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Abstract

This article dealswith the dynamics of the volume cortrol method
in forest regulation. The sustainability of harvesting a given constart
volume in a simpli'ed forest model is studied. Depending on the ini-
tial agedistribution, the cut canlead to the forest exhaustion, or to an
asymptotic steady-state uniform agedistribution. A contin uous model
is formulated in terms of various kinds of partial di®erertial equations,
delay di®ereriial equations,and non-linear integral equations. Equilib-
rium solutions and their stability properties are determined. Discrete
models are also obtained, both by direct reasoning and as approxi-
mations to the continuous case. These are used for simulation and
graphical exploration of the systembehavior. In addition, cortrasting
various discrete and cortin uous versionswas found usefulin clarifying
someissues,in particular, ambiguity/redundancy problemsin the rela-
tion betweenintegral equationsand delay di®ereriial equationsderived
from them. The basic problem of evaluating sustainability for an ini-
tial distribution remains unsolved, however. Further progressis linked
to the asymptotic properties of a second-ordemrecurrencerelationship.
It is hoped that the interplay betweenthe theory of functional di®er-
ertial equations and this concreteand easily interpretable problem in
forest managememn might prove fruitful in both "elds.
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1 Intro duction

Among mathematicians there is currently a great deal of interest in delay
di®erernial equations(DDEs). Somesimpli ed but fundamertal forest man-
agemen models can be formulated in terms of DDEs or non-linear integral
equations (both DDEs and integral equations are often included under the
more general label of functional di®erential equations, FDEs). Combining
the mathematical and forestry views may bene t both disciplines. Perhaps
FDE specialists might contribute to solve long-standing open questionsthat
block progressin the understanding and optimization of forest managemen
strategies. On the other hand, the forest models described here can help
mathematical developmerts, providing concrete physical interpretations to
guide intuition and suggestnew approadies.

Forest managemenm planning can be approaced at least from two di®er-
ent directions. Practical real-life problems are confronted with simulation
and Mathematical Programming techniques, mostly Linear Programming
and Mixed Integer Programming (Clutter et al., 1983; Leusdner, 1990;
Garcfia, 1990). In many instancesreasonablyrealistic models can be solved
with current hardware and software, but there is always pressureto increase
resolution levels and computational exciency, even more so when integer
constraints or nonlinearities are involved. On a theoretical level, highly
simpli ed models are studied analytically, hopefully improving our basic
understanding of the main issues(Johanssonand Lofgren, 1985). Presert
practical methods can to a large extent be characterized as \brute force";
realizing the potential of fully exploiting special problem structure would
depend of further advancesin the theoretical front (Garcfa, 1990).

Unfortunately, analytical developmens in forest planning have not pro-
gressedas much as one would like. The optimization of independert for-
est stands, where over-all production level does not a®ect costs and rev-
enues,was solved by Faustmann (1849) long before modern investmert the-
ory caught up with him. The steady-state solution for a level of produc-
tion (yield) that remains constart over time, the so-called\normal forest",
is older still (Section 2). Further embellishmernts and extensions, such as
°uctuating prices and considerationsof risk, are numerous, often utilizing
sophisticated Control Theory mathematics (e. g., Johanssonand Lofgren,
1985). However, the logical next step of obtaining a constart yield start-
ing from an arbitrary, not steady-state agedistribution, is not satisfactorily
resolved. This is the problem consideredhere, as a stepping stone to more
practically interesting problems involving non-decreasingyields, capacity
expansioncosts, etc.



The next section describes a forestry problem, followed by a more pre-
cise mathematical statemert in continuous time. Se\eral alternative for-
mulations are shavn. Then someequilibrium properties of the system are
discussed.Finally, discrete model versionsand somesimulation results are
presened.

2 The problem: forest regulation and the normal
forest

The classicalforest regulation problem deals with a forest consisting of a
collection of even-aged stands of various ages. Let the forest at time t
be characterized by its agedistribution F(x) giving the areawith agesless
than or equalto x. Without lossof generality, we shall assumethat the total
forest areais 1. The volume yield per unit areais given by a nondecreasing
function of ageg(x) with g(0) = 0 (see,for example, Figure 1). There is a
rate of volume harvesting v(t), taken from the oldest ages,with the cleared
land being regeneratedimmediately.

The normal forest theory, dating from the 18th certury, treats the
steady-state situation. A normal or fully regulated forest has a uniform
agedistribution, with equal areasfor all agesbetween0 and the oldest age
r. The distribution is maintained by cutting all standswhen they reac the
rotation ager. It is easyto seethat the areais harvestedand regenerated
at a rate 1=r, producing in perpetuity an even volume °ow or sustainel
yield equal to the \mean annual incremernt" (MAI) for the rotation age,
v = g(r)=r. The maximum sustainableyield is obtained with the rotation
of maximum MAI (Clutter et al., 1983; Leusdner, 1990)

The forest behavior outside the steady-stateis much lesswell understood.
It is clear that a constart area harvesting rate (a forest regulation method
known asarea control) perpetuatesthe agedistribution exceptfor a cyclical
shift, and producesa °uctuating volume yield. We shall examine here the
e®ectsof a constart volume harvesting rate v(t) = v. Traditionally this
is known as volume control and, if the cut is kept within certain limits,
is supposedto lead to a normal forest. The dynamics of a forest under a
constart volume cut has been extensively investigated through simulation
by Allison (Allison, 1978;Clutter et al., 1983),in connectionwith measures
of forest \maturit y".

Actually, both Allison and classicforest regulation deal with a discrete
versionof the model, with discreteageclassesand annual or periodic harvest-
ing. Initially , we shall work mostly in cortinuous-time. It might be possible



Figure 1. Exampleyield curve. Points A, B and C show possiblenormal forest
rotations for volumeharvestingrates equalto the line slopes.

to include the discrete-time formulation by using appropriate stepped func-
tions for F (x) and g(x). Often it is conveniert to assumethat the functions
are strictly increasing; this could be assuredby giving an arbitrarily small
slope 2 to the steps,and taking limits at the end. Similarly, di®erertiabilit y
canbe adchieved by an in nitesimal rounding of the step corners. | shall just
ignore the messydetails, and assumefunctions aswell-behaved as necessary
in any particular instance. Later, in Section5, a di®erert discretization that
may be more corveniert for certain usesis introduced.

We may describe some\known" (or at least plausible) characteristics
of the simulated forest ewolution (Clutter et al., 1983). Formal proofs will
be provided later. If a forest with an arbitrary initial age distribution is
harvested at a constart rate v, two possible outcomeshave beenobsened.
If v is too high or if there is not enoughareain older ages,at some point
the forest is exhausted, that is, the yield v is not sustainable. The cut-
ting ager(t) = F 1(1) °uctuates, Tnally reaching zero'. Otherwise, the
forest evertually approadesa steady-state uniform distribution (a normal

!As in the normal forest, it is common to refer to the cutting or felling ageas\rotation",
although the appropriateness of the term in this instance may be questionable. | will
contin ue denoting it by r



forest). From our previous discussionof the normal forest, it follows that
the equilibrium cutting agemust satisfy g(r) = vr. This correspondsto the
intersectionsof the yield curve g(x) and a line with slopev (Figure 1). With
a typical sigmoidal yield curve there are in generaltwo possible solutions,
showvn as A and B. Howewer, A is an unstable equilibrium point, and most
simulations will either exhaust the forest or corvergeto B. It is clear that
the maximum possiblesustainablev for any forest equalsthe maximum MAI
(point C).

It is also conceiwable that somecombinations of initial distribution and
harvesting rate might result in neither exhaustion nor a uniform steady
state. The cutting ager(t) might approac a limit cycle, oscillating indef-
initely without ever becomingconstart. In fact, this possibility cannot be
ruled out by the simulation results; apart from numerical accuracy issues,
corvergencein someinstancesis extremely slow. Determining without re-
sorting to simulation if a giveninitial distribution will leadto sustainedyield
or to a forest\crash" is still an open question, but we show below that limit
cyclesare not possible.

3 Mathematical form ulations

3.1 Partial di®erential equations

Wewant to nd how the agedistribution F{(x) ~ F(t; x) changesover time.
Let ds be the areacut (from the oldest ages)and regeneratedduring a time
interval dt. Age x at time t becomesagex + dt at time t + dt. Therefore,
the areaof ages- x + dt at time t + dt equalsthe areaof ages- x at time
t, plus the areads that was regeneratedbetweent and t + dt:

F(t+ dt;x+ dt) = F(t;x) + ds
(seeFigure 2). Using a Taylor serieson the left-hand side this becomesfor
dt! O,
@FEx), FEx) _ds,
@ @  dt’
The areacut is the volume cut divided by the yield (assumedpositive).
That is, for a small dt,

_ovdt
RO @
wherer (t) = F{ Y1) © Fil(t; 1) is the cutting age. Finally,
@(tx) @(tx) _ v :
@ @& ogFiED’ @
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Figure 2. Changein the cumulativeagedistribution betweentimest andt + dt. The
areacut and regenerateds ds.

A slightly better-looking relationship is obtained for the inverse distri-
bution function Fj 1(p) © Hi(p) ~ H(t; p), assumingthat F(x) is strictly
increasing. Using a similar argumert (swap axesin Figure 2), we get

H(t+ dt;p+ ds) = H(t;p) + dt ;

@H(t:IO)Jr @i(tp)ds _ 1
@ @ dt '

FED - g FEPy: ©

This type of partial di®ererial equation is hon-standard in that it con-
tains a \cross-section" H (t; 1) of the independert function. It is not clear
to me how to proceedfurther, sowe take a di®eren tack.

or

\Y

3.2 Delay di®erential equations: The wandering coordinates
tric k

It is clearfrom Figure 2 that for small time intervals most of the distribution
function remainsthe same,it just getsshifted. So,instead of shifting F, let



us try keepingthe curve xed and shift the axes. Figure 3 shows the same
sequenceof distributions from Figure 2, but with two sets of coordinates.

Figure 3: SameasFigure2, but with the curve xed andthe coordinate axesdisplaced.
The evolution of the distribution is determinedby the trajectory of the origin in the
x{F or t{s plane.

The origin of coordinates moves along a curve of s(t) (or t(s)) deter-
mined by equation (1). Doing soit determinesF(x) for any future t asan
appropriate segmen of that curve. For a more corvertional view of the s-
over-t trajectory, rotate the page180degrees.Again, things turn out neater
with the inversedistribution, sowe swap the axesafter the rotation (Figure
4, whereto simplify we show the situation at t = 0).

The quartity s is the cumulative harvested area. When s = 1 all the
original forest has just beenharvestedand a new cycle commencesso that
s can be interpreted as measuring\rotation units". The elapsedtime t(s)
re°ects the changing rotation length.

Now we can write the equation for the trajectory t(s) in Figure 4. In
the third quadrart,

t(s) = j Ho(i ) forj 1- s- 0 (4)

(wetakesasOatt = 0). Fors, O the trajectory can be obtained from
the di®erertial equation (1), or dt=ds = g(r)=v, except that it depends of

8



Fo-1) | dt
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————————————————— -r(0)=-H (1)

Figure 4: Rotation and re°ection of Figure 3 demonstratesthe delay di®erential
equationformulation in equation(5).



previous values of s through the current cutting ager. From Figure 4 we
seethat r(t(s)) = t(s)i t(si 1), sothat substituting in (1),

da 1

— = —g[t(s)j t(si 1 f 0: 5

o= LAt tsi vl fors, (5)

Equation (5) is adelay di®erertial equation (DDE) with a constart (unit)

delay (Bellman and Cooke, 1963; Hale, 1971, 1977; El'sgol'ts and Norkin,
1973; Driver, 1977; Kolmanovskii and Myshkis, 1992; Kuang, 1993; Diek-
mann et al., 1995). Giventhe initial inverseagedistribution F§ Y(p) © Ho(p)
and the harvesting rate v, it uniquely determinest as a function of s. The
distribution for any future time can be recovered from

His)(p) = t(s)i t(si p): (6)

We note a somewhatsubtle point that can causetrouble later if ignored.
For s = 0 the derivative %g[H 0(2)] given by (5) is actually the right deriva-
tive, and may di®er from the left derivative HJ(0) obtained from (4). In
what follows, derivatives will be understood as right derivatives wherewer
the distinction is necessary It is seen,however, that t(s) is continuously
di®erertiable for s > 0 (given that Hg is continuous), with both the left
and right derivatives coinciding with (5). Therefore, the distribution must
satisfy

HX0) = %g[Ht(l)] fort> 0: 7)

3.3 Related DDEs

Other DDE forms, possibly more widely studied or easierto handle, can be
produced by change of variables.
Considerthe cutting ageas a function of s:

rit(e)] " y(s) = t(s)i t(si 1): (8)
Then, from (5),
dy_g saly(dli foly(si 1) ifs, 1
97ty HYLi 9 0. s<1
o dy 1 1
gs = Javeli cay(si Dlss, 0 9)

10



with
y(s) = g '[vH(i s)]  for j 1- s<O0; (10)
assumingg and Hg continuous.
A third DDE, linear in the nite di®erencesjs obtained de ning

,odt 1 _
A9 g = VI (11)
Then,
% - %go[gi Yvo)lz(s)i z(si 1)]; s 0 12)
with
z(s) = HY s) for i 1- s<0: 13

Remark: gqg' *(u)] = 1=(g' H)Yu) .

In terms of the forest regulation problem, y(s) = r(t) is the cutting or
oldest ageafter s rotations, and the duration of the rotation that endsat s.
In forestry, the cutting ageis commonly called rotation, probably by analogy
to the normal forest situation. To avoid confusion| shall say \rotation s",
use the plural, or call it rotation numker, and shall refer to y(s) as the
cutting ageor rotation length

z(s) is the ratio of harvestablevolume per unit areato volume harvesting
rate, or the reciprocal of the areaharvesting rate. vz(s) is the current yield,
i. e. the volume per unit areafor the cutting age of rotation s.

From (6) it is seenthat there is a one-to-onerelationship betweenthe y
and z functions and the ewlution of the agedistribution with s

Hag (@ = tXsi p) = z(si p) = %Q[Y(Si 9] (14)
(assumingH; and g corntinuous), generalizing(7), (10) and (13).

3.4 Integral equations

Instead of a DDE, we can state an integral equation for y(s):
z S
y(s) = t(s)i t(si 1)= dt(u) ;

si 1l

and, using (1), 7

S

&= coyWidui s, 0; (15)

si 1

11



de ning y(s) for j 1- s< Oasin (10). This can also be obtained from (9).
According to Baker (1996, seehis equations(3.1) and (3.7)), it is a Volterra
integral equation of the second kind, and more speci cally a convolution
equation?. The equivalert form
141
y(s) = gly(si uldu
0

might on occasionbe more corveniert.
For z(s), from (11),
4

2(9)= yol

S

5

. 1z(u)du] ; s, 0; (16)
or 1 Z 1
2(s)= ol z(si u)du];
0

with (13) for s< 0.

The interpretations are interesting. Elguation (15) says that the average
volume harvesting rate for any rotation, ( ; 1 9ly(u)] du)=y(s), must equalv.
This e®ectiwely ensuresthat the harvesting rate will be constart. Equation
(16) shows that the slope of the curve of t over s at any point is a function
(g=v) of the averageslope over the previousunit s-interval. In this light, note
the closecorrespndencebetween(16) and (5). Fluctuations are smoothed-
out provided that g=v is not \to o steep".

3.5 The metho d of steps

The DDEs described above can be transformed into a sequenceof ordinary
di®ererial equations(ODES) by the methal of steps(El'sgol'ts and Norkin,
1973;Driver, 1977;Baker et al., 1995). In this instance the processcan be
clearly explained intro ducing somenew notation for function segmets.

For y, for example, de ne yk(s) = y(k + s), where k is an integer and
0 - s < 1. This corresponds to a segmen of y with domain [k;k + 1).
Conversely with k = [s] (i. e.the integer part of s), any y(s) equalsyk(sj k)
in the segmen that contains s. Then, substituting in (9),

dyk _ 1 1 : k= (19
g5 = v celvki )i 00 s< 1 k=012 17)
For k = 0,
dyo _ 1 1 1
s = GO0 i Lol 1) = Ja(vo) i HELi 9):

2For other authors Volterra equations are linear (James, 1992; Petrovski, 1971).

12



This is an ODE which, with the initial condition yo(0) = y(0) = Ho(1),
uniquely determinesygp(s) for 0 - s - 1 (numerical integration would gen-
erally be required in practice). Now, knowing yo(s), (17) for k = 1 is also
an ODE, which with the initial condition y1(0) = yo(1) determinesthe next
segmen yi1(s). The argumernt is repeatedfor k = 2;3;:::

The initial age distribution determinesthe oldest or cutting agesyo(s)
during the rst rotation, where 0 - s - 1 is the elapsedfraction of that
rotation (the harvestedfraction of the initial forest). Then, the cutting ages
y1(s) for the secondrotation are obtained from the known cutting agesyo(s)
from the previous rotation, and soon.

Similar sequence®f ODEs are obtained for t and z:

%:%g(tki i) 0 s<1; k=01L2::: (18)
dz 1, .
o = L0l vz 2 ) 00 s< 1 k=0L2z (19)

Note also that taking s = k integer in (14) and (6), the relationships
betweenthe various characterizations of rotation k are

HS M = 24131 B)= Jolvi 111 P (20)

Higy(P) = ti; 1(1) i te; 21 p) - (21)

In terms of segmets, the integral equations (15) and (16) just produce
other integral equations:

VA S VA 1

W= Saywldu+  giyi 2(u)]du);
oV Vv

S

and Zs Zl

z(s) = %g[ . Z(u) du + . zy; 1(u) du] ;

respectively.

4 Prop erties

As usual, existence and uniguenessquestionstend to be of more mathe-
matical than practical interest. A properly formulated model should \mak e
sense". Either way, formal proofs are not dixcult, using for example the
method of steps and standard ODE results (Hale, 1971; El'sgol'ts and
Norkin, 1973;Driver, 1977).

13



4.1 No limit cycles

The asymptotic behavior of (9) and (15) is studied by B#lair (1991), in a
more general situation where the time delay is a function of y(s). He also
presers results of Cooke and Yorke (1973) for a constart time lag. B§lair's
Theorem 3, from Cooke and Yorke (1973), says that if g is corntinuously
di®ereriable then, ass ! 1, for every solution of (15) y(s) tends to a
constart or to 81 . Actually, B®lair points out that di®ereriabilit y of g is
not necessaryfor this, a weaker local Lipschitz property sutces. This result
e®ectiely rules out the possibility of asymptotically oscillating solutions, as
mentioned before.

4.2 Equilibria

It is clear, from (8) or (15) for example, that y cannot becomenegative
(see also Theorem 4 in B8§lair (1991)). In addition, it is not a practical
limitation to assumethat g has some (arbitrarily high) upper bound, and
then the solutions of (15) cannot becomeunbounded. Therefore, if a forest
does not becomeexhausted under an even volume harvest (y(s) ! 0), it
must convergetoward a normal forest with someconstart nite cutting age
r.

To nd the possiblestationary solutions we substitute y(s) = r in (15):

z S
1 1
r= —g[r]du = =q[r];
_yarldu= Colr]

si
and any equilibrium cutting age (6 0) must therefore satisfy

g(r)=r=v; (22)
asalready \known"(Figure 1). In other words, the MAI of the normal forest

rotation equalsthe volume harvesting rate®.

4.3 Potential pitfalls

The sameresult is obtained by substituting z(s) = r or t(s) = rs+ cin (16)
or (5), respectively. Substituting constarts in (9) or (12), however, appears
at rst sight to indicate that any constart is a possiblesolution.

3Incidentally, with g unbounded it is seenin Figure 1 that y(s) ! 1 can occur if v
is small enough for the line y = vs to remain always below the curvey = g(s) without
intersecting it.

14



A similar situation is mentioned by B$lair (1991). He discussesa popu-
lation model, in his notation,
Z t
x(t) = b(x(s)) ds ; (23)
ti L[x(t)]
where L [x(t)] is a state-dependert time lag. This is equivalert to our equa-
tion (15) for a constart lag L = 1. Quoting in full (changing the equation
numbersto agreewith those here):

\Di®erentiating both sidesleadsto the functional di®ereriial

equation
Qo = DXO) i Bx(ti LIX(OD)
Li LIx(Io(x(ti L[x(0])

Although there is a closecorrespopndencebetweensolutions of
(23) and (24), caution must be employed in using one equation to
investigatethe other (seeBuserberg and Cooke, 1980), especially
when numerical simulations are performed. For example, any
constart x(t) = x is a solution of (24), whereas(23) only has, for
stationary solutions, those constarts that satisfy x = b(x)L (x).
Also, the initial condition appropriate for a correct biological
interpretation of (24) asa population model is not arbitrary but
is incorporated in the integral form, (23). We analyze (23) and
(24) together, considering that (24) is, literally, derived from
(23)."

(24)

Clearly, (24) with L = 1is equivalent to (9), and the analogy is obvious.
What happenshereis that not all solutions of the DDE are admissible. For
a uniform distribution between0 and r, HJ(p) = r, so that (10) implies
condition (22). But with (12)-(13), if we ignore (11), the constraint has
e®ectiely been\lost" in the derivation.

Howewer, (9) and (12) are still usefulasnecessary although not su+cient
conditions on the solutions. Especially giventhat theseDDESs appearto have
beeninvestigated more than the integral equation alternativ es.

4.4 Stabilit y

If the forest can sustain a cut v, typically there will be two equilibrium or
xed points y(s) = z(s) = r with r satisfying (22), points A and B in Figure
1 (in addition to r = 0). What happens if there is a small perturbation
in those steady-state solutions? For instance, if for a short time the cut

15



di®ersfrom v, or the yield deviatesfrom the expected? Then, after remov-
ing the perturbation, y and z may corverge again toward r (the solution is
asymptotically stable), or they may diverge, eventually settling at a di®er-
ent equilibrium point (the original solution was unstable). In practice an
unstable equilibrium would never be reaced.

More precisely the relevant de nitions are asfollows (for example, Baker
et al., 1995; Baker, 1996; Driver, 1977). An equilibrium solution r is stable
if, for any 2 > 0, there is a £ sud that if the initial data of another solution
is within a distance £+ from r then all future valueswill not di®er from r
by more than 2. That is, if y(u) is any solution suc that jy(u)j rj - %
forsj 1 - u- s, thenjy(u)j rj - 2 for all u> s. The solution r
is asymptotically stable if, in addition to being stable, any other solution
initially within a small enough+ corvergesto r: jy(u)i rj- xforsi 1-
u- simpliesjy(u)j rj! Oasu! 1 . A solution is unstableif it is not
stable.

The usual approadc to stability of DDEs is basedon local linearization.
Thus, the linearization of (9) around r is

dy 1

s ;go(r)[y(s)i y(si 1)]:

The condition for stability of this linear DDE is g{r) < v (B§lair, 1991,page
174). We would concludethen that B in Figure 1 would be stable and A un-
stable, ashad beenconjecturedbefore(Section 2). C would alsobe unstable,
as might be expected (but seeSection 5.5). Becausethe only equilibrium
solutions correspond to those points, stability hasto be asymptotic.

Two aspects of this analysis, however, appear unsatisfactory. First, it is
not clearto meto what extent the linearization is valid in this case.That is,
if this stability in variation or stability in rst approximation (Baker et al.,
1995)implies stability of the non-linear DDE asde ned above. Second,it is
clearfrom (9) that, regardlessof g{r), any constart perturbation r+ +would
remain unchanged (also true for the linearized equation), cortradicting the
conclusions. Obviously, there are complications arising from the fact that
not all perturbations are \admissible", asexplainedin Section4.3*.

It is possibleto carry out a much more direct stability analysis, avoiding
the problems of linearization and of inadmissible solutions. Consider equa-
tion (16), and let r be an equilibrium point, a zeroof (22). For any solution
z(s) of (16),

z

S
sup jz(u)j rj- £ ) z(wWduj rj- %
Sj 1<u<s si 1

4] am indebted to Brian Hassard for useful discussionon this issue

16



) Tari - 29 o+

with +> 0. If gqr) < v then g(y) hasa downward crossingof the line vy at
y = r. Therefore, g(r + £) < v(r + %), at leastfor £ not too large. Similarly,
g(ri & > v(rj ). It follows that for £ small enoughz(s) i r is strictly
bounded by § +. The sameargumert ensuresthat the bound remains valid
for larger valuesof s (and in fact decreaseswith s).

We concludethat if g4r) < v at an equilibrium point r, then r is asymp-
totically stable®. A proof of instabilit y if gXr) . v could possiblybe obtained
along similar lines.

45 Basins of attraction

The really interesting questionis to distinguish those agedistributions that
corverge to a stationary solution from those that diverge to zero. That
is, to nd the basins of attraction of zero and of the stable xed point.
Unfortunately there are no signi cant advancesin this direction yet.

We might speculatethat the unstable xed point (r such that g(r) = vr
and gqr) > v) could play arole in delimiting thosedomains. Perhapsif some
appropriate invariant functional could be found, a real-valued transforma-
tion of the agedistribution that remained constart over time, its value for
the unstable equilibrium normal forest could separatethe sustainable and
unsustainable distribution classegseealso Section 6.3).

5 Discrete models

The continuous model discussedup to here seemsconveniert for obtaining
analytical results and insights. For simulation and numerical results, how-
ever, it is necessaryto use discrete formulations. These may be basedon
close approximations to the continuous case,as when using numeric inte-
gration techniques, or may be discrete models derived by direct reasoning
about the practical problem.

5.1 The classical forest regulation model

The classicalapproad partitions the forestinto equal-width ageclassesand
looks at the processas advancing by discretetime steps. The time stepsare
equalto the ageclasswidth. In the simplest situation there is only onekind

°Note that the requirement of di®erertiabilit y of g can be easily relaxed.
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of forest stand, characterized by oneyield table that assignsa xed volume
per unit areato ead class. To be speci ¢, let us assumeone-year stepsand
classes. Then, for the simple problem that we have been considering the
ewlution of the system can be described as follows.

For any yeart, the state of the forest is given by the areasin ead age
class,a vector a; ~ (at1;a2;:::;am). Let the areascut from ead class

immediately, the state in yeart + 1 is obtained by subtracting c; from a;,
shifting forward by one age class,and making the new rst age classequal
to the total areacut:

At+1i+1  — ?(tii Gi ;

dt+1:1 = Gi = Aj Ag+1:i

where A is the total area. The number of classesm is dynamically made
as large as necessaryor, alternatively, classm is taken as open (i. e., it
represerts ages, m) and any areasthat would shift to m + 1 accunulate
there.

In this model it is obtained by cutting oldest ages rst, making ¢; = a; as
necessaryfor i = m;mj 1;::: until the required v; is completed,in general
cutting only a fraction of the nal remaining clas$.

It is clear that an initial age distribution and a given constart volume
cut v = v completely determine the ewolution of the system. It may con-
verge to a uniform distribution (except possibly for the oldest age class),
or it may reach a point where it is not possibleto cortinue harvesting v.
The implementation of simulations is straightforward. Analysis is some-
what complicated by the volume cut accurmulation procedure, and by the
fractional oldestnon-empty ageclass. The modelis related to the contin uous
formulation of equation (2). We return to this in Section6.3.

5.2 A di®erent discretization

The classical model groups forest stands of increasing age into xed age
classeswith variable areas. Considerinstead grouping into xed areaclasses
with variable ages. In addition, usevariable time steps,sothat a whole class
is cut in ead step. The total areaA is distributed into n equal-areaclasses
which at step k have agesxks - Xk2 - ¢¢¢- Xyn. In other words, instead

51t can be shown that under many circumstancesthis strategy is optimal (Garcfa, 1990)
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of describing the forest by the age histogram we use n quartiles from the

g(x) and a constart annual volume cut v.
The state transitions are simple, just shift to the right and add the time
step length:

Xk+1i+1 = Xk + €ty i=1:::;nj 1
Xg+1:1 = Gty

The steplength ¢ ty = tk+1 | tk is the time it takesto harvestthe last class,
which contains A=n units of area of age Xkn:

_ Ag(xkn) .

" nv

As before, in what follows | shall drop the constart A by assuming that
A = 1, or by expressingv on a per unit areabasis.

An advantage of this formulation, from a simulation point of view, is
maintaining at all times a consisten level of resolution in the forest repre-
sertation, with a xed size array. As in the classical approacd, the shifts
may be avoided by keepinga pointer into the array. In pseudaode the basic
algorithm could be as follows:

¢ty

Initialize:
read x
kit A 0
Loop:
p A 1+ (k i 1)(mod n)
ot A ol
Xp A 0
X A x+¢t
k A k+1
t A t+¢t
output k;t; x

" The exact interpretation of the xyx; may vary somewhat. They may be seenas
guantiles of a contin uous distribution, or as average or represertativ e agesfor ead class.
Or, more simply, the distribution may be thought as being discrete. In any case,in the
calculations it is assumedthat all the area in a class has the same age. The problem
of choosing represenativ e quantiles is related to the selection of \plotting positions” in
nonparametric statistics (Hosking, 1990); one could also shift slightly the yield function
to adjust for bias due to the quantiles location.
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Here n steps make one \rotation", that is, the whole areais recycled
every n steps. Therefore, it may be of interest to compute also the elapsed
\rotation units", sy = k=n.

5.3 Simpli cations and analogies

Further streamlining of the computations is possible, leading to discrete
analogsof the DDEs and integral equations discussedbefore.
First, note that oldestageis

Xkn Yk = tki tkin;

of t,
teer = e+ Gty

where 1
¢ty = Wg(tk i tyn): (25)

This is analogousto (5). A closeranalogy may be written as

¢ty 1
" = = t . t X .
¢ Sk Vg( k1 Ki n) ’
noting that ¢ sk~ Sk+1 | Sk = 1=n.

If needed,any Xxkj could be recovered from

Xki = tei Tk

For testing sustainability, though, t is suzcient. If the \instan taneousrota-
tion length" zx © ¢ ty=¢ sy = n¢ ty tends to a positive constart, then that
is the equilibrium normal forest rotation, and the cutting rate v is sustained.
If zx tends to zero, it meansthat v is not sustainable. The reciprocal of z
might be interpreted also as a measureof cutting intensity.

The simulation algorithm becomes:

Initialize:
read
t
Kk;t
Loop:

> >rox
<

p A nj k(modn)
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y A titp
~ 1
z A L9
output K;t, k=n;y;z
ty, A t
t A t+2z=n
k A k+1

Alternativ ely, we could keeptrack of the cutting ageyx. We have

kg 1
Yk = tki tkjn= ¢t
ki n
from where,
M1q
Yk = mg(Yi) ; (26)
ki n

the analog of (15). Maintaining a record of the last n values of y this
may be used directly to calculate the next y. Or y may be updated as
Yk+1 = Yk *+ ¢ Yk, wherethe formula for the incremen, similar to (9), results
from di®erencingthe previous expression:

Cyk = Ye+1 i Yk

1 1
¢y = WQ(Yk) i WQ(YM n) - (27)

The necessaryinitial valuesyy for k < 0 areabit messy It is found that they
must bey, 1 = gi Y{nvxod], andy; i = g Hnv(Xoi i Xoi; )] for 1< i - n.

A third possibility is to work with the quartities zx = n¢ t, = g(yk)=V.
The discrete analog of (16) is

K1

1 1
zx=nCtg= —g(tki tin)= -0( €ty
v v
ki n
1 141
zZe=-9o(-  z); (28)
von,
ki n
with z; 1 = nXopz1, and z; ; = n(Xei i Xoi; 1) for 1< i - n. No corveniert

di®erenceequation similar to (12) is found, however.
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All these formulas require more calculation. A mixed strategy is quite
excient, though. We update y keepinga history of z:

z = %Q(Yk)
Yek+1 = Yk * (Zki Zkjn)=N:
It works like this:
Initialize:
read X
y A Xn
z1 A nx;
zi A n(xij xi;1); =200
kit A 0
Loop:
z A g(y)
v
p A nij k(mod n)
y A y+(zi z)=n
output k;t; k=n;y;z
z, A z
t A t+z=n
k A k+1

Actually, there is little to choosebetweenthis and the algorithm that uses
the t vector.

5.4 Numerical integration

Instead of formulating directly the problem asan approximation in discrete
time, onemight usea contin uousmodel and discretizeit in order to compute
an approximate numerical solution. Although in fact it is somewhatdebat-
able which model, discrete or contin uous, represetts reality more accurately.
Treesoften have a relatively short annual growing seasonand cuts occur at
discrete points in time.

In general, the numerical integration of delay di®ererial equations can
be very complex (Baker et al., 1995;Baker, 1996). It is easierin the presen
situation, though, where the delay is constart and the solutions are cortin-
uous and smaooth (except possibly at time zero).
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The methad of steps shavs most clearly the connection with ordinary
di®ererial equations. As shown in Section 3.5, the problem reducesto inte-
grating a sequenceof ODEs over successie rotation segmems. Computing
the solution over a segmem makes use of the solution over the previous
segmen. The only complication is that, with the usual variable time-step
integration methods, it is not possibleto predict the points for which the
previous segmem solution will be needed. It is necessarythen to have some
\dense-output” facility to interpolate non-meshmint solution values, and
sophisticated strategiesfor doing this are possible(Baker et al., 1995).

A constart s-step size h = 1=n for someinteger n greatly simpli es
the problem, at the cost of additional computing expenseand/or reduced
accuracy The solution is computed at ead point sy = kh, knowing the
valuesat the previous n points. Euler's method applied to (5) gives

s+ ) = (80 + Lalt(s) itk D

or
t(Ske1) = ts) + OIS i sy )]

which is the sameas (25). Similarly, Euler integration of (9) gives (27).
Therefore, the discrete model of Sections 5.2 and 5.3 may be seenas a
numerical solution to the contin uous model.

It is well-known that Euler's method is not very reliable, although it is
probably adequatewith a large enoughn. More sophisticated ODE numer-
ical integration methods could be used, but it seemssimpler to work with
the integral equation forms instead. With the samestep length as before,
(15) may be approximated by a numerical quadrature of the form

. X X
y(sk) "~ Yk = oW alyk; 1) = WiZg1: (29)
i=1 i=1

Equal weights w; = 1=n (the rectangular integration rule) result in (26).
Again an equivalence with the discrete model, and the simpli cations of
Section 5.3 are applicable. More accurate alternativ es could be easily used
directly with (29), e.g., amodi ed Simpson'srule or a semi-open® Newton-
Cotesformula. Although unlikely to make much di®erencen practice, other
guadrature re nements cometo mind: methods basedon Fourier instead of

8Function values are available for one of the two ends of the integration interval. (See
also footnote 7).
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polynomial approximations, use of more than n previous values’, use of
previous valuesof both y and z (which links with ODE integration methods
sud as Adams-Bashforth, seeChapter 13 in Hamming, 1962).

5.5 Examples

The “rst algorithm of Section 5.3 hasbeenprogrammedin APL (App endix
2). The examplesuse the yield function g(y) = exp(li 1=y) shown in
Figure 1. To make things easier,the scalingin this function is suc that the
maximum mean annual incremert is 1 at age1 1°.

Figure 5: Four simulationscutting 95% of the maximumMAI; e®ectof the initial age
distribution shape (upper left in eachdisplay). In two instancesthe cut is sustained,
with the cutting agey (inner spiral) and z (outer spiral) convergingto the stable
equililrium point. In the other two the forestis exhaustedy and z goingto zero.

®A connection betweenthe DDE solution and an analytical continuation of the initial
segmen?

n real life one of these age/time units would typically be 20 to 200 years, depending
on tree speciesand site productivit y. One yield unit might be of the order of 1000 cubic
meters per hectare.
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Output is shown graphically on screenasthe simulation progressegFig-
ure 5). The valuesof y and z are plotted in polar coordinates, with an
angular step of 2¥&#n radians. Thus, appropriately enough, one full turn
represers one rotation. The red outside spiral is z, and the greeninside
one, at half the scale,is the cutting agey. These examplesusedn = 30.
For reference,the initial age distribution, the yield curve and the vy line
are displayed on the upper left. Actually, the distribution is discrete, with
equal areasat ead of the points in the supplied ageslist, but a histogram
approximation is shavn to facilitate visualization!?.

In Figure 5, v = 0:95, that is, the cut is 95 % of the maximum MAI.
Depending on the initial age distribution, the constart cut v is or is not
sustainable. Always y and z either convergeto the stable equilibrium (point
B in Figure 1), or they crashto zeroin a \death spiral". Changing the
scaleof the initial distribution shows that the transition betweenboth cases
occurs when the oldest ageis closeto the unstable xed point (A in Figure
1). The exact position, howewver, depends of the distribution shape. All
these instancesare closeto that critical situation. Under those conditions
it is obsenedthat convergenceto the equilibrium normal forest can be very
slow, while forest exhaustion is usually faster.

Figure 6: A simulationwith a cut equalto the maximumMAI, hoveringaround the
unstableequililrium: (a) after 130 rotations, (b) after 170 rotations.

The dynamics when the cut equalsthe maximum MAI, v = 1 here, is
interesting. Theoretically the equilibrium point (C in Figure 1) is unstable.
Howevwer, often the simulation initially seemso convergeto the equilibrium,
with the graph remaining unchangedfor a long time before nally collapsing

1 The variable class-width histogram is computed from a polygonal cumulativ e distri-
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(Figure 6). The xed point appearsasan attractor for distributions coming
from \ab ove", repelling those \b elow”, a sort of saddle point. Presumably;
the obsened nal collapseis causedby small perturbations due to round-
o®error. For all practical purposes,though, a maximum MAI cut can be
sustainable, especially considering that slight feedbad corrections by the
manager can stabilize the system.

6 Dynamics in <?

Discrete modelswith 2 or 3 classesare obviously quite inadequate for prac-
tical use. Howewer, for m = 3 and n = 2 the properties of the models
of Section 5 are easily visualized graphically, and some important points
becomeparticularly clear in this the simplest of situations. Perhaps sur-
prisingly, analytical solutions are still far from trivial. Solving thesesimpler
problems would be a crucial rst step, and they are also a source of ideas
and insight for the study of the functional di®ereriial equations.

6.1 States and transitions

The behavior of a dynamic systemis corveniertly speci ed by a state vector,
that describescurrent conditions, and a transition function, that determines
the changesof state (e. g., Padulo and Arbib, 1974). The various state
descriptionsand transition functions already seenin sections5.2 and 5.3 are
summarizedhere for n = 2. The extensionto any n is straightforward, but
the essetial points are seenmore clearly in these speci ¢ instances.

Using the agelist, the state of the forest is characterized by the xy; and
the current time ty, a three-dimensionalstate vector. The state is updated
by the transition function

Xk+1:1 = F(Xk2)
Xk+1:2 = X1+ f(Xk2) (30)
tker = te+ F(Xk2)

writing g(x)=(nv) ~ f(x). For investigating asymptotic behavior, for in-
stance, we may not be interested in the corresppndencebetweenthe stage
numbers k and the actual times ty, so that a two-dimensional state space
may be suzcient.

Instead of this, three consecutie time values make an equivalert state
vector (Uky; Uk2; Uk3) = (tk; 2;tk; 1;tk). From (25),

Uk+1:1 = Uk2
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Uk+12 = Uk (31)
Ukz + f(Uksi Uk1)

Uk+1:3

The reduction to two dimensionsis not possiblehere.
With (26), a state vector is (Uk1; Uk2; Uk3) = (Yk; 1 Yk; tk), and

Uk+1:1 = Uk2
Uk+1:2 = T (uke) + f(uk2) (32)
Uk+1:3 =  Uks+ T (Uko)

Again, we may ignore the third componert.
In cortrast, the di®erenceequation (27) is

Ye+1 = Yo ¥ T (V)i fyki2);

and attempting to usethis would require keeping a record of three values
of y instead of two. The presenceof a redundart state variable in this
formulation reatrms our previous obsenations that equations(15) and (26)
are somehav \more fundamenal” than (9) and (27).

Finally, (16) givesthe state vector (uki;Uk2;Uk3) =~ (zk; 1;2k;tk), and
the transition function

Uk+1;1 = Uk
Ug+1:2 =  h(ukg + Uk2) (33)
Uk+1:3 = U3+ Uxo=2

with h(x) = g(x=2)=v.
The dynamics of y and z may also be described by simple second-order
recurrencerelationships:

Yk = T (yki 1)+ T (Yki 2)

Zx = h(Zki 1+ Zki 2) .

6.2 Basins of attraction

With (30), (32) or (33), the setsof initial valuesthat leadto sustainability or
to exhaustioncan be shavn graphically in the plane. For ead graphicspixel
represetting an initial point (Xo1;Xo2) or (Up1; Ugz), the rst two transition
equations are iterated until corvergenceto either (0;0) or to the stable
normal forest is determined, and the pixel colored accordingly.
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Figure 7: Initial agedistributionsin a two equal-aeaclassesnodel that do not sustain
a 95% cut (seetext).

Fractint, a public domain program normally usedfor producing fractals,
was found to be a cornveniert tool for generatingand exploring thesegraphs
(App endix 3). The simplest setsare obtained with (33). Figure 7 shows the
result for g(y) = exp(1i 1=y) with v = 0:95. The unsustainable set (the
basin of attraction of (0;0)) is shaded,with the gray levels corresponding
to a color coding of the number of iterations performed. The white points
in the rest of the rst quadrant are sustainable, evertually cornverging to
the stable equilibrium (2% 29, i.e., they constitute the basin of attraction of
(2% 29.

20, 1:40261is the stable xed point, solution of g(z)=v = h(2z) = z.
As it might be expected, the boundary betweenthe two basinsof attraction
passesthrough (z%9z%, where z%°v, 0:737810is the unstable xed point.
Zooming in with Fractint the boundary appears smooth, with a similar
banding pattern at all scalesand no indications of fractal structures or
chaotic behavior.

It is seenthat the corner near (2:215 0) is taken by the transition to
the other corner, approximately (0;1:160). This, in turn, goesto a point
on the boundary curve. Clearly, points on that curve remain on the curve,
evertually approacing (z°9z9%.
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A very similar picture is obtained for the maximum MAI cut v = 1.
There the boundary passeshrough the xed point (1; 1), with cornersnear
(3:47,0) and (0; 1:53). Equations (30) and (32) alsoproduce smooth bound-
aries, although more curved.

It is rather intriguing that it is not known how to directly calculate the
apparertly simple boundary curve of Figure 7.

6.3 The classic model with three age classes

For m = 3, the behavior of the \classic" model of Section 5.1 can also be
displayed in the plane. The areasa; and a; may be used as coordinates,
given that the total a; + a + a3 = A must be constart. Or, for a more
attractiv e presenation, isometric coordinates could be used.

Systematic simulation becomessomewhat complicated by the e®ectof
di®erer yield patterns, represetted by two essetial additional parameters
apart from v. Limited experimentation with Fractint shavs apparertly lin-
earbasin of attraction boundaries(and parallel iteration bands). An exhaus-
tive algebraic analysis seemsfeasible, although tedious due to the various
casesto be enumerated.

If the linearity is con rmed, we might conjecturethat it extendsto higher
dimensionsand to the cortinuous model. The desired discriminant func-
tional for sustainability might then be of the form

Z,
Q= . " (x) dF(x)

for somefunction ' (x), using the notation of Section3.1. From here,
Z, Z, zZ, z,
Q= . " [Hi(p)ldp = . "[t(s)i t(si PIdp= . ol . z(sj u)duldp:

This would suggestthat perhapsthe equation of the curve in Figure 7 has
the form

Z.1+ 2
(i)t (%) = constart :

It is not at all clearhow to nd ', though.

7 Discussion and conclusions

A sustainableforest harvesting model has beenformulated in terms of delay
di®erertial equations and of nonlinear integral equations. Using this, pre-
vious conjecturesabout the location and stability of steady-state solutions
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have beenformally proved. The lessobvious possibility of limit cycleshas
beenruled out.

The main problem, determining the sustainability or not of a harvesting
level for any given initial agedistribution, remains an open question. How-
ever, linking the problem to an active and well-established mathematical
discipline, the theory of functional di®erenial equations, might attract the
interest of mathematicians and cortribute new tools for advancing toward
a solution. Conversely this model might help in the dewelopmen of the
theory as a testing ground for conceptsand a sourceof ideas.

Discrete versions serwe as a complemert to the corntinuous functional
di®ererial equation models. They are conveniert for simulation and ex-
perimentation. In addition, they provide mathematically simpler analogies
that throw somelight into issuesthat are rather subtle in the continuous
setting. A particularly interesting instance is the ambiguity/redundancy in
some DDEs noted by Buserberg and Cooke (1980) and B#lair (1991), and
discussedin sections4.3,5.3 and 6.1.

Although unrealistic from a practical point of view, studying the behav-
ior of low-dimensionaldiscrete modelswasfound usefulto better understand
the fundamenals. These\bare bones"modelsallow stating the crucial ques-
tions in the simplest possiblesetting. Even then, the key problem doesnot
seemeasyto solve. Essetially, it can be distilled into the following. Con-
sider the recurrence

Ze2 = F(z+ k1)

wheref (x) = 3exp(j 2=x), for example,and z; , 0. It is known that z, will
either corvergeto 0 or to 1:6153:;::. Which initial pairs (z1;z2) leadto 0?
Answering this appearsto be a necessaryrst step for further work.
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App endix 1. List of variables

(Any consistert systemof units could be used,those shown are given as an
example).
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Sections 2 to 4 (contin uous model)

Note: In the text it has beenassumedthat the total areais 1, sothat the
unit of areawould be the total area of the forest. Alternativ ely, quartities
like F and v may be expressedon a unit-area basis, which is what has been
donein the example measuremen units below.

t time (years)

X age(years)

Fi(x) = F(t;x) agedistribution at time t (cumulativ e frequency)

g(x) volume yield per unit area (m3ha-y ear)

v; v(t) volume harvesting rate (m3/ha-y ear)

r;r(t); y(s) oldest age, felling age,rotation length (years);r(t) =
Fi (1) = He(1)

MAI mean annual incremert, g(r)=r (m3/ha-y ear)

p; s area, cumulative harvested area, rotation number

(relative to the forest total, proportion, relative
units,\rotation units")

Hi(p) = H(t;p) inverseagedistribution, F; *(p) (years)

Z(s) dt=ds (years)

Sections 5 and 6 (discrete models)

m number of ageclasses

&;i areain ageclassi at yeart (ha)

Cij areacut from ageclassi in yeart (ha)

A total forest area(ha)

g ; g(x) vyield for ageclassi or agex (m®/ha-y ear)
Vi Vg volume cut (m3/y ear or m3/ha-y ear)

n number of equal-areaclasses

Xki ageof (equal-area)classi at time step k (years)
¢ty length of time step k (years)

tk time at the start of step k (years)

Sk elapsedrotation units

Yk oldest age (years)

Zk ¢ tx=C sy, n¢ ty (years)

f(x) 9(x)=(nv) (years)
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App endix 2. Simulation program

The examples in Section 5.5 used an APL*PLUS implemertation
of the rst algorithm of Section 5.3. A free interpreter is found
on the Internet at ftp://watservl.uwaterloo.ca/languages/apl/
\mbox{apl- plus}/index.html

The main routine, or function in APL jargon, is

For clarity it follows closelythe algorithm pseudaode, ignoring questions
of APL corvertional style or exciency (in particular, avoiding the notorious
APL \one-liners"). The function is called with the cutting level v as left
argumert, and a vector of (increasing) classageson the right. It runs until
interrupted by pressingany key, and returns that key for possible use by
calling functions. As an example, entering

runs a simulation that starts with a random initial distribution.

The function SIM itself is standard APL, except for the key-presstest
on line 12. It calls three functions that use graphics and keyboard cortrol
functions peculiar to APL*PLUS . The rst one computesthe initial point
on the curves, initializes graphics and keyboard (the POKE suppressedhe
INKEY default wait for a key-press), and draws the histogram and vyield
curve:
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The secondone draws the y and z spiral segmers:

The nal function just returns to text mode and resetsINKEY to its
default behavior:

App endix 3. Exploring low-dimensional dynamics
with Fractin t

Fractint is a computer program for the graphical manipulation and display of
various typesof fractals. Versionsfor se\eral platforms are freely available,
for instance on the Internet at http://spanky.triumf.ca/www/fractint/
fractint.html

In addition to many built-in fractals, there is a \form ula" feature for
specifying other equations in a simple programming language. After fa-
miliarizing oneselfwith the most important of the myriad of options and
commands,Fractint can thus becomea cornveniert tool for studying the be-
havior of low-dimensional systems,fractal or not. The variety of calculation
and display options, easy scaleand parameter changes,and the ability to
zoom into picture details at arbitrary depths are particularly useful.

The \form ula" for producing Figure 7 was as follows:

Zforest{
old=real(pixel), new=imag(pixel)
v=real(pl)

35



temp = new

new = exp(1-4/(new+old+0.01+abs(new+old-0.01)))/v
old = temp

z = old + flip(nhew)

[z] > 0.000001

}

Fractint works with complex arithmetic. For ead pixel, it rst performs
the initialization code up to the colon. Here it readsthe point previous
and current z values, and obtains the cutting level supplied by the userin
parameter pl. Then the instructions that follow are iterated until either
the last statemernt becomedfalse, a speci ed maximum number of iterations
is readhed, or a recurring pattern in the special (complex) variable z is
detected. By default, in the rst instance the pixel is colored according to
the number of iterations reaced, and with a badkground color otherwise. A
protection against over°ow and division by zerohasbeenincluded by taking
the maximum betweenold+new and 0.01, although it did not seemto make
any di®erencein practice.

The usermust supply the v level, and appropriate upper-left and bottom-
right corner coordinates for display. For somereason computations were
much faster with the °oating-point arithmetic option (f command or x
menu) than with the xed-point default. In caseof doubt it is wise to
ched results by disabling the \guessing" calculation mode, increasing the
iteration limit (both in the x mernu), and disabling periodicity cheding (g
followed by periodicity=no ). Coordinates may be read with the cursorin
the orbit mode activated with o n.

The \classic" model with m = 3 may be implemented as follows

classic{
al=real(pixel), a2=imag(pixel), a3=1-al-a2
gl=real(pl), g2=imag(pl)

v=real(p2)
IF (@3 < 0)
a2 = -1
ELSE
if (v <= a3)
a2 = al
al =v
a3 = l-al-a2
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elseif (v <= a3+g2*a2)
a2 = al
al = a3+(v-a3)/g2
a3 = l-al-a2

elseif (gl > 0)

a2 = al-(v-a3-g2*a2)/gl
al = 1-a2
a3 =0
else
a2 = -1
endif
ENDIF
z = al + flip(a2) ; for periodicity = check
a2 >0
}

The third ageclassis taken as open and, without loss of generality, it has
beenassumedthat A = g3 = 1. The usersuppliesv and the yields g1, g» for
ageclassesl and 2. The display coordinates are a; and az, and the proper
corners(0; 1), (1; 0) must be speci ed (the outside IF forcesthe background
color on the \imp ossible" a; + a, > 1 region). Note that the if-then-else
construct is only available in the later PC versions(19.6) of Fractint.

An isometric graph might be produced by substituting al = (sqrt(3)
*real(pixel) - imag(pixel))/2  for the rst assignmem. The triangle
delimiting the relevant region would needto be added somehav to facilitate
visualization.
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