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Abstract
The minimum x?—divergence principle states: When a prior probability density function of X , g(x),
which estimates the underlying probability density function f(x) is given in addition to some constraints,
then among all the density functions f(x) which satisfy the given constraints we should select that proba-
bility density function which minimizes the x*—divergence . We study minimun y?—divergence probability
distributions based on this principle given a prior beta distribution and the partial information on moments.
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1 Introduction

In this paper, we consider characterizations of beta probability distributions based on the minimum y2—divergence
principle when given is: (i) a prior beta distribution and (ii) partial information in the form of averages.

2  Minimum y?-Divergence Probability Distributions

Let the random variable X be a continuous variable with probability density function f(z) defined over the open
interval (—oo, +00) or finite closed interval [a,b]. The minimum cross-entropy principle due to Kullback(1959)
is:

When a prior probability density function of X , g(x), which estimates the underlying probability density
function f(x) is given in addition to some constraints, then among all the density functions f(x) which satisfy
the given constraints we should select that probability density function which minimizes the Kullback - Leibler
divergence

K(f,q) = /f(x) In %daz. (2.1)
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Kumar and Taneja (2004) has considered the minimum y2—divergence principle as:

When a prior probability density function of X , g(x), which estimates the underlying probability density
function f(x) is given in addition to some constraints, then among all the density functions f(x) which satisfy
the given constraints we should select that probability density function which minimizes the x2—divergence

2 _ f2 (@) v —
e = [ L. 22

The minimum cross-entropy principle and the minimum y2—divergence principle applies to both the discrete
and continuous random variables. Kumar and Taneja (2004) defined the minimum y2—divergence probability
distribution for continuous random variable as:

Definition 2.1 f(x) is the probability density of the minimum x2—divergence continuous probability distribu-
tion of random variable X if it minimizes the x%— divergence

= [ 2(”5)) de 1, (2:3)

g(x
given:
(i) a prior probability density function: g(x) >0, [ g(x)dz=1,
(ii) probability density function constraints: f(z) >0, [ f(xz)dz=1,and
(iii) partial information in terms of averages: [[h(x)]'f(x)dz = myy, t =1,2,3, .., r,

where h(x) is any real-valued function of x.
Further, they proved:

Lemma 2.1 Given a prior probability density function g(x) of the continuous random variable X, and the
constraints

f@) > O,/f(x)da: _1 /[h(m)]tf(:v)dx g = 1,2,3,007, (2.4)

the minimum x°— divergence probability distribution of X has the probability density function

flz) = %x) <a0 + Z[h(gp)]tat> , (2.5)

and the (r + 1) constants, ag and oy, t =1,2,3,...,7, are determined from

/@ (ao + ;[h(m)]tak> dx =1, (2.6)

and
/ 7{}1@)}2 9(z) (ao + Z[h(x)]tozt> do =my . (27)
t=1

The minimum x°—divergence measure is:

Cin(f19) = / o) <ao+2[h<x>]tat> dz 1. (2.8)
t=1

Given a prior beta probability distribution and the partial information on averages, we obtain the minimum
x2—divergence probability distribution from Lemma 2.1 in the following theorem. In what follows henceforth,
integral [ is considered over [0, 1].



Theorem 2.1 Let given be a prior as the beta probability distribution of X with the density function

P11 — )1t

T) = ,0,¢>0,0<z <1, 2.9
g9(z) B P q (2.9)
where .
B(p,q) = / u”fl(l - u)qfldu, (2.10)
0
and the constraints
fa) > 0,/f(x)da; _1, /[h(m)]tf(x)d:c g t=1,2,3, 001 (2.11)

Then, the minimum x> —divergence probability distribution of X has the density function

o) = T — <ao n ;[hwat) , (212)

and the (r + 1) constants, ag and oy, t =1,2,3,...,7, are determined from
B R Ly o
_— h(z)]t dr=1—-— 2.13
| (e =1, (213)

and

P71 —x)1t TR - e == m
| S —lhe) <0+;[h( ) t>d =i, (2.14)

The minimum x°— divergence:

Gunlig) = [T (ao+;[h<w>rat> do 1. (215)

Now we consider the applications of Theorem 2.1 when given is a prior beta probability distribution and the
partial information on different types of averages.

3 Given a Prior Beta Distribution and Partial Information F(X")

Suppose that a prior beta density function g(x) is given and the partial information E(X™) is available. Then
from Theorem 2.1:

Theorem 3.1 Let given be a prior beta probability distribution of X with the density function

zP~H (1 —x)1t
)= —,0,¢>0,0< 2 <1, 3.1
T )

and the constraints

flx) > O,/f($)d:v =1, EX)= /x"f(:v)dx =m. (3.2)

Then, the minimum x> — divergence probability distribution of X has the density function



P ' (1-2)?"' [ B(p+2n,9)—B(p+n,g)m+{B(p,q)m—B(p+n, 9" p
f(z)= B(p,q) [ B(p,q) B(p+2n,9)— B (p1,q) B(p, q)]

B(pt+n,9) B(p+2n,9)
B(p,q) > B(p+tn,q)

2 .
], and 2. , is

form €] »

2 _ Bp.g)B(p+2n.q) - B(p+n.q)
o B2(p,q)

ag

The minimum x°—divergence measure is

[B(p,q)m — B(p + n,q)?
B(p,q)B(p+ 2n,q) — B*(p +n,q)

X?nin(.ﬂ g) =

and )
B(p,q)B(p + 2n,q) — B*(p +n, q)

B2(p+n,q)

0 S X?nin(fv g) S

(3.5)

(3.6)

This may be noted from (3.3) that the density function f(z) is the weighted mixture of the Beta(p, ¢) and

Beta(p + n, q) density functions with respective weights

B(p+2n,q9) — B(p+n,q)m
B(p,q)B(p+2n,q) — B*(p+n,q)’

and
B(p,g)ym — B(p +n,q)

B(p,q)B(p+2n,q) — B*(p+n,q)’

, L.e.,

~_ B(p+2n,9)—B(p+n,g)m B(p,q)m—B(p+n,q)
X B(p,q) B(p+2n,q9)—B?(p+n,q) Beta(p,q) + B(p,q) B(p+2n,9)—B?(p+n,q) Beta(p +n,q).

(3.9)

Properties of the Minimum x*— Divergence Probability Distribution f(x):
i) t'" Moment of X about the origin:

[B(p+2n,q9) — Blp+n,¢9m|B(p+1t,q) + [B(p,g)m — Blp+n,q)B(p+n+t,q)]
B(p,q)B(p +2n,q) — B2(p +n,q) '

my,f =
Mean (p5) and Variance (a?):

uy = Be+2g - BlptngmBp+1,q) + [Be,gm - Bp+n,q)Bp+n+1,q)
! B(p,q)B(p + 2n,q) — B%(p +n,q) ’
s [Blp+2n,9)—B(p+n,qgm|B(p+2,9) +[Bp,gm—Blp+n,qBp+n+24q)]

7= B(p,q)B(p+2n,q) — B>(p+n,q)

ii) Distribution Function:

[B(p+2n,9) — Blp+n,9)m]G(z : p,q) + [B(p,g)m — B(p+n,¢)| G(x : p+n,q)
B(p,q)B(p+2n,q) — B2(p+n,q)

F(z) =

x wu—1<1 _ w)v—l
Gz :u,v :/ ————dw,u,v > 0.
i) = T B

B(p,q) ,

(3.10)

(3.11)

- p3.(3.12)

(3.13)

(3.14)



iii) Survival Function:

_[Blp+2n,q9) = Bp+ngm][1-Gx:p,g]+[Blp,gm - Bp+n,q][l =Gz :p+n,q)
@ = B(p,q)B(p + 2n,q) — B2(p+n,q) B(p.9)

(3.15)
iv) Hazard Function:
h(z) = [B(p+2n,q) — B(p +n,9)m +{B(p,q)m — B(p +n,q)}x"] g(x) (3.16)
[B(p+2n,q) — B(p+n,q)m] [l = G(z : p,q)] + [B(p,q)m — B(p+n,q)|[1 = G(z : p+n,q)]
Following are some interesting corollaries:
Corollary 3.1 For m = %Z’)q), the density function f(x) = g(x), that is, the minimum x>—divergence
probability distribution of X is the beta distribution with parameters p and q.
Corollary 3.2 For m = %, the probability distribution which minimizes the x2—divergence between
f(x) and g(x) is
prrnfl 1—2 qg—1
flay =2 _(10) (3.17)

B(p+mn,q)
that is, X s the beta distribution with parameters p+n and q.

Corollary 3.3 For m € [Ming1.g, :2“—”?1], the probability distribution which minimizes the x2—divergence
P Minat,g

between f(x) and g(x) is not the beta distribution. This distribution is as given in (3.3).

11 B(p+n,9) + B(p+2n,q)

For example, if m = 3| o) Blorna)

|, then the probability distribution has the density function

e O A e L
fl@)= 5 B + B g | (3.18)

The minimum x> —divergence is

B(p,q)B(p+2n,q) — B*(p+n,q)

15200+ 1.9) (3.19)

X?nin(fv g) =

Now using the results of this section, we consider some specific cases of E(X"™) for n = 1 and n = 2 in the
following:

3.1 Case n = l,i.e., Given Arithmetic Mean E(X)
Given a prior beta density function g(x) and the partial information F(X), we have from Theorem 2.1:

Theorem 3.2 Let given be a prior beta probability distribution of X with the density function

P11 —x)a-t
gx) = ——F———,p,¢> 0,052 <1, 3.20
=560 (320)

and the constraints

F@) > Q/f(:c)dx — 1, B(X) = /xf(:c)dw —m. (3.21)

Then, the minimum % —divergence probability distribution of X has the density function

£@) = B p{(p+1) = (o g+ D} + (- g+ D{(p+ gy — pla | T 0=

pq B(p,q) ’ (3.22)



+1
form €[ ;D}%Q’p-]&)-q—kl]'

The minimum x°—divergence measure is

R (3.23)

and

2 q

This may be noted from (3.22) that the density function f(z) is the weighted mixture of the Beta(p, q) and

Beta(p + 1,q) density functions with respective weights (erq)[(pH);(erqul)m] and (p+q+1)[(5+q)m7ﬂ, ie.,
1) — 1 1 -
Properties of the Minimum x*— Divergence Probability Distribution f(z):
i) t'" Moment of X about the origin (t = 1,2,3,...):
_(+dllp+1)—(p+qg+m]Blp+tq  (p+a+p+gm—p Blp+t+1,q)
q B(p,q) q B(p+1,q)
Mean (p5) and Variance (aj%):
wy = m, (3.27)
2 ptat D[+ —mp+gl+1
oy = pp+1 —m-. 3.28
! ) bt ar D +ar?) (328)
ii) Distribution Function:
p+gq
F(z) = o7 p{lp+1)—(+q+1)m}G(x:p,q) + (p+a+1{p+m-p}Gz:p+1,q9) ], (3.29)

ili) Survival Function:

S(z) =% P{lp+1)—(p+qg+1)m}(1—-G@:p,q)+@+q+D{p+gm—-p(1-Gx:p+1,q9)] .
(3.30)
iv) Hazard Function:
[p{lp+1) —(p+qg+1)m}+(p+q+ D{p+qgm—p}z]g(x)
p+1) —(p+q+)m}l =Gz :p, Q)]+ (@+q+D{(p+gm—p}l-Gx:p+1,q9)]

Following are some interesting corollaries:

h(zx) =

(3.31)

Corollary 3.4 Form = %, the density function f(z) = g(z), that is, the minimum x>— divergence probability
distribution of X is the beta distribution with parameters p and q.

p+1

ol the probability distribution which minimizes the x?—divergence is

Corollary 3.5 Form =

2P(1 — )91

ECESROR (3.32)

fx) =

that is, X has a beta distribution with parameters (p+1,q).



Corollary 3.6 Form € [-2—, -2EL] the probability distribution which minimizes the x*—divergence between

p+q ’ ptq+l
f(z) and g(x) is not the beta. This distribution is as given in (3.22).
2
For example, if m = %[ p_’; -+ pf:;il} = g?pi;i%iiﬁ:%’ then the probability distribution has the density
function
1 2P Y1 —a) b 2P(1—x)1 !
fl@)= 1 J- (3.33)
2 B(p,q) B(p+1,9)
The mean (uf) and variance (0%) :
2p(p+q+1)+gq
= ) 3.34
o 2(p+q) (p+q+1) (3.34)
52 q(4p + 8p? + 11pq + 2q + 4pq® + 4p® + 3¢° + 8p*q) (3.35)
! 1p+0)’ p+a+1) (p+a+2) ’
The minimum x?—divergence
q
Xoin([19) = —F———= (3.36)

dp(p+q+1)

3.2 Case n = 2,i.e., Given Second Moment E(X?)

When a prior beta density function g(z) and the partial information E(X?) are given, we have from Theorem
2.1:

Theorem 3.3 Let given be a prior beta probability distribution of X with the density function

xpfl(xn)qfl
g)=——) 5 g>00<z<l, 3.37
9(x) B P (3.37)

and the constraints

f(z) > 0,/f(x)da: =1, B(X?) = /x2f(a:)dx =v>0. (3.38)

Then, the minimum x°— divergence probability distribution of X has the density function

flz) = [B(p+4,q)*v3(p+2,q) +HvB(p,9) *B(p+2,q)}w23(p, q)} A )

B(p,q) B(p+4,9)—B?(p+2,q) B(p,q) )
(3.39)
B(p+2,9) B(pt+4.9) p(p+1) (p+2)(p+3)
forv € [ B(p,q) ’B(p+27q)] 0 {(p+q)(p+q+1)’ (p+q+2)(p+q+3)]'

The minimum x°—divergence measure is

2 ~ _[vB(p,q) = Bp+2,9)?
Xonin(1:9) = B(p,q)B(p+4,q) — B*(p+2,q) '

(3.40)

and )
B(p,q)B(p+4,q) — B*(p+2,q)

B%(p+2,q)

This may be noted from (3.39) that the density function f(z) is the weighted mixture of the Beta(p,q) and
Beta(p + 2, q) density functions with respective weights

B(p+4,q) —vB(p+2,q)

B(p,q)B(p+4,q) — B*(p+2,q)’ (3.42)




and
vB(p,q) — B(p+2,9)

B(p,q)B(p+4,q) — B2(p+2,q)’

(3.43)

, i.e.,

vB(p,q) —B(p+2,9)

B(p,q)B(p+4,q) — B%(p+2,q)

B(p,q)B(p+4,q) — B*(p +2,q)

Beta(p, q) +

Beta(p+2,q).  (3.44)

Properties of the Minimum x?— Divergence Probability Distribution f(z):
i) t" Moment of X about the origin:

[B(p+4,9) —vB(p+2,9) |Blp+1t,q) +[vB(p,q) —Bp+2,9)Blp+t+24q)]

e B(p,q)B(p+4,q) — B*(p+2,q) ' (3.4
Mean (pf) and Variance (07):
_ [Blpt+4,9) —vB(p+2,9)|B(p+14q) +[vB(p,q) —B(p+2,9)B(p+3,q)] (3.46)
S B(p,q)B(p +4,9) — B*(p + 2,9) ’ '
5 _ [Blpt+4,9)—vB(p+2,9) [Blp+2,q) +[vBp,qg —Bp+2,¢9Bp+4iq] ,
ot = ©. (347

B(p,q)B(p+4,9) — B%2(p+2,q)

ii) Distribution Function:

[B(p+4,9) —vB(p+2,9)]G(z:p,q) +[vB(p,q) —Blp+2,9)|Gx:p+2,9
B(p,q)B(p+4,q) — B2(p+2,q)

F(z) = B(p,q) . (3.48)

iii) Survival Function:

_[Blp+4,9 —vB(p+2,9 ][l =Gz :p,q)] +[vB(p,q) —Blp+2,9][1-G(z:p+2,q)
S = B(p,q)B(p+4,q) — B2(p+2,q) B(p;q).

(3.49)
iv) Hazard Function:
W) = [B(p+4,q9) —vB(p+n,qv+{vB(p,q)v— B(p+2,q9)}x"] g(z) (3.50)
[B(p+4,9) —vB(p+2,9) |1 =G(z:p,q)] + [vB(p,q) —Blp+2,9)|[1-G(z:p+24)
Following are some interesting corollaries:
Corollary 3.7 For v = %ﬁ’)”), the density function f(z) = g(z), that is, the minimum x?—divergence

probability distribution of X is the beta distribution with parameters p and q.

B(p+4,9)

Boiog) the probability distribution which minimizes the x?—divergence between f(x)

Corollary 3.8 Forv =
and g(z) is
P11 — x)a-t

flx) = T Bpia) (3.51)

that is, X 1s the beta distribution with parameters p + 2 and q.



Corollary 3.9 For v € [BJ(BP(;Qq’)Q)’ ggi;g;

between f(x) and g(x) is not the beta distribution. This distribution is as given in (3.59).

171B(p+2,9) + B(p+4,9)

For example, if v = 5[ Brd) Blriad

|, the probability distribution which minimizes the x?—divergence

|, then the probability distribution has the density function

_ 1 P11 —x)t Pt (1 — )1t
fl@)= 5 Bod) + Boiza | (3.52)

The minimum x> —divergence is

_ n2
B (frg) = B(p’Q)B(Z;;(;qig JqB) (p+29) (3.53)

_ 2q[(p+ q+1)B+2p) +p
T op+D)(ptg+2)(pta+3) (3.54)

4 Given a Prior Beta Distribution and Partial Information £(In X)

Suppose given is a prior beta distribution and the partial information E(In X). Then from Theorem 2.1:
Theorem 4.1 Let given be a prior beta probability distribution of X with the density function

P11 —x)at
gx) = ——F———,p,¢> 0,052 <1, 4.1
=500 b

and the constraints

@) >0, / F@)de = 1, B(X) = / Inaf(z)de = mume.1 s (4.2)

Then, the minimum x> —divergence probability distribution of X has the density function

- (mlnm’,Q,g - mlnm,l,gmlnx,l,f) + (mlnr,l,f - mlnm,l,g) Inx xpil(]- - x)qil
fw) = 2 - SR
Ulnw,g (p7 q)
fOT Minx,1,f € [ Minx,1,g5 Z:—:j;]a
where fort =1,2,3, ...,
P11 —2)? Y(lnz)!
Mina,t,g = / dz, (4.4)
nene B(p,q)
and 0‘12nx,g is the variance of In X.
The minimum x°—divergence measure is
(Mine,1,s = Mna,1)?
anin(fvg): - f2 2 ) (45)
Jlnx,g
and
01211x g
Inz,1,9
Properties of the Minimum x2— Divergence Probability Distribution f(x):
i) t" Moment of X about the origin:
my ;= (mlnx,2,g - mlnx,l,gmlnm,l,f) B(p + t)q) + (mlnm’,l,f - mlnm,l,g)mmlnm’mg , (47)

Ul2nw,g B(p7 q) 012nm,g



where

P11 — 7)) (Inx)
My nzx,t,g = / B(p, (J) dx. (48)

Mean (p5) and Variance (aj%):

p(mlnx,Q,g - mlnx,l,gmlnx,l,f) (mln:c,l,f - mlnx,l,g)

pro = + My lnz,l,g, (4.9)
(p + q)al2nx,g Jl2nx,g e
1 — —
0]2‘. _ p(p + )(mlnz’g’g mlnz’l’gmlnw,l,f) + (mln I,lny Min I,l,g)mm Ing2,g — Iu% (410)

(p+q)(P+q+1)of,, Oty

ii) Distribution Function:

Ming,1,f — Minz,1,
T q)+ ( - g)Glnm(x p,4q) (4.11)

2
alnz,g Ulnz,g

where G(z : u,v) is defined in ( ) and

F(.’E) _ (mlnw,Q,g - mlnw,l,gmlna:,l,f)G(

T, u—1 1— v—ll
Ginz(z:u,v) = / wt (1= w) nwdw,u, v > 0. (4.12)
0 B(u’ U)
ili) Survival Function:
S(.’E) _ (mlna:,Q,g - mlnz,l,gmlnz,l,f) [1 _ G(LL' : p, q)] + (mlna:,l,f - mlna:,l,g) [1 _ Glna:<x :p, q)] - (413)

2 2
Jlnx7g Oin z,g9

iv) Hazard Function:

[(Mine2,9 = Mina1gMine1s) + (Mineis — Minei,y) nzlg(z)
(mlnx,Q,g - mlnx,l,gmlnx,l,f) [1 - G(ZL’ Ry q)] + (mln z,1,f — mln:c,l,g)[l - Glnx(m D, q)] '

h(z) = (4.14)

Following are some interesting corollaries:

Corollary 4.1 For miy 4.1, = Ming1,9, the density function f(x) = g(z), that is, the minimum x*—divergence
probability distribution of X is the beta distribution with parameters p and q.

Minz,2,9

- , the probability distribution which minimizes the x°— divergence between
Inz,1,9

Corollary 4.2 For mingz1,f =

f(z) and g(x) is

P11 —2) Ing

flay = LU0
B(p+1,q)

that is, X does not have a beta distribution.

(4.15)

Corollary 4.3 Formiy,1,f € [Mins,1,9, —==22], the probability distribution which minimizes the x*— divergence

Minz,1,g9

between f(x) and g(x) is not the beta distribution. This distribution is as given in (4.5).
For example, if ming1,f = %[mln w,g + 2222 then the probability distribution has the density function

Minx,1,g
1 P11 —x)at 2P(1—2)i 'lnx
fl@)= 5| ( ) ( ) : (4.16)
2 B(p7 q) B(p+ 17q)mlna:,1,g
The minimum x> —divergence is
2
2 Oz g
Xmin(f7 g) = — . (417)
4m12n:v,1 g

10



5 Given a Prior Beta Distribution and Partial Information E[ln(1 +
X))

When a prior beta distribution and the partial information E[ln(1 + )] are available, then from Theorem 2.1:

Theorem 5.1 Let given be a prior beta probability distribution of X with the density function

zP~H (1 —x)?t
)= —,p,¢>0,0<zx <1, 5.1
=559 o1

and the constraints
f(z) > O,/f(x)dm =1, B(X) = /ln(l + ) f(z)de = Min 14017 (5.2)
Then, the minimum x> —divergence probability distribution of X has the density function

flw)=

|:B(paq)m1n1+z:,2,g*(1+21n27p7q)m1n1+:c‘1,f+[B(paq)m1n1+rp‘1,f*(1+21n2 *p*Q)]ln(lJrz)] % P (1—x)97?!

B(P,4)0 T 1104 B(p,q) ’
(5.3)
142In2-p—q B@EOMiniies,
fOT Min14=,1,f € [ + Br(;p)q)p q7 (f_fg)ﬁlgi;_zg]a
e Y1~ 2 (1 + )2
Pl —2)  In(1+2
= d 5.4
and o2, Lix,g 18 the variance of In(1 + X).
The minimum x°—divergence measure is
[B(p, ¢)min 14215 —1 =22+ p+g]?
X?nin(fv g) = ntx / P) ’ (55)
(p7 q)aln 1+z,9
and 2(p.4) o7
B*(p,q) 01144
0 < 2 ) < nl4z,g ) 56
< Xmnin(f,9) < (12m2—p—q? (5.6)
Properties of the Minimum x*— Divergence Probability Distribution f(z):
i) t'" Moment of X about the origin:
_ AB(p,@)minitz,2,0— (1420 24p+q)min 1421, 7} B(p+t,9)+(2In 24+1—t—p—g){B(p,q)mMin 14,1, —1—21In 24p+q}
my,f = B2(p,q)of, '
> Inl4a,g
(5.7)
Mean (p5) and Variance (a?):
_ 2 {BP@OMminita,2,9— (142 2—p—@)Mun14e,1,5}+(2I02—p—q){B(p,g)Mn 14,1,y — 1-2In24p+q}
mi = B(0,a)01n144,4 ’
(5.8)

%{B(Pﬂ)mm 142,2,9— (1+2In2—p—q)min 142,17 }+(2In2—1—p—q){B(p,q) Mn 142,1,y —1—21In 24+p+q} ,u2

0'2 =
f B(p,q)o’%n 1+z,9 I
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ii) Distribution Function:

F(z) = {B(®,@)min1+e,2,0— (14+2In2—p—q)Min142,1,7 G (2:0,Q) H{B(P;@)Min 1421, — 1-2In24p+¢} G142 (T:0,9)
- B(0,0)07, 140y :

(5.10)
where G(z : u,v) is defined in ( ) and
T w1 —w)* " n(l +w
Gin(142) (T 1 u,v) = /0 ( B()u,v) ( )dw,u,v > 0. (5.11)
ili) Survival Function:
S(x) _ [B(p, Q)mln 1+z,2,g — (1 +2In2-p-— ‘J)mln 1+w,1,f] [1 - G(w 2 Q)] (5’12)
+ B(p, ¢)mm14a1,r — 1 =224+ p+q)][1 = Gin(14a) (2 : P, q)]-
iv) Hazard Function:
[B(P, q)(mln 1+x,2,9 + min 1+:c,1,f) - (]- + 2In 2){mln 1+z,1,f + ln(l + ZL’)}
+(p+ g){min1+z +In(1 +=x T
W) = (P + g{muin14a,s +In(1 +2)}g(z) (5.13)
[B(p, )mun 142,29 — (1422 —p—g)mmiya1s] [1 = Gz p,q)]
+[ B(p,@)min 142,15 — 1 =22+ p+@)][1 — Gin(140)(z : , )]
Following are some interesting corollaries:
Corollary 5.1 For mipi4gz,1,f = %, the density function f(x) = g(z), that is, the minimum

x2—divergence probability distribution of X is the beta distribution with parameters p and q.

%@Tﬂ—lm, the probability distribution which minimizes the x?— divergence

Corollary 5.2 Forminite,1,f =
between f(x) and g(x) is
P11 —2)9 (1 + )

B(p+1,q)

fx) =

that is, X does not have a beta distribution.

(5.14)

Corollary 5.3 5.4. For mii4g1,5 € | 1+2§Ep2;)p_q, B(ff;ﬁlgi?_’f]’g], the probability distribution which mini-

mizes the x?—divergence between f(x) and g(z) is not the beta distribution. This distribution is as given in
(5.3).

For example, if min14z1,f = 3| H%E;g)p_q + B(ff;ﬁlgi;ﬁzg], then the probability distribution has the
density function

1 2P~ (1 —g)a ! 2P(1 — )9 11n(1l 4+ 2)B(p, q
flao)= S U il 2)Blp.a) ) (5.15)
2 (p.q) (1+2Im2—-p—q)B(p+1.q)
The minimum x°—divergence is
B*(p,q)0t 140
Xoin(F19) = e (5.16)

1+2mn2—-p—¢q)? "~
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6 Given a Prior Beta Distribution and Partial Information E[ln(1 —
X))

Suppose that a prior beta density function g(z) and the partial information E[ln(1 — )] are given. Then from
Theorem 2.1:

Theorem 6.1 Let given be a prior beta probability distribution of X with the density function

P11 —x)at
)= —,p,¢>0,0<2x <1, 6.1
9(x) B (6.1)

and the constraints
f@) 20, [ fa)ds =1, BCX) = [1n(1 - a)f(e)dn = i1y (62)

Then, the minimum % —divergence probability distribution of X has the density function

f(.’E) _ 2PN A-) T Y B@,a)mimi—e2.9— (1—p—@)Min1-a.1. s HB@E.O)Mm1-s.1.s—(1 — p—¢)]|In(1—x)}
o B2(p,4)0t 1 s g ’

1-p—q¢ B(p,9)Mini—z,2,
Jormumianyp €] B(p.q)’ T-p—q ],

where
P11 — 2)9 7 HIn(1 — z))?
Min1-z,2,g = B(p q) dZU, (64)

2 . .
and oj,1_, . is the variance of In(1 — z).
The minimum x?—divergence measure is

[B(p,@)min1-z1,r — L+ p+ ql?
B2 (pa q)012n l—z,9

X12nin(fa g) = ) (65)

and

BQ(pv q) 012n 1—x,9

(1-p—0q)?
Properties of the Minimum x*— Divergence Probability Distribution f(z):
i) t'" Moment of X about the origin:

0 < Xhin(fr9) <

My — {Be.@)mun1-w2,9— A=pP=@)Min1-s,1,r}Bp+t,9)+(1—-t—p—){BP,@)Mm1—-a,1.r— 1+p+q}
t,f — Bz(p,q)alznliz,g .

(6.7)

Mean (pf) and Variance (07):

L {B(p,q)mMin1-2,2,g— (1—=p—@)Min1—z,1,7}—(P+){B(@,¢)Min1-2,1,— 1+p+q}
— ptg
Kr B(P,a)0T0 104 )

%{B(zﬁ(ﬂmln 1-2,2,g— (1=p—@)min1-z,1,7 }—(1+p+){B(p,q)min 1-2,1,5 —1+p+q} 2

B(P,4)0Th1_2.q My

2 _
oy =
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ii) Distribution Function:

F(:L') _ {Be@miniz29— 0=p=@)Mun1-21,r}G(@p,0) +{B(P.9)Mn1-21,5 = 1+P+a}Gin(i— x)(qu)
B(p q)o-lnl x,9

(6.10)
where G(z : u,v) is defined in ( ) and
w1 —w) tn(l —w
Gin(1—2) (T 1 u,v) = /0 ( B()u, ) ( )dw,u,v > 0. (6.11)
iii) Survival Function:
B(p,@)mini-s,29— (1 =p—@)mmi—z1,¢] [1 — G(z : p,q)]
S(x) = [ ’ 9 > k 6.12
@) = B gmumt o — 1+ p+ )L~ Giagro(@: ) (6.12)
iv) Hazard Function:
[B(p, q)(Min1-2,2,g + Mn1—2,1,f) — Min1-z,1,f + (1 — )
+(p+ g@){min1—z +1In(l —x T
. (0 + @) {111y + (1~ )} g(2) | 619
[B(p, Q)mln 1—2,2,g — (1 i CI)f'nln 1—9c,1,f] [1 - G($ ' p, Q)]
+[ B(pa Q>m1n 1—z,1,f — 1 +p+ (I)} [1 - Gln(l—x) (m D, Q>]
Following are some interesting corollaries:
Corollary 6.1 Formin1—g,1,f = ?(%)q, the density function f(x) = g(x), that is, the minimum x?— divergence

probability distribution of X is the beta distribution with parameters p and q.

Corollary 6.2 Formini—g1,f = %ﬁi;“”i, the probability distribution which minimizes the x*— divergence

between f(x) and g(x) is

P11 —2)  In(1 — )
B(p+1,9)

fz) =

that is, X does not have a beta distribution.

(6.14)

p—q B@,@)Min1-z2,4
P:q)° 1-p—gq

Corollary 6.3 For min1—g1,5 € | g( |, the probability distribution which minimizes the

x2—divergence between f(x) and g(x) is not the beta distribution. This distribution is as given in (6.3).
For example, if min1—a1,f = 3] E(Z o T (p’q)ffl;_lq” 291 then the probability distribution has the density
function
1 2P 1 (1—2)1  2P(1—2)7'In(l —z)B(p,q
foy— L@ et o o) (= ) Blpa), 615
2 B(p,q) (1-p—q)B(p+1.4q)
The minimum x> —divergence is
B <p7 q) Oin1
Xiin(f19) = —————32 . (6.16)

4(1-p—q)?

7 Given a Prior Beta Distribution and Partial Information F(X)
and V(X)

Suppose given are a prior beta probability density function and the partial information average E(X) = a and
variance V(X ) = v. Then, we have from Theorem 2.1:

14



Theorem 7.1 Let given be a prior beta density function of the continuous random variable X,

P11 —x)at

,p,g>0,0<z <1, 7.1
B a) (7-1)

g(x:p,q) =

and
f(z) > Q/f(az)dac =1, /ajf(x)daj =a ,/x2f(ar)dx =b=v+d. (7.2)
Then the minimum x%—divergence probability distribution of X has the density function

P11 — x)at

fl@) = (ao+aiz+az?) B(p,q) (7:3)
p +1
= ao9(z:p,q)+ — ag(x:p+1,9) + ————asg(z : p+ 2, , 7.4
09(z : p,q) p+q(1g( p+1,9) p+q+129( P q)> (7.4)
where
_ . Y—b . —m2 2 _
o = a(my,gma,g — magms.g) — b(mygms g —m3 , ) +m3 , — magmag (7.5)
’ mg,g + m?z,g + m47gm%,g — 2my,gMa gM3,g — My4,gM2 g ’ .
- a(m%,g —Ma,g) +b(Mms,g — M1 gMmag) + M1 gMmag —mogms,g (7.6)
m%vg + m%vg + m4vgm%g —2my gMa gM3 g — My gM2 g ’ ‘
a(mz,g —migMay ) +b(mi ; —may) +m3 ; —magmig
a _ »g »9 (7 7)
2 — ) .
m%)g + mg)g + m4ygm%)g — 2my gMa,gMi3,g — Ma,gMa2,g
and
my. = 2@+t pp+1)(p+2)...(p+t—-1) (78)
9 B(p,q) p+a)p+q+1)(p+q+2)...(p+q+t—1)

The minimum x2— divergence measure is given by

2 2P71(1 — )71
i (fr9) = / (a0 + a1z + azz?) %dm —1. (7.9)
Properties of the Minimum x?— Divergence Probability Distribution f(z):
(i) t"" moment (t =1,2,3,...) about origin of X :
B(ert,Q)[ (p+t) ( P+t +1) ”
- + + . 7.10
T I N e N R PR R (710
In particular,
p (p+1) (»+2) )
— + + s 7.11
i p+q[a0 (P+q+1) (al ptat2)™ (1)
and
pp+1) { p+2) ( (p+3) )]
Mo §f = ag+——m— |+ ————« . 7.12
S v e ) [ Torer o\ M e 1
(ii) Distribution Function:
P p+1
F = G(z: _— G(z: 1 ——aG(x: 2 . 7.13
@) = ablein.0)+—LI— (06E 10+ —E o m@ip2g). (1)

15



(iii) Survival Function:
S(x) = a1l —G(z:p,q))+

(iv) Hazard Function:

h(z) =

p
p+q

{al{l —Gz:p+1,¢9}+

ao(p+q)g(z:p,q) +p (alg(x p+1,) + ;2 asg

_pH+l
p+qg +1

($3p+27Q))

a{l -Gz :p+ 2,q)}] . (7.14)

a(p+q)[1 =Gz :p,g)]+p [ar{l —Gz:p+1,9)}+

8 Numerical Illustration

The minimum x?—divergence probability distributions given a prior beta distributions for (p,q) = (0.2, 1),
(0.5,0.5), (1,1), (2,4) and the information about the current mean E(X), E(X?) and V(X) are considered in

Tables 1-3 and Figures 1-3.

Table 1. The Minimum x?—divergence Probability Distributions Given: A Prior Beta Distribution and

Arithmetic Mean.

__ptl
p+q

a{l—G(z:p+ 2,q)}} .

@ B [T@ o Figure
0.1667 Beta(0.2,1) 0

Beta(0.2,1) { 0.3561 { L [Beta(0.2,1) + Beta(1.2,1)] 05618 | la
0.5455 Beta(1.2,1) 2.2727
05 Beta(0.5,0.5) 0

Beta(0.5,0.5) { 0.625 { 1 [Beta(0.5,0.5) + Beta(1.5,0.5)] 0.125 16
0.75 Beta(1.5,0.5) 0.5
0.5 Beta(1,1) 0

Beta(1,1) { 0.5833 { 3 [Beta(1,1) + Beta(2,1)] { 0.0833 le
0.6667 Beta( 2,1) 0.3333
0.3333 Beta( 2,4) 0

Beta(2,4) 0.3809 1 [Beta(2,4) + Beta(3,4)] 0.0714 1d
0.4286 Beta(3,4) 0.28557

Table 2. The Minimum y?—divergence Probability Distributions Given: A Prior Beta Distribution and

Second Moment.

g(z) E(X?) f(z) XZin Figure
0.09091 Beta(0.2,1) 0

Beta(0.2,1) { 0.30736 { 1 [Beta(0.2,1) 4+ Beta(2.2,1)] 1.1905 | 2a
0.52381 Beta(2.2,1) 47618
0.375 Beta(0.5,0.5) 0

Beta(0.5,0.5) { 0.55208 { 1 [Beta(0.5,0.5) + Beta(2.5,0.5)] { 0.2361 | 2b
0.72916 Beta(2.5,0.5) 0.9444
0.33333 Beta(1,1) 0

Beta(1,1) { 0.46667 { % [Beta(1,1) + Beta(3,1)] { 0.2 2¢
0.6 Beta( 3,1) 0.8
0.14285 Beta( 2,4) 0

Beta(2,4) { 0.21031 { L [Beta(2,4) + Beta(4,4)] { 0.2361 | 2d
0.27777 Beta(4,4) 0.9443
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Table 3. The Minimum y2—divergence Probability Distributions Given: A Prior Beta Distribution, First
and Second Moments.

g(z) E(X), E(X?) f(x) Figure
Beta(0.5,0.5)
0.5,0.375 [(—2.258210~%) Beta(0.5,0.5) + (0.089) Beta(1.5,0.5)
Beta(0.5,0.5) 0.625,0.5521 +(0.1592) Beta(2.5,0.5) 3a
0.75,0.7292 [(—2.4842210~3) Beta(0.5,0.5) + (0.0967) Beta(1.5,0.5)
+(0.1965) Beta(2.5,0.5)
Beta(1,1)
0.5,0.3333 [(0.00738) Beta(L, 1) + (0.0498) Beta(2, 1)
Beta(1,1) 0.5833,0.4667 +(0.08487) Beta(3, 1) 3b
0.6667, 0.6 [(0.0111) Beta(1, 1) + (0.0443) Beta(2, 1)
+(0.0959) Beta(3, 1)
Beta( 2,4)
0.3333,0.1428 [(0.00765) Beta( 2,4) + (0.0625) Beta( 3,4)
Beta(2,4) 0.3809,0.2103 +(0.9392) Betal( 4,4) 3¢
0.4286, 0.2778 [(0.00127) Beta( 2,4) + (0.0586) Beta( 3,4)
+(0.10237) Beta(4, 4)

From these tables and figures, there is evidence that the new (minimum chi-square divergence) distribution,
given a prior distribution as beta and the new (current) information on moments, is not the beta distribution.
However according to the minimum cross-entropy principle the new distribution remains the same as the given
prior distribution. Thus, given a prior information about the underlying distribution as beta distribution,
in addition to the partial information in terms of the moments, the minimum chi-square divergence principle
provides a useful methodology for characterizing beta probability distributions.
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