(’”—)) . (55)

hyerd p(z)

From (5.4), we have

q(x)> (P+9)(p-9?® p+g
= In , 5.6
¢ (p (z) Pq 2,/pq 56)
where we denote p(z), and ¢(z) by p and g, respectively.

Then, S€(P, Q) follows from (5.5) and (5.6) as

c _ 909, pta_
SC(P,Q) = I [(9,19((9)]_2;2 eI =S (P.Q), (5.7)

and hence, the proposition.
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6. NUMERICAL ILLUSTRATION
We consider two examples of symmetrical and asymmetrical probability distributions. We cal-
culate measures S(P,Q), ¥(P,Q),x*(P,Q), J(P,Q), and verify bounds derived above for S(P, Q).

EXAMPLE 1 SYMMETRICAL. Let P be the binomial probability distribution for the random vari-
able X with parameters (n = 8, p = 0.5) and Q its approximated normal probability distribution.
Then, we have Table 1.

Table 1. Binomial Probability Distribution (n = 8, p = 0.5).

z 0 1 2 3 4 5 6 7 8
) 0.004 | 0031 | 0109 | 0219 | 0.274 | 0219 | 0.109 | 0.031 | 0.004
) 0.005 | 0.030 | 0104 | 0220 | 0.282 | 0.220 | 0.104 | 0.030 | 0.005

p(z)/q(z) | 0774 | 1.042 | 1.0503 | 0.997 | 0.968 | 0.997 | 1.0503 | 1.042 | 0.774

The measures S(P,Q), ¥(P,Q),x*(P,Q), and J(P,Q) are,

S(P,Q) =0.00001030, ¥ (P,Q) = 0.00305063,
¥* (P,Q) = 0.00145837,  J (P,Q) = 0.00151848.

It is noted that,
(= 0.774179933) < s < R (= 1.050330018) .

The upper bound for S(P, Q) based on x?(P, Q) divergence from (4.7),

(1 2_ 2 7 +1 2 2] .2
Upper Bound = (47'3 " 1)) [4 (r r+1) (r+1)“In NG + (3r +4r+3) (r—1) ] x° (P,Q)
=0.00158357,

and, thus, 0 < S(P, Q) = 0.00001134 < 0.001575814. The length of the interval is 0.001575814.
The upper bound for S(P, @) based on K(P,Q) from (4.13),

(1 2_. 2, r+1 2 2
Upper Bound = (2r2 T 1)) [4 (r*—r+1) (r+1)"In NG +(3r?+4r+3) (r—1) ] K(P,Q)
= 0.002850183,

and therefore, 0 < S(P, @) =0.00001134 < 0.002850183. The length of the interval is 0.002850183.

EXAMPLE 2 ASYMMETRICAL. Let P be the binomial probability distribution for the random
variable X, with parameters (n = 8, p = 0.4) and @ its approximated normal probability
distribution. Then, we have Table 2.

Table 2. Binomial Probability Distribution (n = 8,p = 0.4).

z 0 1 2 3 4 5 6 7 8
p(z) 0.017 | 0.090 | 0.209 | 0.279 | 0.232 | 0.124 | 0.041 | 0.008 | 0.001
a(z) 0.020 | 0.082 | 0.198 | 0.285 | 0.244 | 0.124 | 0.037 | 0.007 | 0.0007

p(z)/q(z) | 0.850 | 1.102 | 1.056 | 0.979 | 0.952 | 1.001 | 1.007 | 1.194 | 1.401

The measures S(P,Q), ¥(P,Q), x2(P,Q), and J(P,Q) are,

UM (P,Q) = 0.00001134,  T(P,Q) = 0.00305063,
2 (P,Q) = 0.00145837,  J(P,Q) = 0.00151848.
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It is noted that,

r (= 0.774179933) < = < R (= 1.050330018).

W]

The upper bound for S(P, Q) based on x*(P, Q) divergence from (4.7),

1 2 T +1
Upper Bound = <m> {4 (r’—r+1) (r+1)°In NG +(3r%+4r+3) (r——l)z] x* (P, Q)
= 0.001575814,

and thus, 0 < S(P, Q) = 0.00001134 < 0.001575814. The length of the interval is 0.001575814.
The upper bound for S(P,Q) based on K(P,Q) from (4.13),

/ 1 +1
Upper Bound = km> [4 (r®—r+1) (r+1)°In g7+(3r2+4r+3) (r—l)z] K (P,Q)
— 0.007996539,

and 0 < S(P,Q) = 0.00001134 < 0.007996539. The length of the interval is 0.007996539.
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Figure Figure 1. Measures S(P, Q)-New, ¥(P, Q)-Sym Chi Square, and J(P, Q)- Sym
Kullback Leibler.

Figure 1 shows the behavior of S(P,Q)-[New], ¥(P, Q)-[Sym-Chi-square] and J(P, Q)-[Sym-
Kull-Leib]. We have considered p = (¢,1 — a) and ¢ = (1 —a,a), a € [0,1]. It is clear from
Figure 1 that measures ¥(P, Q) and J(P,Q) have a steeper slope than S(P, Q).

7. CONCLUDING REMARKS

The Csiszar's f-divergence is a general class of divergence measures which includes several di-
vergences used in measuring the distance or affinity between two probability distributions. This
class is introduced by using a convex function f, defined on (0, cc). An important property of this
divergence is that many known divergences can be obtained from this measure by appropriately
defining the convex function f. Nonparametric measures for the Csiszar’s f-divergences are also
available. For this class of divergences, its properties, bounds, and relations among well known
divergences have been of interest to the researchers. We have introduced a new symmetric diver-
gence measure by considering a convex function and have investigated its properties. Further,
we have established its bounds in terms of known divergence measures. Work on one parametric
generalization of this measure is in progress and will be reported elsewhere.
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